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These are notes from lectures given in the Queen Mary Combinatorics Study
Group on 13th and 20th February 2004, and also 5th March 2004. They are based
on the author’s M.Math. project, which can be found at:

http://www.maths.qmul.ac.uk/∼rfb/dtg.pdf.

1 Introductory Definitions

In these notes,Γ = (VΓ,EΓ) denotes a graph, as we will useG to denote a group.
All graphs considered will be simple, finite, connected and undirected.

Definition
An automorphismof Γ is a bijective functiong : VΓ →VΓ such thatv∼ w if and
only if g(v) ∼ g(w). The set of all automorphisms is theautomorphism groupof
Γ, denoted by Aut(Γ). If, for all u,v∈VΓ, there exists someg∈ Aut(Γ) such that
g(u) = v, theΓ is vertex-transitive.

Examples of vertex-transitive graphs include then-circuits (not very exciting),
and (slightly more exciting) thePetersen graph, pictured below.
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Figure 1: The 4-circuit (left) and Petersen graph (right)
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A non-example is the complete bipartite graphK1,n, as no automorphism can
map the central vertex of degreen to an outer vertex of degree 1.K1,4 is pictured
below.
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Figure 2: The complete bipartite graphK1,4

Definition
For verticesu,v∈VΓ, thedistancefrom u to v is defined to be the least number of
edges in a path fromu to v, and is denoted byd(u,v).

We have:

• d(u,v)≥ 0, with d(u,v) = 0⇔ u = v;

• d(u,v) = d(v,u) (asΓ is undirected);

• d(u,w)≤ d(u,v)+d(v,w).

Hence(Γ,d(·, ·)) is a metric space.

The maximum distance inΓ is thediameterof Γ, denoted diam(Γ).

Definition
Γ is distance-transitiveif, for verticesu,v,w,x ∈ VΓ with d(u,v) = d(w,x), there
exists someg∈ Aut(Γ) satisfyingg(u) = w andg(v) = x.

(This does not mean that Aut(Γ) is 2-transitive, unlessΓ is a complete graph.)

Clearly, we have that distance-transitivity implies vertex-transitivity (consider
two pairs of vertices at distance 0).

The two vertex-transitive graphs in figure 1 are both distance-transitive. How-
ever, the following graph is vertex-transitive butnot distance-transitive. The cyclic
n-ladderLn (L6 is shown below) is clearly vertex-transitive – we can rotate and
reflect Ln; we can also move any of the ‘inner ring’ to anywhere on the ‘outer
ring’. However,Γ is not distance-transitive: consideru,v,u′,v′ as shown. Clearly
d(u,v) = d(u′,v′) = 2. But there is no automorphism that moves{u,v} to {u′,v′},
as there is only one geodesic (shortest) path fromu to v, while there are two from
u′ to v′.
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Figure 3: A vertex-transitive graph that is not distance-transitive

2 Intersection Arrays

These are the parameters which are seen most often when distance-transitive (or
distance-regular) graphs are being considered.

Definition
For a graphΓ, vertexv∈VΓ, and for 0≤ i ≤ d = diam(Γ), define

Γi(v) = {w∈V : d(v,w) = i}.

ThesecellsΓ0(v),Γ1(v), . . . ,Γd(v) form adistance partition(or a level decompo-
sition) of Γ. For example:

Figure 4: A distance partition

We can use distance partitions to provide an alternative characterisation of
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distance-transitivity.

Proposition
SupposeΓ is connected, has diam(Γ) = d and automorphism group Aut(Γ) = G.
ThenΓ is distance-transitive if and only if it is vertex-transitive and StabG(v) is
transitive onΓi(v) for i = 1, . . . ,d and for allv∈VΓ.

Proof:
First, supposeΓ is distance-transitive, soΓ is also vertex-transitive. Consider
u,u′ ∈ Γi(v), i.e. with d(u,v) = d(u′,v) = i. Then there exists an automorphism
g∈ G with vg= v andug= u′. Thusg∈ StabG(v), and StabG(v) is transitive on
Γi(v).

