The metric dimension problem in geometry,
algebra and combinatorics

Robert Bailey
University of Regina

Algebra seminar
University of Auckland
1 August 2011



Lost in a Saskatchewan wheatfield




Lost in a Saskatchewan wheatfield

» You're lost in a big, wide, flat, empty space.



Lost in a Saskatchewan wheatfield

» You're lost in a big, wide, flat, empty space.

» Worse, you're blindfolded and don't know where you are.



Lost in a Saskatchewan wheatfield

» You're lost in a big, wide, flat, empty space.
» Worse, you're blindfolded and don't know where you are.

» However, you know where your friends are, and they each can
tell you how far away they are.



Lost in a Saskatchewan wheatfield

v

You're lost in a big, wide, flat, empty space.

v

Worse, you're blindfolded and don’t know where you are.

v

However, you know where your friends are, and they each can
tell you how far away they are.

» How many friends do you need to figure out where you are?
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» The answer, of course, is three:

A

A3

» The process of solving this is called trilateration: it works if
and only if the friends are not collinear.

» In three dimensions, we would need four friends.
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Trilateration in metric spaces

» Let (X,d) be a metric space.

> A finite subset {z1,z2,...,21} C X is a resolving set for X
if, for every point y € X, the list of distances

(d(y,x1),d(y, z2),...,d(y, xx))

is unique.

» The metric dimension of X, denoted u(X), is the smallest
size of a resolving set for X.

» Example: if X =R", and d(z,y) = ||z — y||, the metric
dimension is n + 1 (the affine dimension of R™).

» So metric dimension is a generalization of affine dimension to
arbitrary metric spaces (provided a resolving set exists).
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Metric dimension of graphs

» The metric dimension problem has been studied most widely
for graphs.

> It was introduced in the 1970s by Harary and Melter, and
(independently) by Slater.
» Metric dimension of graphs has a variety of applications,
including:
> sonar
» robot navigation
> optimization
» pharmaceutical chemistry
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Complete graphs: pu(K,) =n— 1.
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Complete bipartite graphs: (K, n) =m+n —2.

v

Trees: a precise formula due to Slater.

v

Petersen graph: u(P) = 3.
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Basic properties

> If a graph I" has n vertices, diameter d and metric dimension
w(I') = k, then
n<k+ dr.

» This gives an approximate lower bound of
u(I) 2 logyn.

» Also, a graph has metric dimension n — 1 iff it is complete, so
for non-complete graphs T,

pl) <n-—2.
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» A coherent configuration on a finite set V' is a partition
R ={Ri1,...,Ri} of V x V, satisfying:
1. Some of the R; partition {(z,z) | x € V};
2. R is closed under taking transposes;
3. For each (z,y) € Ry, the number of z s.t. (x,2) € R; and
(z,y) € R; depends only on i, j, k.
» Think of the classes of R as a “well-behaved” colouring of a
square grid.
» Standard example: the orbitals of a permutation group G
acting on V' form a coherent configuration. (Denote this by
» Another important class of examples are the distance-regular
graphs.
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» Suppose R is a coherent configuration on V.
> Let R(x,y) denote the colour of the pair (z,y) € V x V.

» A subset {z1,x9,...,25} CV is a resolving set for R if, for
every y € V, the list of colours

(R(y,r1),R(y,x2),...,R(y, z1))

is unique.

» The class dimension of R, denoted p(R), is the smallest size
of a resolving set for R.
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Class dimension, I

» Class dimension was introduced in 1981 by Babai, in his
famous paper On the order of uniprimitive permutation groups
(although he didn't call it that).

» His most general bound is

w(R) < 4y/nlogn

(where n = |V, and R is a primitive c.c. of rank at least 3).

» Babai used this result to obtain ground-breaking results
bounding the possible orders of primitive permutation
groups.....
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Base size and class dimension

v

A base for a group G acting on a set V is a collection of
points {z1,...,x,} whose pointwise stabilizer is trivial.

v

Easy exercise: a resolving set for a c.c. R is a base for
G < Aut(R(G)).

If G has degree n, it follows that |G| < n#R(G)),

This was how Babai obtained his bounds.

v

v
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Metric dimension of DRGs

>

Observation: If R is the coherent configuration arising from
a distance-regular graph T', then u(R) = u(T).

Thus Babai's bounds on class dimension immediately give
bounds on the metric dimension of primitive distance-regular
graphs.

Theorem: Let I' be a primitive distance-regular graph on n
vertices of diameter d. Then the metric dimension of I"
satisfies

u(I) < 2d—"

n_Mlogn

(where M = max{|l'1(v)|,...|Ta(v)|}).

Thus we have a bound on x(T") in terms of its parameters.
See the following survey paper for details:

R. F. Bailey and P. J. Cameron, Base size, metric dimension

and other invariants of groups and graphs, Bull. London
Math. Soc. 43 (2011), 209-242.
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» The m-dimensional hypercube H(m,2) has binary m-tuples
as vertices, and two m-tuples are adjacent if they differ in
exactly one position.

» Example:

» Erd6s/Rényi, Lindstrém (1960s); Sebd/Tannier (2004): for
the hypercube H(m,2),
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Hamming graphs

> If we replace the binary alphabet with an alphabet of size ¢,
we obtain the Hamming graph H(m, q).

» Chvatal (1983): where m > m. and ¢ < m!'~¢,

14 2logyq

H < (2 —_

» Chvdatal was actually studying strategies for the game
Mastermind!
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Johnson and Kneser graphs

» Let V' denote the collection of all k-subsets of {1,...,n}.

