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Abstract

We consider théistance enumeratdkg(x) of a finite permutation grou, which
is the polynomialgx”‘”(g), wheren is the degree o6 andmi(g) the number of
ge

fixed points ofg € G. In particular, we introduce a bivariate polynomial which is

a special case of the cycle index®fand from whichAg(x) can be obtained, and

then use this new polynomial to prove some identities relating the distance enu-
merators of group& andH with those of their direct and wreath products. In the
case of the direct product, this answers a question of Blake, Cohen and Deza from
1979. We also use the identity for the wreath product to find an explicit combina-
torial expression for the distance enumerators of the generalised hyperoctahedral
groupsCm! Ss.

1 Introduction

For any codeC (i.e. a set of word€C where the Hamming distana®; can be
defined), and for a fixed codewonde C, one can define the following polynomial.

Definition 1. Thedistance enumeratasf C atw is the polynomial
Acw(X) = %XdH(W,C)‘
ce

In the case wher€ is alinear code(i.e. a vector space over a finite field), the
distance enumerator is independentofso it is conventional to take to be the
zero codeword, and thus the exponent in each tem (6, c) = wt(c), theweight
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of c. Then the polynomial obtained is known as theight enumeratgmwhich is
usually written as a two-variable, homogeneous polynomial as follows:

W y) = 3 Xy
ce

wheren is the length of the codewords. While this is really just a one-variable

polynomial ‘in disguise’, the two variables are of use, for instance in proving the

MacWilliams identitiesvhich relate the weight enumerator of a linear code to that

of its dual code; see Cameron and van Lint [7], chapter 9, for details.

In this article, we consider the distance enumerators of codes which are per-
mutation groups. If one writes the elements of a permutation géapting on
Q={1,...,n}inlistform(i.e. as alist of the images of the points 1, nin order),
one can define the Hamming distance on these as usual. Now, for permutations
g,h € G, we have thatly (g, h) = n—m(gh1), wherem(g) denotes the number of
fixed points ofG. Also, sinceG is a group, we have that for a fixed elemgnthe
number of elementls such thaty (g, h) =i is the same as the number of elements
at distance from the identity. Hence the distance enumerator is independent of the
choice ofg, so we have

AG(X) — XdH(l:g) — Xn—"(g)_
& &

We use the notatiom as it is precisely th@ermutation characteof the groupG
(see Cameron [5], chapter 2, for details). Now, as characters are constant on the
conjugacy classes @, we can rewrite the distance enumerator as follows:

Ds(x) =Y |g°x" T
2

whereR s a set of conjugacy class representatives¥oandg® denotes the conju-
gacy class containing This is a useful form for computing the distance enumera-
tor, as computer algebra packages suah4B[8] have inbuilt commands for com-
puting the values ofg®| andi(g) for a groupG in a given action. (IrGAP, these

are thesizesConjugacyClasses andNaturalCharacter commands.) Thus, by
using these commands, obtaining the coefficienfssgk) is a straightforward task,
although (as we shall see in section 4) this method is not necessarily an efficient
one.

2 The cycle index and related polynomials

In this section, we show how the distance enumerat(ix) is related to certain
other polynomials, in particular the cycle index.

Definition 2. Thecycle indexof a groupG acting on a finite se is the polynomial

Z(G) = é,gé il:lsq(g)
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wherec;(g) is the number of-cycles ofg, and thes are indeterminates.

This is a well-studied polynomial; see Cameron [4], chapter 15, for a discussion
of its properties. Now, the polynomial

1
P, _ = ()
G(X) ’G‘ geéx

is clearly a special case of the cycle index, obtained by substititing s; and

1 for all others, and by noting that;(g) = 11(g). (Ps(X) is the probability gen-
erating function for the expected number of fixed points of a random element of
G.) Obtaining this polynomiaPs(x) is clearly equivalent to obtaining the distance
enumerator, as (ignoring the scaling factor) the coefficients are exactly the same,
but in the reverse order. So we have

Ac(X) = |GX"Ps(%).