Conversely, supposeΓ is vertex-transitive and that StabG(v) is transitive on
Γi(v). Consideru,w,u′,w′ ∈ VΓ, such thatd(u,w) = d(u′,w′) = i. Let g ∈ G be
such thatwg= w′ and chooseh∈ StabG(w′) so that(ug)h = u′. Then for the com-
positiongh, we getu(gh) = u′ andw(gh) = (w′)h = w′. Sogh is an automorphism
taking{u,w} to {u′,w′}. HenceΓ is distance-transitive.�

Now, for any graphΓ andu,v,∈VΓ, we can defineintersection numbers

shi(u,v) = |{w∈VΓ : d(u,w) = h,d(v,w) = i}
= |Γh(u)∩Γi(v)|.

In a distance-transitive graph, these numbers depend only ond(u,v) (and not on
the individual vertices), so are constants. Hence, ifd(u,v) = j, we writeshi j for
shi(u,v). These show that a distance-transitive graph is anassociation schemeon
VΓ, whereu andv areith associatesif and only if d(u,v) = i.

We are particularly interested in the intersection numbers whenh = 1. If
d(u,v) = j, we have

s1i j = |Γ1(u)∩Γi(v)|,

that is, the number of neighbours ofu at distancei from v. Clearly the only possi-
bilities for s1i j to be non-zero arei = j −1, j or j +1. So we give these values of
s1i j special names:

s1( j−1) j = c j

s1 j j = a j

s1( j+1) j = b j .

We put these in an array, called theintersection arrayof Γ, denoted byι(Γ):

ι(Γ) =


∗ c1 · · · cd−1 cd

a0 a1 · · · ad−1 ad

b0 b1 · · · bd−1 ∗

 .
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Note thatc0 andbd are undefined (which is what the∗ represents). The easiest way
to understand these intersection numbers is to think of a distance partition ofΓ. If
we fix v and chooseu∈ Γ j(v), thenc j denotes the the number of neighbours ofu
that are closer tov, a j the number of neighbours at the same distance, andb j the
number that are further away.

Example

ι(Q3) =


∗ 1 2 3
0 0 0 0
3 2 1 ∗



Figure 5: The intersection array of the cubeQ3

Some simple observations are thata0 = 0 (as there is only one vertex inΓ0(v),
c1 = 1 (for the same reason),b0 = k, wherek is the valency of the graph, and that
all columns sum tok. A less trivial observation (which requires proof) is that the
top row is weakly increasing (i.e. 1= c1 ≤ c2 ≤ ·· · ≤ cd) and that the bottom row
is weakly descreasing (i.e.k≥ b1 ≥ ·· · ≥ bd−1). There are also a number of other
numerical constraints which can be derived.

So, beginning with the assumption thatΓ was distance-transitive, we have ob-
tained some purely combinatorial parameters. But, without prior reference to its
automorphism group or any transitivity properties, we could pose the question,
“What if a graph happens to satisfy these parameters?”. Then we have the follow-
ing:

Definition
If a graphΓ has an intersection array, we sayΓ is distance-regular. If a distance-
regular graph has diameter 2, then it is astrongly-regulargraph.

3 Families of Distance-Transitive Graphs

3.1 Hamming graphs

Let X = {1, . . . ,n} be a set of sizen. TheHamming graph H(d,n) is defined as fol-
lows. The vertex set isXd (the cartesian product ofd copies ofX), so the vertices
are orderedd-tuple of elements ofX. Two verticesu andv are adjacent if and only
if (when regarded asd-tuples) they differ in one co-ordinate (i.e. theirHamming
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distanceis 1).

The automorphism group is

(Sn×Sn×·· ·×Sn)oSd = SnWr Sd

which not only acts transitively in each co-ordinate, but also permutes the co-
ordinates transitively. Distance between vertices is exactly the Hamming distance
between the correspondingd-tuples, and this is preserved bySnWr Sd. It follows
thatH(d,n) is distance-transitive.(NB. Don’t look in the project for a proof: the
one given in there is incorrect, as I discovered after giving this talk!)

