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Equation (3) is a linear equation in x, y, and z; it is called the general form of the
equation of a plane.

Proof By hypothesis, the coefficients a, b, and e are not all zero. Assume, for the
moment, that a i=O. Then the equation ax + by + ez + d = 0 can be rewritten in the
forma(x + (dla» + by + ez = O. But this is a point-normal form of the plane passing
through the point (-dla, 0, 0) and having n = (a, b, e) as a normal.

If a = 0, then either b i=0 or e i=O. A straightforward modification of the above
argumentwillhandletheseothercases. .

Just as the solutions of a system of linear equations

ax + by =k,
ex + dy = k2

correspond to points of intersection of the lines ax + by = kl and ex + dy = k2 in the
xy-plane, so the solutions of a system

ax + by + ez = k,
dx + ey + fz = k2
gx + hy + iz = k3

(4)

correspond to the points of intersection of the three planes ax + by + ez = kl,
dx + ey + fz = k2, and gx + hy + iz = k3.

In Figure 3.5.2 we have illustrated the geometric possibilities that occur when (4)
has zero, one, or infinitely many solutions.

(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 3.5.2 (a) No solutions (3 parallel planes). (b) No solutions (2 parallel planes). (c) No
solutions (3 planes with no common intersection). (d) Infinitelymany solutions (3 coincident
planes). (e) Infinitelymany solutions (3 planes intersecting in a line). (f) One solution (3 planes
intersecting at a point). (g) No solutions (2 coincident planes parallel to a third plane).
(h) Infinitelymany solutions (2 coincident planes intersecting a third plane).