However, we will not use this identity when studying the distance enumerator.
Instead, we introduce a new polynomial which encodes Batlx) andAg(X) si-
multaneously.

Definition 3. Thehomogeneous support enumeraQg(x,y), is defined as

1
Qa(x,y) = Gl %X”(g)y”‘"(g)
g€

wheren is the degree of the group.

This can obtained from the cycle index via the substitution
Qe(xy) =Z(G;sy X, § < Y Vi>1)

as) ici(g) = n—r1i(g). Clearly, we hav®s(X) = Qg(x,1) andAg(y) = |G|Qa(1,Y).
_Z() (9) (X) (x,1) (¥) =1G|Qs(1,Y)

1>
The name comes from the set of points moved kG being known as theupport

of G.
In the next section, we will see how this polynomial is the appropriate one to
use when studying the distance enumerator.

3 Identities for direct and wreath products

There are known identities relating the cycle indicesGoand H with those of

the direct producG x H, in both the usual (i.e. intransitive) and product actions.
There is also an identity for the wreath prodGatH in the imprimitive action. For
details these, we refer the reader to Cameron [4] and (for the direct product in the
product action) to Cameron, Gewurz and Merola [6]. In this section, we derive
similar identities for the homogeneous support enumerator, which then enable us
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to compute the distance enumerator for these products. However, for each of the
three identities, we will give direct proofs.

In each of the following, we suppose we have groGmndH acting on set§
andl respectively, wher€Q| = nand|l'| = m

Proposition 4. For the direct product of G and H in the intransitive action on
QuUr, we have

QxH (X Y) = Qa(X,Y)Qn (X,Y).

Proof. Suppose € G fixes a set oh pointsA, and that € H fixes a set ob points
B. Then(g,h) € G x H fixes the seAUB which has size+b. So we have

QexH(Xy) = z Xa+byn+mfafb

(g,h)eGxH
— éxayn—a Z bem—b
ge heH
= Qe(xy)Qu(xy).
]

In order to show how the homogeneous support enumeratdgsamidH are
related to that ofs x H in the product action, we define a product of monomials

x3yP o xeyd by the rule
Xayb ° chd _ Xacybc+ad+bd

which is then extended linearly to a product of polynomidl,y) o g(x,y). This
is a specialisation of a corresponding product for the cycle index, as given by
Cameron, Gewurz and Merola [6].

Proposition 5. For the direct product G< H in the product action o2 x I, we
have

QexH(X,Y) = Qa(X,y) o QH(X,Y).

Proof. Again, we supposg € G fixes a set oa pointsA, and thah € H fixes a set
of b pointsB. This time(g,h) € G x H fixes the seA x B which has siz&b. Now,
by definition,x2y" 2o xby™b — yabymn-ab \hich is the monomial corresponding
to (g,h). So we have

1 n-al
Qeney) = |GXH’(g,h)§3xHxabym b
— 1 Z ayn—aoxbym—b
gh€G><H
_ b,
- (\Gi% s > <H|§H v )
= Qa(X,Y)oQu(XY).



Determining these identities for the two actions of the direct product answers
a question posed by Blake, Cohen and Deza [3], which asked how the distance
enumerator ofs x H is related to those d& andH.

Proposition 6. For the wreath product in the imprimitive action, we have

QaH (Xv y) = Qn (QG(X> y)’yn)

Proof. First, we set up our notation. Letdenote the permutation character of
G!H (som(a) is the number of fixed points a € G!H). Similarly, we lety
denote the permutation charactet@fForh € H, Fix(h) denotes the set of points
fixed byh, and Supph) denotes the set of points moved|bgi.e. the support off).

Recall thatGH (in the imprimitive action) acts om blocks of sizen; we
label these blocks by the elementslof {1,...,m}. Also recall that an element
a € GUH has the forma = (g1,...,9m;h). For such an elemert we count the
number of fixed points of as follows.

