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Abstract

We give a proof of a general construction of2m, 3, m— 1)-uncovering, which is
equivalent to §2m,2m— 3, m— 1)-covering design. Furthermore, we calculate the
Schinheim Bound explictly for these parameters, and show that our construction
gives uncoverings within a constant factor of this bound. We also give an induced
construction for2m— 1,4, m— 2)-uncovering.

1 Coverings and uncoverings

Covering designs are a generalisation-designs, defined as follows.

Definition 1. Let X be a set o¥ points and letv > k>t > 0. A (v,k,t)-covering
designis a set ofk-subsets oK, calledblocks such that any-subset of points is
contained in at least one block.

A survey article on covering designs can be found in [3], while an extensive
database of covering designs can be found in [2]. A related concept is that of an
uncovering defined below.

Definition 2. Again, letX be a set o¥ points, withv >k >0andv—k>t > 0. A
(v,k,t)-uncoverings a set ok-subsets oK, calledcoblocks such that any-subset
of points isdisjoint from at least one coblock.



It follows from the definition that the complements of the blocks frofw &t )-
covering design will form the coblocks of (& v — k,t)-uncovering, so whenever
one has a covering design, a corresponding uncovering can easily be obtained,
and vice-versa. Uncoverings have been introduced by the author in [1] as part
of a decoding algorithm for error-correcting codes based on shé&snsitive
permutation groups. In particular, a family @f, 3,t)-uncoverings (witht < %v)
was needed for sharply 3-transitive groups. Section 2 gives a constructioa-for
2mpoints; from this a construction fon2— 1 points can be obtained, as described
in section 4.

In this article the application to coding theory will not be discussed further: see
[1] for detalils.

2 The construction

We now present our construction of(2m,3,m— 1)-uncovering. While this is
equivalent to §2m,2m— 3, m— 1)-covering design, the proof is in terms of uncov-
erings. As the coblocks have size three, we refer to thetmss.

Theorem 1. The set of alem triples of the form{i — 1,i,i + m}, for i € Zoy, and
with addition modul@m, forms a2m, 3, m— 1)-uncovering.

Proof. We’'ll show that, given an arbitrarym— 1)-subset ofZ,n, there exists

a pair of the form{i,i +m} that can be extended to a triple either of the form
{i—1,i,i+m}or{i,i+m—1i+m} thatis disjoint from it. This will be done by

a recursive procedure.

Let X; denote an arbitrarym— 1)-subset ofZ,ny,, and letX; denote its com-
plement. Now, first we want a pafi1,is +m} C X;. SinceZ,nm, can be partitioned
into msuch pairs, and becaup€; | = m+ 1, then there must exist at least one pair
which is wholly contained irX;. Then there are two possibilities:

(@) one (or more) of; —1,i; +m— 1 lies in Xy, in which cas€{i;,i1 +m} can
be extended to a triple, so we are done;

(b) both ofiy —1,i; +m— 1 lie in Xz, in which case we fail.

In case (b), we know that the pdir;,i; + m} cannot be extended, and so can be
excluded, and also that the pdir — 1,i1 + m— 1} (which has the same form) is
contained inX;. Thus we can ignore these four points.

Let X, denoteX; \ {i1 — 1,i; + m— 1}, and letX;, denoteXj \ {i1,i1 + m}.
(Note that this isnot the complement 0K,.) Now we know that there ana— 2
pairs remaining, and th@,| = m— 1, so there must exist a pdiiz, iz +m} C Xo.



If we fail to extendthis pair, then we can remove it froid, to form X3, and we
can also removéi; — 1,i, +m— 1} from X; to form Xs.

We then repeat this procedure, either until an extendable pair is found, or un-
til we get as far as we can go. We consider the cases wheaseodd and even
separately.

First, supposen is odd. Then, if we continue to fail at each step, we will
ultimately reachXs = @, wheres = mgl. In which case, bothy — 1 andis+m—1
mustbelong toX, so therefore the paiffis,is+ m} can be extended to a triple as
required.

