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Abstract

We give a proof of a general construction of a(2m,3,m−1)-uncovering, which is
equivalent to a(2m,2m−3,m−1)-covering design. Furthermore, we calculate the
Scḧonheim Bound explictly for these parameters, and show that our construction
gives uncoverings within a constant factor of this bound. We also give an induced
construction for(2m−1,4,m−2)-uncovering.

1 Coverings and uncoverings

Covering designs are a generalisation oft-designs, defined as follows.

Definition 1. Let X be a set ofv points, and letv > k≥ t > 0. A (v,k, t)-covering
designis a set ofk-subsets ofX, calledblocks, such that anyt-subset of points is
contained in at least one block.

A survey article on covering designs can be found in [3], while an extensive
database of covering designs can be found in [2]. A related concept is that of an
uncovering, defined below.

Definition 2. Again, letX be a set ofv points, withv > k > 0 andv−k≥ t > 0. A
(v,k, t)-uncoveringis a set ofk-subsets ofX, calledcoblocks, such that anyt-subset
of points isdisjoint from at least one coblock.
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It follows from the definition that the complements of the blocks from a(v,k, t)-
covering design will form the coblocks of a(v,v− k, t)-uncovering, so whenever
one has a covering design, a corresponding uncovering can easily be obtained,
and vice-versa. Uncoverings have been introduced by the author in [1] as part
of a decoding algorithm for error-correcting codes based on sharplyk-transitive
permutation groups. In particular, a family of(v,3, t)-uncoverings (witht < 1

2v)
was needed for sharply 3-transitive groups. Section 2 gives a construction forv =
2mpoints; from this a construction for 2m−1 points can be obtained, as described
in section 4.

In this article the application to coding theory will not be discussed further: see
[1] for details.

2 The construction

We now present our construction of a(2m,3,m− 1)-uncovering. While this is
equivalent to a(2m,2m−3,m−1)-covering design, the proof is in terms of uncov-
erings. As the coblocks have size three, we refer to them astriples.

Theorem 1. The set of all2m triples of the form{i−1, i, i +m}, for i ∈ Z2m and
with addition modulo2m, forms a(2m,3,m−1)-uncovering.

Proof. We’ll show that, given an arbitrary(m− 1)-subset ofZ2m, there exists
a pair of the form{i, i + m} that can be extended to a triple either of the form
{i−1, i, i +m} or {i, i +m−1, i +m} that is disjoint from it. This will be done by
a recursive procedure.

Let X1 denote an arbitrary(m−1)-subset ofZ2m, and letX1 denote its com-
plement. Now, first we want a pair{i1, i1 +m} ⊂ X1. SinceZ2m can be partitioned
into msuch pairs, and because|X1|= m+1, then there must exist at least one pair
which is wholly contained inX1. Then there are two possibilities:

(a) one (or more) ofi1−1, i1 +m−1 lies inX1, in which case{i1, i1 +m} can
be extended to a triple, so we are done;

(b) both ofi1−1, i1 +m−1 lie in X1, in which case we fail.

In case (b), we know that the pair{i1, i1 + m} cannot be extended, and so can be
excluded, and also that the pair{i1−1, i1 + m−1} (which has the same form) is
contained inX1. Thus we can ignore these four points.

Let X2 denoteX1 \ {i1− 1, i1 + m− 1}, and letX2 denoteX1 \ {i1, i1 + m}.
(Note that this isnot the complement ofX2.) Now we know that there arem−2
pairs remaining, and that|X2|= m−1, so there must exist a pair{i2, i2+m} ⊂ X2.
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If we fail to extendthis pair, then we can remove it fromX2 to form X3, and we
can also remove{i2−1, i2 +m−1} from X2 to formX3.

We then repeat this procedure, either until an extendable pair is found, or un-
til we get as far as we can go. We consider the cases wherem is odd and even
separately.

First, supposem is odd. Then, if we continue to fail at each step, we will
ultimately reachXs = Ø, wheres= m−1

2 . In which case, bothis−1 andis+m−1
mustbelong toX, so therefore the pair{is, is+ m} can be extended to a triple as
required.

Second, supposem is even. Then, if no extendable pair is found at an earlier
step, we will reachXt = {x} (wheret = m−2

2 ). Then at most one ofit −1, it +m−1
can be equal tox, so therefore this pair can be extended. This completes the proof.
�

Example 1. Consider the casem = 5. In each row, the framed elements form a
coblock in an uncovering, the remaining elements form a block in the correspond-
ing covering design.