Each block moved by has alln points moved, while each block (say block
i) fixed by h hasy(g;) fixed points, andh — Y(gi) moved points. So we can write
@) = m(a)+--- +Tm(a), where

o W(g) if i eFix(h),
@) _{ 0 if i € Supg(h).

Thus we have

1

- = m(a), nm-T11(a)
1

m
- - Xw(a)yn—m(a)
Gl %, 1

= G|i|—||z Z |—| x¥(G)yn-w(g) I—l y"

heH (ga,...,gm)€GM icFix(h) ieSupgh)
1 1 1
- = = xw(gi)ynw(gi)>< i yn>
2 (JTJW ] 2 16l 2

= 12( [ QG(va)>< [ yn>
IH1 & \ichix(n) ieSupph)

= Qn (QG(Xa y>’yn)
O]

Example 7. Consider the grouf; ! S, which is isomorphic to the dihedral group
Ds. Now, Qs, (x,Y) = 3(x2+y?), so by Proposition 6 we have

Qusxy) = 3 ((G0¢HP7+v)
= %(x“+2x2y2+5y4),
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which agrees with what we would expect fQp,(X,Y).

4 Generalised hyperoctahedral groups

In this section we determine the distance enumerators of the g@HpS,, in
the imprimitive action ormn points. (Note tham andn have been reversed with
respect to the previous section). As this family of groups contains the hyperoctahe-
dral groupCz: S,, we use the namgeneralised hyperoctahedral groufrs them.
They are of interest in a coding theory setting; see the first author’s papers [1, 2]
for details of decoding algorithms for these groups when viewed as error-correcting
codes.

The homogeneous support enumerator&fpandsS, are both straightforward
to calculate. In the cyclic grou@y, all (m— 1) non-identity elements move
points, s0Qc,,(X,y) = & (X™+ (m—1)y™). In the symmetric grouf,, the number
of elements wittk fixed points is preciselyy)d(n—k) (whered(i) is the number
of derangements of a set of siefor 0 < k < n. Thus we have

12 /n
Qs,x3) = 1 3 (1 )atn— ey
n! k; k
So to calculateg(x,y) for G = Cn1 S, we appeal to Proposition 6, giving the
following result.
Proposition 8. The homogeneous support enumerator of the generalised hyperoc-

mn . .
tahedral group G= C,1 S, is given by Q(x,y) = ﬁ Zﬁf(i)x'ymm', where
I £

|iom”k(m— 1)k (E) (i/km>d<n_ k) ifm]i,
o if mfi.

fi) =

Proof. Using the substitution given in Proposition 6 (recalling theandn have
been interchanged from that proof), we obtain

Qe(.y) = Qs,( (X" (-~ Y™y
Zmnlmkim”‘k@d(n—k)(k (T)xm%m—l)k-iym“—”)ym<“-k) )
2 >

) (m- ey (%)

(
- % ,i i mK(m— 1)k (E) (l;)d(n— )xMiymn=i)



((x) follows from the binomial theorem, whilexx) follows from the observation
that for j > k, (¥) = 0.) The result can then be obtained from this, by noting that in
the above expression, the powersc@ndy occur only at multiples ofm, thus any
other powers will have coefficient O. O

We remark that this agrees with what we would expect, in that the number of
fixed points of an element @ = C,1 S, clearly must be a multiple af. Now, ob-
taining the distance enumerator®fis a matter of substituting= 1 into Qg (X, )
and multiplying by|G|. That is, we have the following:

Corollary 9. The distance enumerator of the generalised hyperoctahedral group
G =Cn S, is given byAg(y Zog y' where @i) = f(mn—i) (and f is as in
Proposition 8 above).

We conclude with two remarks. First, we note that replacing a cyclic group of
orderm with a more general regular group of degraeloes not alter the results
of Proposition 8 and Corollary 9. Second, we remark that implementing the above
formula inGAP to compute the coefficients dig(x) takes a considerably shorter
amount of time than the method described in section 1. For instande,do%;, it
took 10 milliseconds compared with 33 minutes.
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