Example
The Hamming graphsH(d,2) are thed-dimensionalhypercubes, Qd. Q4 is shown
below.

ι(Q4)=


∗ 1 2 3 4
0 0 0 0 0
4 3 2 1 ∗



Figure 6: The 4-cubeQ4

Their automorphism groupS2Wr Sd is known as thehyperoctahedral group.

3.2 Johnson graphs

Again, we considerX = {1, . . . ,n}. Let Xk denote the family of allk-subsets ofX;
clearly |Xk| =

(n
k

)
. TheJohnson graph J(n,k) is defined as follows. It has vertex

setXk; two vertices labelled byu = {i1, . . . , ik} andv = { j1, . . . , jk} are adjacent if
and only if they differ in one element, i.e. if|u∩v|= k−1.

The symmetric groupSn acts transitively onXk. It follows thatd(u,v) = m if
and only if|u∩v|= k−m, and that if|u∩v|= k−m, then forg∈Sn, |g(u)∩g(v)|=
k−m. ThatJ(n,k) is distance-transitive follows from this.
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Example
The Johnson graphJ(4,2) is the octahedron.

ι(J(4,2))=


∗ 1 4
0 2 0
4 1 ∗



Figure 7: The octahedronJ(4,2)

3.3 Grassmann graphs

These are the so-called “q-analogues” of the Johnson graphs. LetV = Fn
q, the

n-dimensional vector space over the finite field ofq elements, whereq is a prime-
power. TheGrassmann graph G(q,n,k) is defined as follows. The vertices are the
k-dimensional subspaces ofV, and two vertices are adjacent if, as subspaces, they
intersect in a space of dimensionk−1. Similar to the Johnson graphs, we have that
d(u,v) = m if and only if dim(u∩v) = k−m.

The projective general linear groupPGL(n,q) acts transitively on the vertices,
and preserves the dimension of the intersection of subspaces. It follows from this
thatG(q,n,k) is distance-transitive. (The proof is messy and not very exciting.)

4 Algebraic Constraints on Intersection Arrays

The moral of this story is the following. Suppose a man comes up to you in a dark
alley, trying to sell you what he claims is an intersection array. How can you tell if
he’s telling you the truth? We use linear algebra to obtain a method which can tell
us that a large number of “intersection arrays” do not correspond to any distance-
regular graph.

Definition Theadjacency matrixof a graphΓ with n vertices is then by n matrix
A(Γ) with entries

A i j =
{

1 if vi ∼ v j

0 otherwise.

For example, the adjacency matrices ofK4 and the octahedron are shown in figures
8 and 9.
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A(K4) =


0 1 1 1
1 0 1 1
1 1 0 1
1 1 1 0



Figure 8: The complete graphK4

A(J(4,2)) =



0 1 1 1 1 0
1 0 1 0 1 1
1 1 0 1 0 1
1 0 1 0 1 1
1 1 0 1 0 1
0 1 1 1 1 0



Figure 9: The octahedronJ(4,2)

Theeigenvaluesof Γ are defined to be those ofA(Γ). Theadjacency algebra,
denotedA(Γ), of Γ is the set of all linear combinations of powers ofA(Γ) (with
coefficients inC). This is a vector space where the elements (which aren by n
matrices) can be multiplied together, so forms an algebra. Because each element
of A(Γ) has the formΣλiA i , this algebra is clearly commutative. In the case of a
distance-regular graph, which forms an association scheme, thenA(Γ) is precisely
theBose-Mesner algebraof that association scheme.

The powers ofA have a graph-theoretical interpretation, as the following theo-
rem shows.

Theorem
The number of paths inΓ from vertexvi to vertexv j of lengthl is given by thei, j th

entry inA l .

Proof:
This is done by induction onl . �

If Γ is connected, this condition tells us a property of the adjacency algebra.
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Corollary
If Γ is connected, and has diameterd, then the dimension ofA(Γ) is at leastd+1.

