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These are notes from lectures given in the Queen Mary Combinatorics Study
Group on 13th and 20th February 2004, and also 5th March 2004. They are based
on the author’'s M.Math. project, which can be found at:

http://www.maths.qmul.ac.uk/~rfb/dtg.pdf.

1 Introductory Definitions

In these noted; = (VI,El) denotes a graph, as we will ugeto denote a group.
All graphs considered will be simple, finite, connected and undirected.

Definition

An automorphisnof I is a bijective functiory: VI — VI such thatv ~ w if and
only if g(v) ~ g(w). The set of all automorphisms is t@tomorphism groupf
I, denoted by Aut). If, for all u,v € VI, there exists somg € Aut(I") such that
g(u) = v, therl is vertex-transitive

Examples of vertex-transitive graphs include theircuits (not very exciting),
and (slightly more exciting) thBetersen graphpictured below.

Figure 1: The 4-circuit (left) and Petersen graph (right)



A non-example is the complete bipartite graty,, as no automorphism can
map the central vertex of degredo an outer vertex of degree K 4 is pictured
below.

Figure 2: The complete bipartite grapgh 4

Definition
For verticeau,v € VI, thedistancefrom uto v is defined to be the least number of
edges in a path fromto v, and is denoted bgl(u, V).

We have:

e d(u,v) >0, withd(u,v) =0 u=y,
e d(u,v) =d(v,u) (asr is undirected);
e d(u,w) <d(u,v)+d(v,w).

Hence(l",d(-,-)) is a metric space.
The maximum distance ih is thediameterof I, denoted diani).

Definition
I is distance-transitivef, for verticesu,v,w,x € VI" with d(u,v) = d(w,x), there
exists some € Aut(I") satisfyingg(u) = w andg(v) = x.

(This does not mean that Alif( is 2-transitive, unlesE is a complete graph.)

Clearly, we have that distance-transitivity implies vertex-transitivity (consider
two pairs of vertices at distance 0).

The two vertex-transitive graphs in figure 1 are both distance-transitive. How-
ever, the following graph is vertex-transitive gt distance-transitive. The cyclic
n-ladderL, (L¢ is shown below) is clearly vertex-transitive — we can rotate and
reflectL,; we can also move any of the ‘inner ring’ to anywhere on the ‘outer
ring’. However,T is not distance-transitive: consideyv, U,V as shown. Clearly
d(u,v) =d(U,Vv) = 2. But there is no automorphism that movesv} to {u',V'},
as there is only one geodesic (shortest) path foamv, while there are two from
utoV.



Figure 3: A vertex-transitive graph that is not distance-transitive

2 Intersection Arrays

These are the parameters which are seen most often when distance-transitive (or
distance-regular) graphs are being considered.

Definition
For a graph’, vertexv € VI, and for 0< i <d = diam(I"), define

Fi(v)={weV : d(v,w) =i}.

Thesecellso(Vv),M1(V),...,[4(v) form adistance partition(or alevel decompo-
sition) of I'. For example:

D
Lo(v) ['(v) I's(v) I'3(v)
Figure 4: A distance partition

We can use distance partitions to provide an alternative characterisation of



distance-transitivity.

Proposition

Supposd is connected, has digifn) = d and automorphism group Aiit) = G.
ThenT is distance-transitive if and only if it is vertex-transitive and Sfad is
transitive onj(v) fori =1,...,d and for allve VT .

Proof:
First, supposd is distance-transitive, sb is also vertex-transitive. Consider
u,u € Ii(v), i.e. withd(u,v) =d(u,v) =i. Then there exists an automorphism

g € G with vg= v andug= u. Thusg € Stals(v), and Stab(v) is transitive on
Fi(v).

Conversely, supposk is vertex-transitive and that Stafv) is transitive on
[i(v). Consideru,w,u’,w € VI, such thad(u,w) =d(u,w) =i. Letg e G be
such thatvg=w and choosé € Stahk; (W) so that(ug)h = u’. Then for the com-
positiongh, we getu(gh) = u’ andw(gh) = (W)h=w. Soghis an automorphism
taking {u,w} to {U’,w'}. Hencel is distance-transitive.]

Now, for any grapt™ andu,v, € VI, we can definéntersection numbers

Si(u,v) = {weVrl : d(uw)=hd(v,w)=i}
= [Pa(u)NTi(v)].