Second, supposais even. Then, if no extendable pair is found at an earlier
step, we will reach; = {x} (wheret = mT*Z). Then at mostone of — 1,i;+ m—1
can be equal tg, so therefore this pair can be extended. This completes the proof.
Il

Example 1. Consider the cassmn= 5. In each row, the framed elements form a
coblock in an uncovering, the remaining elements form a block in the correspond-
ing covering design.
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Note: Examples of these uncoverings (or, more specifically, the corresponding
covering designs) appear in [2], as “cyclic coverings found by search program”.
No reference for a general construction is given.

3 The Sclonheim bound

The Scldnheim boundl-(v,k,t), is explained in [3]. It gives a theoretical lower
bound on the size of @, k, t)-covering design, and thus alséwev—Kk;t)-uncovering,



and is as follows:

viv—1 v—t+1
Livkt)= |- ol
(k1) [k[k—l [k—H—l-‘ H
In general, this is difficult to evaluate, given that is is in terms of three variables
and is full of “nested” ceiling functions. In our case, we have 2m, k =2m—3

andt = m—1, so we can at least reduce it to a function of just one variable. So we
have the following:

= ams a1 ||

The remainder of this section is the proof of the following, rather surprising, theo-
rem.

Theorem 2. Suppose ri» 6. Then L(m) = 1§m+ ¢, where c is a constant depend-
ing on congruence classes modulo 8, viith ¢ < 1—83.

This result is surprising as if the ceiling functions were not present we would have

2m(2m—1)(2m—2)  8m®—12n% +4m

(m+1)mm-1) ms—m —8asm— oo

and not a linear function.
Proof. We begin by defining a recursion as follows:

f1 =1 (corresponding to the “empty product”)

. M+2 m+2 e
= moit = mop 2l
"= =10

2m

2m—3

We assume thanis “large enough”, so ths{ﬂf—% <2 (i.e. sothaff, = 2, which
requiresm> 4. Also, we assume that is “large enough” so thafz = 3, i.e. that
2(”‘?*3) < 3, which requiresn > 6. (This is the source of the restriction am)
Observe the differences — f; and f3 — f, are both 1.



We wish to find the first term in the sequenfg@vhere the differencé 1 — f| >
1. That is, we want the smallest valuelofrhere this holds. We call this value
Since all previous differences have been 1, we know thati. So we have the
inequality:

i?lzm i > fi+1
& im+i+1) > (i+1)(m+i—2)
& im+i2+i > im+i2—2i+m+i—-2
& 0 > m-2-2i
o i > im-1

Thus we need to taki¢o be the least integer exceediém— 1.

e If mis even, then=sm.

1
2
e If mis odd, theri = (m—1).

By a similar chain of inequalities, starting withy, ; < fi 42, and with our
requirement thatn > 6, we have thafi.; — fi = 2. So we now assume that there
are several further differences of 2, and that the first difference of greater than 2
occurs at thei + j +1)" step. Note thati, ; =i+ 2j. Now we have another chain
of inequalities:

fi’;Hl:Qig:iBj;fiﬂ > i +2
& (i+2)(m+(+)+1) > ([(+2j+2)(m+(i+]))—2)
& i+2j > —2i—4j+2m+2i+2j—4
& 4j > 2m—4—i

Dividing through by 4 and substituting the values obtained above, we obtain:
o if mis even,j > 3m-1;
o if misodd,j > 3m- .