Proof:
By considering vertices along a path between to vertices at distanced, it follows
that

{A0,A1,A2, . . . ,Ad}
is a linearly independent set of sized+1 in A(Γ). �

We will now go on to show that in a distance-regular graph this lower bound is
actually achieved.

Definition
In a connected graphΓ of diameterd, for 0≤ i ≤ d, the ith distance matrixA i is
given by

(A i)rs =
{

1 if d(vr ,vs) = i
0 otherwise

for all vr ,vs∈VΓ.

These are a generalisation of the adjacency matrix, as clearlyA1 = A(Γ). Note
that A0 = I (asd(vr ,vs) = 0 if and only if vr = vs), and that the sum of all the
distance matrices is the all-ones matrixJ. From now on, we shall only consider
distance-regular graphs.

Lemma 1
For a distance-regular graphΓ, we have

A.A i = bi−1A i−1 +aiA i +ci+1A i+1

(for 1≤ i ≤ d−1), A.A0 = a0A0 +c1A1 andA.Ad = bd−1Ad−1 +adAd.

Proof:
Consider ther,sth entry ofA.A i . We have

(A.A i)rs = |Γ1(vr)+Γi(vs)|

i.e. the number of vertices adjacent tovr and at distancei from vs. The result fol-
lows from this.�

Lemma 2
In a distance-regular graphΓ, A i can be expressed as a polynomial inA of degree
i (and consequently belongs toA(Γ).

Proof:
This is by induction oni, applying lemma 1 in the induction step.�
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Theorem
For a distance-regular graphΓ of valencyk and diameterd, A(Γ) has basis{A0, . . . ,Ad}
and its dimension isd+1.

Proof:
Clearly{A0, . . . ,Ad} is a linearly independent set, as in a given position there is a
non-zero entry in only onA i . Now, the minimum polynomial ofA is

min(A) = (A−kI)J = (A−kI)(A0 +A1 + · · ·+Ad) ,

a polynomial inA of degreed+1. Hence the dimension ofA(Γ) is d+1. �

Corollary
{A0,A1, . . . ,Ad} is another basis forA(Γ). �

Now we consider the linear transformation ofA(Γ) given by multiplying an
elementX = ∑d

i=0siA i by A. By lemma 1, we have

XA =
d

∑
i=0

si (bi−1A i−1 +aiA i +ci+1A i+1) .

In other words, we can represent this linear transformation byB(Γ), the intersec-
tion matrix:

B(Γ) =



0 1
k a1 c2

b1 a2 .
b2 . .

. . cd−1

. ad−1 cd

bd−1 ad


.

We notice that this looks very much like the intersection array tilted slightly and
with lots of zeroes thrown in the empty spaces.

Now, as this matrix represents the same linear transformation asA (with re-
spect to different bases), they must havethe same eigenvalues. Now, there are
d + 1 distinct eigenvalues, which we callλ0 > λ1 > · · · > λd. As eigenvalues of
B, they each have multiplicity 1. As eigenvalues ofA, they will (in general) have
multiplicities greater than 1. However, it transpires quite surprisingly that these
numbers can be obtaineddirectly fromB.

Let ui denote theleft eigenvector ofB corresponding toλi , andvi the corre-
spondingright eigenvector.
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Theorem
The multiplicitymi of λi as an eigenvector ofA is given by

mi =
〈u0,v0〉
〈ui ,vi〉

where〈·, ·〉 denotes the usual inner product.

Proof:
Fiddly and technical.�

An important observation is that these numbersmi must be integers. So, if we
are given an array of integers which looks like it might be an intersection array of
some distance-regular graph, we can transform it to the corresponding “intersection
matrix”, calculate its left eigenvectors and these numbersmi . But if it transpires
that one of these numbers isnot an integer, we know immediately that there can be
no distance-regular graph corresponding to this array.

Example
There is no distance-regular graph with intersection array

∗ 1 1 3
0 0 1 0
3 2 1 ∗

 ,

as the set of “multiplicities” includes

12
1
3(13−

√
13)

.