» There are two important ways of making a graph with V as a
vertex set.

» The Johnson graph J(n,k): join two k-subsets if they
intersect in kK — 1 points.

» Note that J(n, k) = J(n,n — k), so we can assume k < 3.

» The Kneser graph K(n,k): join two k-subsets if they are
disjoint.

» Note that K(n, k) is connected iff £ < &, so we always
assume this.
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The Petersen graph again

Example: the Kneser graph K (5,2) is the Petersen graph:
12

34 35

<
<

25 14

The Johnson graph J(5,2) is its complement.
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» Theorem (BCGGMMP): For the metric dimension of

Johnson and Kneser graphs, we have

n

W(I(n. k) < k LH 1

and

ureiy < (71 -1) |

n
2k —1|°

» Notice that these agree when k£ = 2: in that case, the bound

is sharp (B+Cameron).
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Idea of proof:
» For J(n,k), cut up {1,...,n} into pieces of size k + 1.

» Take all but one of the k-subsets of each part. Together,
these form a resolving set.

» For K(n,k), do the same, but cut into pieces of size 2k — 1
instead.
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> For Johnson graphs, we also have a different approach.

» The incidence vector of a k-subset X C {1,...,n} is the 0/1
vector v = (v1,...,v,), where

1 ifiex
YT 0 otherwise.

» The incidence matrix of a family of subsets
S ={Xi,...,X,n} is the matrix whose rows are the incidence
vectors of X1,..., X;y,.
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» The distance between two vertices U, W of J(n, k) is
k—|UNW|.

» So a set of vertices S = { X1, Xo,..., X} of J(n, k) is a
resolving set if, for every vertex Y, the list of intersection sizes

(|X1 N Y|’ |X2 N Y|7 SRR |Xm ﬂYD

is unique.

» Notice that |[U N W] can be calculated by the dot product of
their incidence vectors.
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» The vector of intersection sizes for Y w.r.t. S can be
calculated by multiplying the incidence vector of Y by the
incidence matrix M of S.

» So if that matrix has rank n, the linear transformation
represented by M will be one-to-one, and each “intersection
vector” will be unique.

> In particular, if M is an invertible n X n matrix, S is a
resolving set for J(n, k).

» This gives a bound on the metric dimension of J(n, k),

(I (n k) < .
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Johnson graphs and incidence matrices, IV

» OK, so this bound isn't that different from the other one.

» But it gives a way of showing that lots of interesting set
systems can be used as resolving sets.....
» A symmetric design with parameters (n, k, \) is a collection of
n points and n blocks (of size k), with the property that:
» any pair of points lie on exactly A\ blocks;
» any pair of blocks agree in exactly A\ points.
» When XA = 1, we have a projective plane, where there are
q® +q+ 1 points and ¢ + ¢ + 1 lines (=blocks), and each line
contains g + 1 points (for some integer ¢, the order of the
plane).



Symmetric designs as resolving sets

> Very well-known fact: the incidence matrix of a symmetric
design is invertible.



Symmetric designs as resolving sets

> Very well-known fact: the incidence matrix of a symmetric
design is invertible.

» So, for instance, if there exists a projective plane of order g,
we can use it as a resolving set for J(¢? +q+1,q + 1).



Symmetric designs as resolving sets

> Very well-known fact: the incidence matrix of a symmetric
design is invertible.

» So, for instance, if there exists a projective plane of order g,
we can use it as a resolving set for J(¢g> +q+1,q+1).

» Example: the Fano plane can be used as a resolving set of
size 7 for J(7,3).
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Odd graphs and Hadamard matrices

» The Kneser graph J(2k + 1, k) is called the Odd graph, Oj.1.

» Unlike most Kneser graphs, distances in O are given by
intersections:

[ o2r — | UnW|=k-r
d(U’W)_{QrJrl == |[UnW|[=r

(where r < k/2).

» So our arguments using incidence matrices can be applied to
these graphs.

> In particular, if there exists a 4m x 4m Hadamard matrix, one
can construct a symmetric design with 4m — 1 points, blocks
of size 2m — 1, and with A = m — 1.

» Thus when k = 2m — 1 is odd, Hadamard designs yield
resolving sets for odd graphs.
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Grassmann graphs

> Let V denote the collection of all k-dimensional subspaces of
Fy.

» The Grassmann graph G4(n, k) has V as its vertex set: join
two k-subspaces if they intersect in dimension k — 1.

> These are the “g-analogues” of the Johnson graphs.

» As with Johnson graphs, we may assume that 2 < k < n/2.

» Methods for Johnson graphs can easily be adapted.
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Theorem (B+Meagher):

WGy, ) < m

> Idea of proof: when k + 1 divides n, partition Fy into
(k + 1)-dimensional subspaces. (This is called a spread of IF.)

> In each subspace in the spread, take all the k-dimensional
subspaces; together, these form a resolving set.

» When k 4 1 does not divide n, we use a different type of
partition, which exists by a result of Beutelspacher.

» By a strange piece of numerology, the number of subspaces
works out to be the same.....
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trivially.
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Bilinear forms graphs

» The bilinear forms graph H,(n,d) is a subgraph of
Gq¢(n +d,d), where there is a fixed n-dimensional subspace
N, and the vertices are those subspaces which intersect N
trivially.

» One can assume that n > d.

» Theorem (Feng+Wang):

ntd=1 if > d 42

q
<
p(Hy(n,d)) < { gt ifn=dord+1.

» Their proof follows the same method as ours for the
Grassmann graphs.
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