In a distance-transitive graph, these numbers depend ondi{wnr) (and not on
the individual vertices), so are constants. Hencel(if,v) = j, we write sy for
Shi(u,v). These show that a distance-transitive graph iagsociation schemen
VT, whereu andv arei" associate#f and only if d(u,v) = i.

We are particularly interested in the intersection numbers whenl. If
d(u,v) = j, we have
suj = [F2(u) NTi(V)],
that is, the number of neighbours wht distance from v. Clearly the only possi-

bilities for syj; to be non-zero are= j — 1, j or j+ 1. So we give these values of
S1ij special names:

Suj-npj = €
Sijj = a
S+ = Dby

We put these in an array, called timersection arrayof I', denoted by (I"):

* € - Cd-1 G
I(M)=< a & -+ ag-1 ag
bo b1 bd,]_ *



Note thatcy andby are undefined (which is what theepresents). The easiest way
to understand these intersection numbers is to think of a distance partitiorifof
we fix v and choosel € I'j(v), thenc; denotes the the number of neighboursiof
that are closer t@, a; the number of neighbours at the same distance barie
number that are further away.

Example
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Figure 5: The intersection array of the cug

Some simple observations are that= 0 (as there is only one vertex ify(v),
c; = 1 (for the same reason)y = k, wherek is the valency of the graph, and that
all columns sum t&. A less trivial observation (which requires proof) is that the
top row is weakly increasing (i.e. £ c; < ¢ < --- < ¢g) and that the bottom row
is weakly descreasing (i.&.> by > --- > bg_1). There are also a number of other
numerical constraints which can be derived.

So, beginning with the assumption tHatvas distance-transitive, we have ob-
tained some purely combinatorial parameters. But, without prior reference to its
automorphism group or any transitivity properties, we could pose the question,
“What if a graph happens to satisfy these parameters?”. Then we have the follow-

ing:

Definition
If a graphl’ has an intersection array, we days distance-regular If a distance-
regular graph has diameter 2, then it isteongly-regulargraph.

3 Families of Distance-Transitive Graphs

3.1 Hamming graphs

LetX ={1,...,n} be a set of siza. TheHamming graph Hd, n) is defined as fol-
lows. The vertex set iX9 (the cartesian product aof copies ofX), so the vertices
are ordered-tuple of elements oK. Two verticesu andv are adjacent if and only
if (when regarded ad-tuples) they differ in one co-ordinate (i.e. thélamming



distanceis 1).

The automorphism group is

(SIXS X x§) xS =$WrSd

which not only acts transitively in each co-ordinate, but also permutes the co-
ordinates transitively. Distance between vertices is exactly the Hamming distance
between the correspondimgtuples, and this is preserved ByWr &. It follows
thatH (d, n) is distance-transitive(NB. Don’t look in the project for a proof: the

one given in there is incorrect, as | discovered after giving this talk!)

Example
The Hamming graphBl (d, 2) are thed-dimensionahypercubesQy. Q4 is shown
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Figure 6: The 4-cub&,

Their automorphism grou, Wr §; is known as théwyperoctahedral group

3.2 Johnson graphs

Again, we consideK = {1,...,n}. Let Xy denote the family of alk-subsets 0K;
clearly | Xi| = (). TheJohnson graph (h,k) is defined as follows. It has vertex
setXy; two vertices labelled by = {i4,...,ik} andv={]1,..., jx} are adjacent if
and only if they differ in one element, i.e.|finv| = k— 1.

The symmetric grou®, acts transitively omi. It follows thatd(u,v) = mif
and only iflunv| =k—m, and that ifunv| = k—m, thenforg € S,, |g(u)Ng(V)| =
k—m. ThatJ(n,k) is distance-transitive follows from this.



Example
The Johnson graph(4,2) is the octahedron.

1(J(4,2)) =

A O *
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* o b

Figure 7: The octahedrai(4,2)

3.3 Grassmann graphs

These are the so-called “g-analogues” of the Johnson graphsV keFy, the
n-dimensional vector space over the finite fieldgaflements, wherg is a prime-
power. TheGrassmann graph @, n,k) is defined as follows. The vertices are the
k-dimensional subspaces¥f and two vertices are adjacent if, as subspaces, they
intersect in a space of dimensikn- 1. Similar to the Johnson graphs, we have that
d(u,v) = mifand only if dimunv) =k—m.