5 Primitive and Imprimitive Graphs

We begin this section with a digression into the theory of permutation groups. Let
G be a group actingtransitivelyon a setX.

Definition
A G-congruenceis an equivalence relation≡ on X which is preserved under the
action ofG, that is

x≡ y ⇔ g(x)≡ g(y)

for all g∈G.

For any action, we always have the following twoG-congruences:

• thetrivial G-congruence, wherex≡ y ⇔ x = y;

• theuniversal G-congruence, wherex≡ y for all x,y∈ X.
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Definition If there are no otherG-congruences, we say the action ofG on X is
primitive. Otherwise, it is calledimprimitive. The equivalence classes are known
asblocks. These form a partition ofX which is unaffected by the action ofG.

Definition
A distance-transitive graphΓ is (im)primitive if and only if Aut(Γ) is (im)primitive
onVΓ.

Examples
(i) The complete graphsKn are primitive, as there is no partition of the vertices
which is invariant underSn.
(ii) The complete bipartite graphsKn,n are imprimitive; the blocks of imprimitivity
are precisely the two halves of the bipartition.K4,4 is shown below.

Figure 10: The complete bipartite graphK4,4

Imprimitive distance-transitive graphs are characterised in a nice way. This re-
sult is due to D.H. Smith [3] in (1971).

Suppose thatΓ is a distance-transitive graph, with diam(Γ) > 2. Then:

• A block of Γ containing a vertexv must be a union of cellsΓi(v).

• The only possibilities for blocks are
(a) Γ0(v)∪Γ2(v)∪Γ4(v)∪ ·· · ∪Γη(v) (whereη is the maximum even dis-
tance inΓ, so is eitherd or d−1), or
(b) Γ0(v)∪Γd(v).

• Case (a) occurs if and only ifΓ is bipartite.

• Case (b) occurs if and only ifΓ is antipodal.

Note thatΓ is antipodal if, foru,w∈ Γ0(v)∪Γd(v), u 6= w, we haved(u,w) = d.
Clearly, if Γd(v) consists only of a single vertex, thenΓ must be antipodal, so in
this case we callΓ trivially antipodal.

• Hence a distance-transitive graph is imprimitive if and only if it is bipartite
or antipodal.
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Observe that this is an inclusive ‘or’: it is possible for both situations to occur
simultaneously. For instance, the cube (see figure 5) is both bipartite and antipodal.

If a graph is trivially antipodal, it is easy to spot (we just have to count the
number of vertices in the outermost cell). Bipartite distance-transitive (or, indeed,
distance-regular) graphs are also easy to spot: this can be determined immediately
from the intersection array.

Proposition
SupposeΓ is distance-regular, with intersection array

ι(Γ) =


∗ c1 · · · cd−1 cd

a0 a1 · · · ad−1 ad

b0 b1 · · · bd−1 ∗

 .

ThenΓ is bipartite if and only ifa0 = a1 = a2 = · · ·= ad = 0.

Proof:
We prove the contrapositive in both directions.

First, supposea j 6= 0 for some j, so there are adjacent verticesv,w ∈ Γ j(u).
Also, there are pathsπ,ρ of length j from u to v and fromu to w respectively. Let
x be the last vertex whereπ andρ meet and supposed(x,v) = d(x,w)−= m. Then
we can form a circuit of length 2m+1, an odd number. SoΓ is not bipartite.

Conversely, supposeΓ is not bipartite. ThenΓ contains some odd circuitσ,
of length 2δ + 1 say. Choose some vertexu in σ. Then there exist two adjacent
verticesv,w in σ such thatd(u,v) = d(u,w) = δ, sov,w∈ Γδ(u) as shown.

Figure 11: An odd circuit in a non-bipartite graphΓ

Consequently we have thataδ is non-zero.�

We now return to some of the infinite families of distance-transitive graphs we
considered in section 3, and determine if they are primitive.
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5.1 Primitive Hamming graphs?