1 2 3 4 5 6 7 8 9 10

1 2 3 4 5 6 7 8 9 10

1 2 3 4 5 6 7 8 9 10

1 2 3 4 5 6 7 8 9 10

1 2 3 4 5 6 7 8 9 10

1 2 3 4 5 6 7 8 9 10

1 2 3 4 5 6 7 8 9 10

1 2 3 4 5 6 7 8 9 10

1 2 3 4 5 6 7 8 9 10

1 2 3 4 5 6 7 8 9 10

Note: Examples of these uncoverings (or, more specifically, the corresponding
covering designs) appear in [2], as “cyclic coverings found by search program”.
No reference for a general construction is given.

3 The Scḧonheim bound

The Scḧonheim bound,L(v,k, t), is explained in [3]. It gives a theoretical lower
bound on the size of a(v,k, t)-covering design, and thus also a(v,v−k, t)-uncovering,
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and is as follows:

L(v,k, t) =
⌈

v
k

⌈
v−1
k−1

· · ·
⌈

v− t +1
k− t +1

⌉
· · ·

⌉⌉
.

In general, this is difficult to evaluate, given that is is in terms of three variables
and is full of “nested” ceiling functions. In our case, we havev = 2m, k = 2m−3
andt = m−1, so we can at least reduce it to a function of just one variable. So we
have the following:

L(m) =
⌈

2m
2m−3

⌈
2m−1
2m−4

· · ·
⌈

m+2
m−1

⌉
· · ·

⌉⌉
.

The remainder of this section is the proof of the following, rather surprising, theo-
rem.

Theorem 2. Suppose m≥ 6. Then L(m) = 13
8 m+c, where c is a constant depend-

ing on congruence classes modulo 8, with0≤ c≤ 13
8 .

This result is surprising as if the ceiling functions were not present we would have

2m(2m−1)(2m−2)
(m+1)m(m−1)

=
8m3−12m2 +4m

m3−m
→ 8 asm→∞

and not a linear function.

Proof. We begin by defining a recursion as follows:

f1 = 1 (corresponding to the “empty product”)

f ∗2 =
m+2
m−1

f1 =
m+2
m−1

, f2 = d f ∗2e
...

f ∗l =
m+ l

m+ l −3
fl−1, fl = d f ∗l e

...

f ∗m =
2m

2m−3
fm−1, fm = d f ∗me= L(m).

We assume thatm is “large enough”, so thatm+2
m−1 ≤ 2 (i.e. so thatf2 = 2, which

requiresm≥ 4. Also, we assume thatm is “large enough” so thatf3 = 3, i.e. that
2(m+3

m ) ≤ 3, which requiresm≥ 6. (This is the source of the restriction onm.)
Observe the differencesf2− f1 and f3− f2 are both 1.
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We wish to find the first term in the sequencefl where the differencefl+1− fl ≥
1. That is, we want the smallest value ofl where this holds. We call this valuei.
Since all previous differences have been 1, we know thatfi = i. So we have the
inequality:

f ∗i+1 =
m+ i +1
m+ i−2

fi > fi +1

⇔ i(m+ i +1) > (i +1)(m+ i−2)

⇔ im+ i2 + i > im+ i2−2i +m+ i−2

⇔ 0 > m−2−2i

⇔ i > 1
2m−1.

Thus we need to takei to be the least integer exceeding1
2m−1.

• If m is even, theni = 1
2m.

• If m is odd, theni = 1
2(m−1).

By a similar chain of inequalities, starting withf ∗i+1 ≤ fi + 2, and with our
requirement thatm≥ 6, we have thatfi+1− fi = 2. So we now assume that there
are several further differences of 2, and that the first difference of greater than 2
occurs at the(i + j +1)th step. Note thatfi+ j = i +2 j. Now we have another chain
of inequalities:

f ∗i+ j+1 =
m+(i + j)+1
m+(i + j)−2

fi+ j > fi+ j +2

⇔ (i +2 j)(m+(i + j)+1) > (i +2 j +2)(m+(i + j)−2)

⇔ i +2 j > −2i−4 j +2m+2i +2 j−4

⇔ 4 j > 2m−4− i

Dividing through by 4 and substituting the values ofi obtained above, we obtain:

• if m is even,j > 3
8m−1;

• if m is odd, j > 3
8m− 7

8.

Thus we must take as our value ofj the least integer exceeding these, so we must
consider congruence classes modulo 8. The values obtained are given in the table
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below.
m≡ 0 mod 8 j = 3

8m

m≡ 1 mod 8 j = 3
8m− 3

8

m≡ 2 mod 8 j = 3
8m− 3

4

m≡ 3 mod 8 j = 3
8m− 1

8

m≡ 4 mod 8 j = 3
8m− 1

2

m≡ 5 mod 8 j = 3
8m+ 1

8

m≡ 6 mod 8 j = 3
8m− 1

4

m≡ 7 mod 8 j = 3
8m− 5

8

By evaluating the inequalityf ∗i+ j+1 ≤ fi+ j + 3, we can verify that the difference
fi+ j+1− fi+ j = 3.