The projective general linear grolGL(n,q) acts transitively on the vertices,
and preserves the dimension of the intersection of subspaces. It follows from this
thatG(q, n,k) is distance-transitive. (The proof is messy and not very exciting.)

4 Algebraic Constraints on Intersection Arrays

The moral of this story is the following. Suppose a man comes up to you in a dark
alley, trying to sell you what he claims is an intersection array. How can you tell if
he’s telling you the truth? We use linear algebra to obtain a method which can tell
us that a large number of “intersection arrays” do not correspond to any distance-
regular graph.

Definition The adjacency matrixof a graphl” with n vertices is then by n matrix

A(I") with entries
1 ifvi~vy;
Aij _ { i J

0 otherwise.

For example, the adjacency matricedafand the octahedron are shown in figures
8 and 9.
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Figure 8: The complete grap&y
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Figure 9: The octahedrai(4,2)

Theeigenvaluesf I are defined to be those 8f(I"). Theadjacency algebra
denoted4(I"), of I' is the set of all linear combinations of powersAfl) (with
coefficients inC). This is a vector space where the elements (whichnaog n
matrices) can be multiplied together, so forms an algebra. Because each element
of 4(I") has the formEA;A!, this algebra is clearly commutative. In the case of a
distance-regular graph, which forms an association schemeatiens precisely
the Bose-Mesner algebraf that association scheme.

The powers oA have a graph-theoretical interpretation, as the following theo-
rem shows.

Theorem
The number of paths i from vertexv; to vertexv; of lengthl is given by the, jth
entry inAl,

Proof:
This is done by induction oh O

If I is connected, this condition tells us a property of the adjacency algebra.



Corollary
If I is connected, and has diametethen the dimension ofi(I") is at leasd + 1.

Proof:
By considering vertices along a path between to vertices at disthricéollows
that
{A° AT AZ AN
is a linearly independent set of side- 1 in 4(I"). O
We will now go on to show that in a distance-regular graph this lower bound is
actually achieved.

Definition
In a connected graph of diameterd, for 0 < i < d, thei'" distance matriXa; is
given by
1 ifd(v,vs) =i
(Ai>rs = { ( ' S)

0 otherwise
forall v;,vs € VI.

These are a generalisation of the adjacency matrix, as cleaeyA(I"). Note
thatAp = | (asd(v,vs) = 0 if and only if v, = vs), and that the sum of all the
distance matrices is the all-ones matdix From now on, we shall only consider
distance-regular graphs.

Lemmal
For a distance-regular graph we have

AA; =Dbi_1Ai_1+aAi+Ci1Ai1
(for1<i<d-—1),A.Ag=apAp+ A1 andA.Aq = by_1A4_1+ a4Ag.
Proof:

Consider the, s" entry of A.A;. We have
(AA)rs = T1(Vr) +Ti(vs)]

i.e. the number of vertices adjacentwoand at distancefrom vs. The result fol-
lows from this.OO

Lemma 2
In a distance-regular grapgh A; can be expressed as a polynomialif degree
i (and consequently belongs.#(I").

Proof:
This is by induction on, applying lemma 1 in the induction stelpl.



Theorem
For a distance-regular graptof valencyk and diameted, 4(I") has basi§Ao, ..., Aq}
and its dimension id + 1.

Proof:
Clearly{Ao,...,Aq} is a linearly independent set, as in a given position there is a
non-zero entry in only ow;. Now, the minimum polynomial oA is

min(A) = (A—kl)J=(A—Kl)(Ag+A1+---+Aq),
a polynomial inA of degreed + 1. Hence the dimension ¢t(I') isd+ 1. O

Corollary
{AO AL ... A%} is another basis fofl(I'). O

Now we consider the linear transformation @{I") given by multiplying an
elementX = zﬁzosAi by A. By lemma 1, we have

d
XA = Z)S (bi—1Ai_1+ &Ai +Cit1Ai11) -
i=

In other words, we can represent this linear transformatioB ($y), theintersec-
tion matrix

(0 1
k a C
by a
B(IN) = b,
Cd—1
ad-1 Cd
bg—1 aqg |

We notice that this looks very much like the intersection array tilted slightly and
with lots of zeroes thrown in the empty spaces.