We shall check if these can be bipartite and/or antipodal. Now, the intersection
array ofH(d,n) is

∗ 1 · · · j · · · d−1 d
0 · · · · · · · · · · · · · · · d(n−2)

d(n−1) (d−1)(n−1) · · · (d− j)(n−1) · · · 1(n−1) ∗

 .

As mentioned above, this corresponds to a bipartite graph iff the middle row is all
zeroes. Now, the columns must sum to the valency, which isd(n−1). So we want

d(n−1)− j− (d− j)(n−1) = 0
⇔ nd−d− j−nd+d+n j− j = 0
⇔ n j−2 j = 0
⇔ n = 2.

Thus the only bipartite Hamming graphs areH(d,2), the hypercubes.

We note that the hypercubes are trivially antipodal. For any distance-regular
graphΓ and a fixed vertexv, by counting the number of edges between cellsΓ j(v)
andΓ j+1(v) it follows thatk jb j = k j+1c j+1 (wherek j = Γ j(v)). Thus we can obtain
a formula for the number of vertices inΓd(v),

kd =
b0b1 · · ·bd−1

c1c2 · · ·cd
.

In the case ofH(d,n) this gives

kd =
b0b1 · · ·bd−1

c1c2 · · ·cd

=
d(n−1)(d−1)(n−1) · · ·1(n−1)

1×2×·· ·×d

=
d!(n−1)d

d!
= (n−1)d.

Clearly this equals 1 iffn = 2. If n > 2, however, we have verticesu = 000· · ·0,
v= 111· · ·1 andw= 211· · ·1, whered(u,v) = d(u,w) = d, butd(v,w) = 1. Hence
the Hamming graphsH(d,n) for n> 2 are not antipodal. Thus the only imprimitive
Hamming graphs are the hypercubes, so all others must be primitive.

5.2 Primitive Johnson graphs?

We use the same method again, first checking ifJ(n,k) is bipartite. The intersection
array ofJ(n,k) is given by{ ∗ 12 · · · i2 · · · (k−1)2 k2

0 · · · · · · · · · · · · · · · nk−2k2

k(n−k) (k−1)(n−k−1) · · · (k− i)(n−k− i) · · · n−2k+1 ∗

}
.
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If the middle row is all zeroes, then for eachi we have

k(n−k)− i2− (k− i)(n−k− i) = 0

and (from the last column)nk− 2k2 = 0. This last condition impliesn = 2k, so
substituting this gives us, for alli,

k(2k−k)− i2− (k− i)(2k−k− i) = 0
⇔ k2− i2− (k− i)2 = 0
⇔ 2ki−2i2 = 0
⇔ i = k,

which is absurd. SoJ(n,k) can never be bipartite.

We now observe that ifn = 2k, J(n,k) is trivially antipodal. If verticesu =
{u1,u2, . . . ,uk} and v = {v1,v2, . . . ,vk} are at maximum distance (which clearly
is k), we haveui 6= v j for all i, j. Therefore these form a partition of the un-
derlying set, so there can be no other vertex at distancek from u. However, if
n > 2k (we can assume this, as there is an isomorphism fromJ(n,k) to J(n,n−k),
by taking the complement of eachk-subset) we have verticesu = {u1,u2, . . . ,uk},
v = {v1,v2, . . . ,vk} andw = {v1,v2, . . . ,vk−1,x}, wherex 6= ui ,v j for all i, j. Hence
d(u,v) = d(u,w) = k, butd(v,w) = 1. So the only imprimitive Johnson graphs are
J(2k,k).

We conclude these notes by mentioning that there are only four primitive dis-
tance transitive graphs of valency 3. These are the complete graphK4, the Pe-
tersen graph, the Coxeter graph and the Biggs-Smith graph. The last three of these
were of sufficient interest that Norman Biggs described them as “Three Remark-
able Graphs” in his paper [2], where full descriptions can be found. We have
already seen the Petersen graph in figure 1. The Coxeter graph and Biggs-Smith
graph are shown below.

Figure 12: The Coxeter graph
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Figure 13: The Biggs-Smith graph
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