The next step is to show that there will never be a difference of more than 3,
by showing that the first step where this could occur would be after themth iterate.
That is, we show that if the first difference of more than 3 occurs at stepi+ j +k+1,
theni + j +k+1 > m.

By hypothesis,fi+ j+k = i +2 j +3k. In a similar manner to the above, we have
yet another chain of inequalities.

f ∗i+ j+k+1 =
m+(i + j +k)+1
m+(i + j +k)−2

fi+ j+k > fi+ j+k +3

⇔ (i +2 j +3k)(m+(i + j +k)+1) > (i +2 j +3k+3)(m+(i + j +k)−2)

⇔ i +2 j +3k > −2i−4 j−6k+3m+3i +3 j +3k−6

⇔ 6k > 3m−6−3 j

⇔ k > 1
2m−1− 1

2 j

(substitutingj ≤ 3
8m+ 3

8)

⇔ k > 1
2m−1+ 3

16m− 3
16 = 5

16m− 19
16.

But i + j ≥ 7
8m− 7

8, so we have:

i + j +k+1 > 7
8m− 7

8 + 5
16m− 19

16

= 19
16m− 17

16

= m+ 3
16m− 17

16

> m

provided that 3m−17> 0. But we havem≥ 6, so this holds.
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Thus the remainingm− (i + j) differences must be 3. Hence we can now
calculate the values offm = L(m). We have:

fm = i +2 j +3(m− (i + j))
= 3m− (2i + j).

The values offm = L(m) (depending on conguence classes modulo 8) are given in
the table below.

i j 2i + j fm = L(m)

m≡ 0 mod 8 1
2m 3

8m 11
8 m 13

8 m

m≡ 1 mod 8 1
2(m−1) 3

8m− 3
8

11
8 m− 11

8
13
8 m+ 11

8

m≡ 2 mod 8 1
2m 3

8m− 3
4

11
8 m− 3

4
13
8 m+ 3

4

m≡ 3 mod 8 1
2(m−1) 3

8m− 1
8

11
8 m− 9

8
13
8 m+ 9

8

m≡ 4 mod 8 1
2m 3

8m− 1
2

11
8 m− 1

2
13
8 m+ 1

2

m≡ 5 mod 8 1
2(m−1) 3

8m+ 1
8

11
8 m− 7

8
13
8 m+ 7

8

m≡ 6 mod 8 1
2m 3

8m− 1
4

11
8 m− 1

4
13
8 m+ 1

4

m≡ 7 mod 8 1
2(m−1) 3

8m− 5
8

11
8 m− 13

8
13
8 m+ 13

8

We observe that these values satisfy the statement of the theorem.�

Recall that the actual uncoverings constructed have size 2m. While we have
not proved that these uncoverings (or the corresponding coverings) have minimal
size, it does show that they are (approximately) within a constant factor,16

13, of the
lower bound.

4 An induced construction for point sets of odd size

The construction described in section 2 above only works for a point set of even
size. However, it is easy to obtain a(2m−1,3,m−2)-uncovering from a(2m,3,m−
1)-uncovering, using the following lemma.

Lemma 3. Let U be a(v,k, t)-uncovering with point set{1, . . . ,v}, and letW be
the subset ofU obtained by removing all coblocks containing the point n. ThenW
is a (v−1,k, t−1)-uncovering.

Proof. Let E be an(t − 1)-subset of{1,2, . . . ,v− 1}. SinceU is a (v,k, t)-
uncovering, there exists a coblockT ∈ U disjoint from thet-setE∪{v}. Now,
clearly T cannot be one of them-sets containingv. ThusT ∈ W , and is disjoint
from E. ThusW is a(v−1,k, t−1)-uncovering.�

7



Corollary 4. LetU be a(2m,3,m−1)-uncovering ofZ2m as described in theorem
1 above, and letW be the subset ofU obtained by removing all triples containing
the point2m. ThenW is a (2m−1,3,m−2)-uncovering.

Proof. This is merely a special case of lemma 3.�

When we calculate the Schönheim bound for these parameters, we obtain⌈
2m−1
2m−4

⌈
2m−2
2m−5

· · ·
⌈

m+1
m−2

⌉
· · ·

⌉⌉
which is preciselyL(m−1), whereL is the function in theorem 2. Thus we have a
further corollary.

Corollary 5. The Scḧonheim lower bound for a(2m−1,3,m−2)-uncovering is
equal to13

8 (m−1)+c, where c is a constant as in theorem 2.

Thus when we compare the size of the uncoverings obtained (2m−3) with the
Scḧonheim bound (∼ 13

8 m), once again we have that size of our construction is
(approximately) within a constant factor of the lower bound.
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