Now, as this matrix represents the same linear transformatiax (@gth re-
spect to different bases), they must hdlie same eigenvalueNow, there are
d + 1 distinct eigenvalues, which we caly > A1 > --- > Ag. As eigenvalues of
B, they each have multiplicity 1. As eigenvaluesfgfthey will (in general) have
multiplicities greater than 1. However, it transpires quite surprisingly that these
numbers can be obtainedrectly fromB.

Let u; denote thdeft eigenvector oB corresponding t@;, andv; the corre-
spondingright eigenvector.

10



Theorem
The multiplicity my of A; as an eigenvector & is given by

(Uo, Vo)
(Ui, vi)

where(-,-) denotes the usual inner product.

Proof:
Fiddly and technicalld

An important observation is that these numbeysnust be integers. So, if we
are given an array of integers which looks like it might be an intersection array of
some distance-regular graph, we can transform it to the corresponding “intersection
matrix”, calculate its left eigenvectors and these numbersBut if it transpires
that one of these numbersrist an integer, we know immediately that there can be
no distance-regular graph corresponding to this array.

Example
There is no distance-regular graph with intersection array

*+ 1 1 3
0 01 0,
3 2 1 %

as the set of “multiplicities” includes

12
13- VIy

5 Primitive and Imprimitive Graphs

We begin this section with a digression into the theory of permutation groups. Let
G be a group actingransitivelyon a seiX.

Definition
A G-congruences an equivalence relatioa on X which is preserved under the
action ofG, that is

x=y < g(x) =g(y)
forallg e G.
For any action, we always have the following t#econgruences:
e thetrivial G-congruence, where=y < x=Y;,

¢ theuniversal Gcongruence, whene=y for all x,y € X.

11



Definition If there are no otheG-congruences, we say the action®@fon X is
primitive. Otherwise, it is calledmprimitive The equivalence classes are known
asblocks These form a partition of which is unaffected by the action &.

Definition
A distance-transitive graphis (im)primitive if and only if AutT") is (im)primitive
onVT.

Examples

(i) The complete graphK, are primitive, as there is no partition of the vertices
which is invariant undes,.

(if) The complete bipartite graph&, » are imprimitive; the blocks of imprimitivity
are precisely the two halves of the bipartitidfy,4 is shown below.

Figure 10: The complete bipartite grah 4

Imprimitive distance-transitive graphs are characterised in a nice way. This re-
sultis due to D.H. Smith [3] in (1971).

Suppose thdt is a distance-transitive graph, with didm > 2. Then:
e Ablock of I' containing a vertex must be a union of cellg;(v).

e The only possibilities for blocks are
(@) Fo(v)UT2(v)UTa(v)U---Uly(v) (wheren is the maximum even dis-
tance inl’, so is eithed ord — 1), or
(b) Fo(v) UTq(v).

e Case (a) occurs if and onlylifis bipartite.
e Case (b) occurs if and only If is antipodal

Note thatl" is antipodal if, foru,w € I'g(v) UT 4(V), u # w, we haved(u,w) = d.
Clearly, if I'4(v) consists only of a single vertex, th€nmust be antipodal, so in
this case we call trivially antipodal.

e Hence a distance-transitive graph is imprimitive if and only if it is bipartite
or antipodal.

12



Observe that this is an inclusive ‘or’: it is possible for both situations to occur
simultaneously. For instance, the cube (see figure 5) is both bipartite and antipodal.

If a graph is trivially antipodal, it is easy to spot (we just have to count the
number of vertices in the outermost cell). Bipartite distance-transitive (or, indeed,
distance-regular) graphs are also easy to spot: this can be determined immediately
from the intersection array.

Proposition
Supposd is distance-regular, with intersection array

* € o CG-1 G
(MN=4¢ @ & - a1 &
bo by -+ bg-1 =
Thenl is bipartite ifand only ifag=a3 =a; =--- = a4 =0.

Proof:
We prove the contrapositive in both directions.

First, suppose; # 0 for somej, so there are adjacent verticgsv € I'j(u).
Also, there are pathg, p of length j from u to v and fromu to w respectively. Let
x be the last vertex whemeandp meet and suppos¥x,v) = d(x,w)— = m. Then
we can form a circuit of lengthr@+ 1, an odd number. S0 is not bipartite.