Thus we must take as our value jothe least integer exceeding these, so we must
consider congruence classes modulo 8. The values obtained are given in the table



below.

m=0 mod8| j=3m

m=1 mod8| j=3m-3
m=2 mod8| j=3m-32
m=3 mod8| j=3m-1
m=4 mod8| j=3m-1
m=5 mod8|j=3m+3}
m=6 mod8| j=3m-7
m=7 mod8| j=3m-32

By evaluating the inequality;’, ; ., < fij+ 3, we can verify that the difference

fivjr1—fiyj =3

The next step is to show that there will never be a difference of more than 3,
by showing that the first step where this could occur would be aftemthierate.
Thatis, we show that if the first difference of more than 3 occurs ai step-k+1,

theni+j+k+1>m

By hypothesisfi; .k =i+ 2j+ 3k. In a similar manner to the above, we have

yet another chain of inequalities.

m+(i+j+k)+1

i T (k)2 ke > T3
o (12 e3K)mME>+j k4D > (i+2j+3kE3) (Mt (i+jrk) —2)
o i+2j+3k > —2i—4j—6k+3m+3i+3j+3k—6
& 6k > 3m—6-3]j
& k > im-1-13j
(substitutingj < 3m+ 3)
1 3 3_ 5. 19
& kK > sm—1+35M— 35 = 5M— 5.
Buti+ j > Zm— £, so we have:
i+j+k+l > Im—Z+2m-1
_ 19m_ 11
16" 16
3 17
= M+ 3gM— 15
> m

provided that 81— 17 > 0. But we havan > 6, so this holds.



Thus the remainingn— (i + j) differences must be 3. Hence we can now
calculate the values df, = L(m). We have:
fm = i+2]4+3(m—(i+]))
= 3m—(2i+j).

The values off,, = L(m) (depending on conguence classes modulo 8) are given in
the table below.

[ ] 2i+j | fm=L(m)
m=0 mod8 Im 3m Um 3
m=1 mod8| 3(m-1)|3m-3 | m-L | Bm+
m=2 mod8 Im Sm—3| Um-3 | LBm43
m=3 mod8| 3(m-1) | 3m-31| ¥m-3 | L¥m+3
m=4 mod8| Im |3m-1| Um-1| LBm+]
m=5 mod8| (m-1) | 3m+3 | ¥m-7 | Bm+]
m=6 mod8 Im |3m-1|Um-1| Bm+i
m=7 mod8| J(m-1) | 3m—2 | ¥m- 13| Lm4 13

We observe that these values satisfy the statement of the theldrem.

Recall that the actual uncoverings constructed have size\VZhile we have
not proved that these uncoverings (or the corresponding coverings) have minimal
size, it does show that they are (approximately) within a constant fa}@tomf the
lower bound.

4 Aninduced construction for point sets of odd size

The construction described in section 2 above only works for a point set of even
size. However, itis easy to obtairizm— 1,3, m—2)-uncovering from ¢2m, 3, m—
1)-uncovering, using the following lemma.

Lemma 3. Let U be a(v,k,t)-uncovering with point sefl,...,v}, and letW be
the subset ofI obtained by removing all coblocks containing the point n. T#gn
isa(v—1,kt—1)-uncovering.

Proof. Let E be an(t —1)-subset of{1,2,...,v—1}. Since is a (vk,t)-
uncovering, there exists a coblo@ke U disjoint from thet-setE U {v}. Now,
clearly T cannot be one of thersets containing. ThusT € %/, and is disjoint
fromE. ThusW is a(v—1,k,t — 1)-uncovering.]
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Corollary 4. Let U be a(2m,3,m— 1)-uncovering o¥Z,m as described in theorem
1 above, and le® be the subset ol obtained by removing all triples containing
the point2m. Then? is a (2m— 1,3, m— 2)-uncovering.

Proof. This is merely a special case of lemma3.
When we calculate the Séhheim bound for these parameters, we obtain

2m—1|2m-2 m+1

2m—4 | 2m-5 m—2

which is precisely-(m— 1), whereL is the function in theorem 2. Thus we have a
further corollary.

Corollary 5. The Scbhnheim lower bound for &2m— 1,3, m— 2)-uncovering is
equal to%g’(m— 1) + ¢, where c is a constant as in theorem 2.

Thus when we compare the size of the uncoverings obtaimad-@ with the
Schhnheim bound £ %m), once again we have that size of our construction is
(approximately) within a constant factor of the lower bound.
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