Conversely, suppose is not bipartite. Therd™ contains some odd circud,
of length D+ 1 say. Choose some vertexn a. Then there exist two adjacent
verticesv,w in o such thatd(u,v) = d(u,w) = 9, sov,w € I'5(u) as shown.

....... ,
(14
w
Lo(e) T'i(u) ['s(u)
Figure 11: An odd circuit in a non-bipartite graph

Consequently we have thag is non-zero[

We now return to some of the infinite families of distance-transitive graphs we
considered in section 3, and determine if they are primitive.

13



5.1 Primitive Hamming graphs?

We shall check if these can be bipartite and/or antipodal. Now, the intersection
array ofH(d,n) is

dln-1) d-1)(n-1) -~ (d—j)(n=1) --- 1(n—-1) *
As mentioned above, this corresponds to a bipartite graph iff the middle row is all

zeroes. Now, the columns must sum to the valency, whidkiris- 1). So we want
dn—1)—j—(d—j)(n-1)=0

< nd—d—j—nd+d+nj—j=0
& nj—2j=0
S n=2

Thus the only bipartite Hamming graphs &téd, 2), the hypercubes.

We note that the hypercubes are trivially antipodal. For any distance-regular
graphl” and a fixed vertex, by counting the number of edges between dej(w)
andr j1(v) itfollows thatk;jb; = kj;1Cj+1 (Wherekj = j(v)). Thus we can obtain
a formula for the number of vertices iy (v),

_ boby---by-1
o C1Co-- - Cq ’
In the case oH(d, n) this gives
boby - -by—1
~ din-1)(d-1)(n—-1)---1(n—1)
N 1x2x---xd
_di(n—1)
d!

= (n—1)4.

Clearly this equals 1 ifh = 2. If n > 2, however, we have vertices= 000-- -0,
v=111.--1andw=211---1, whered(u,v) = d(u,w) = d, butd(v,w) = 1. Hence
the Hamming graphid (d, n) for n > 2 are not antipodal. Thus the only imprimitive
Hamming graphs are the hypercubes, so all others must be primitive.

5.2 Primitive Johnson graphs?

We use the same method again, first checkidgnfk) is bipartite. The intersection
array ofJ(n,k) is given by

* 12 i2 e (k=1)2 K2
{ 0 nk — 2k?2 }
kin—-k) (k—-1)(n—k-1) --- (k=i)(n—k—i) -+ n—2k+1 *

14



If the middle row is all zeroes, then for eactve have
k(n—k) —i?— (k—i)(n—k—i)=0

and (from the last colummk— 2k? = 0. This last condition implies = 2k, so
substituting this gives us, for dll

k(2k —k) —i%— (k—i)(2k—k—i)=0
& K-i2—(k-i)?2=0
& 2ki—2%=0
& i=Kk,

which is absurd. Sd(n,k) can never be bipartite.

We now observe that ifi = 2k, J(n,K) is trivially antipodal. If verticesu =
{ug,Up,...,uc} andv = {v,Vo,...,V} are at maximum distance (which clearly
is K), we haveu; # v; for all i,j. Therefore these form a partition of the un-
derlying set, so there can be no other vertex at dist&nitem u. However, if
n > 2k (we can assume this, as there is an isomorphism @nk) to J(n,n—K),
by taking the complement of ea&hsubset) we have vertices= {us,up, ..., U},
v={v1,Vo,..., W} andw = {v1,va, ..., Vik_1,X}, wherex # u;,v; for all i, j. Hence
d(u,v) =d(u,w) =k, butd(v,w) = 1. So the only imprimitive Johnson graphs are
J(2k, k).

We conclude these notes by mentioning that there are only four primitive dis-
tance transitive graphs of valency 3. These are the complete ¢tapthe Pe-
tersen graph, the Coxeter graph and the Biggs-Smith graph. The last three of these
were of sufficient interest that Norman Biggs described them as “Three Remark-
able Graphs” in his paper [2], where full descriptions can be found. We have
already seen the Petersen graph in figure 1. The Coxeter graph and Biggs-Smith
graph are shown below.

Figure 12: The Coxeter graph
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Figure 13: The Biggs-Smith graph
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