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» The metric dimension of I, denoted p(I), is the smallest
size of a resolving set for I'.

» Metric dimension was introduced in the 1970s by Harary and
Melter, and (independently) by Slater.
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> Petersen graph: p(P) = 3.
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» A coherent configuration on a finite set V is a partition
R ={R1,..., Rk} of V x V, satisfying:
1. Some of the R; partition {(x,x) | x € V};
2. R is closed under taking transposes;
3. For each (x,y) € Rk, the number of z s.t. (x,z) € R; and
(z,y) € R; depends only on i,j, k.
» Think of the classes of R as a “well-behaved” colouring of a
square grid.
» An important class of coherent configurations are the
distance-regular graphs.
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» The class dimension of R, denoted ;(R), is the smallest size
of a resolving set for R.
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» Class dimension was introduced in 1981 by Laci Babai, in his
famous paper On the orders of uniprimitive permutation
groups (although he didn't call it that).

» His most general bound is
w(R) < 4v/nlogn

(where n = |V/|, and R is a primitive c.c. of rank at least 3).
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» Observation: If R is the coherent configuration arising from
a distance-regular graph I', then p(R) = u(l).

» Thus Babai's bounds on class dimension immediately give
bounds on the metric dimension of primitive distance-regular
graphs.

» Theorem: Let I' be a primitive distance-regular graph on n
vertices of diameter d. Then the metric dimension of T

satisfies
n

() < 2d Vi log n

(where M = max{|l'1(v)[,...|[Fq(v)|}).

» Thus we have a bound on p(IN) in terms of its parameters.
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» Erd6s/Rényi, Lindstrém (1960s); Sebd/Tannier (2004): for
the hypercube H(d,2),

i 1(H(d.2)) o5 d

=2.
d—oo d

» Chvatal (1983): where d > d- and g < d'~¢,

1+ 2logy g

H(d < (2 d— .
H(H(,q)) < (2-+ )y 2T

» Cdceres et al (2007): for the square lattice graph (or rook’s
graph) H(2, q),

2

(k2 a) = | 3a-1)|.
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» The Johnson scheme J(n,2), contains both the Johnson
graph J(n,2) and Kneser graph K(n,?2).
» Both graphs have as vertex set the 2-subsets of {1,...,n}.
> In J(n,2), subsets are adjacent iff they intersect.
» In K(n,2), subsets are adjacent iff they are disjoint.

» Theorem: (B., Cameron) For both J(n,2) and K(n,2), we

have
n n=0 (mod 3)
w(J(n,2)) =< 3(n—1)+1 n=1 (mod3)
2(n—=2)+2 n=2 (mod 3)



The Johnson scheme, Il

» For k > 2, the Johnson graph J(n, k) has vertex set the
k-subsets of {1,...,n}, and two k-sets are adjacent iff their
intersection has size k — 1.



The Johnson scheme, Il

» For k > 2, the Johnson graph J(n, k) has vertex set the
k-subsets of {1,...,n}, and two k-sets are adjacent iff their
intersection has size k — 1.

» Theorem: (Céceres et al.) For J(n, k), we have

o) < k| |



The Johnson scheme, Il

» For k > 2, the Johnson graph J(n, k) has vertex set the
k-subsets of {1,...,n}, and two k-sets are adjacent iff their
intersection has size k — 1.

» Theorem: (Céceres et al.) For J(n, k), we have

o) < k| |

» Proof (when k + 1 divides n):



The Johnson scheme, Il

» For k > 2, the Johnson graph J(n, k) has vertex set the
k-subsets of {1,...,n}, and two k-sets are adjacent iff their
intersection has size k — 1.

» Theorem: (Céceres et al.) For J(n, k), we have

n
< — .
(o) < k| |
» Proof (when k + 1 divides n):
» Partition {1,...,n} into (k + 1)-sets.



The Johnson scheme, Il

» For k > 2, the Johnson graph J(n, k) has vertex set the
k-subsets of {1,...,n}, and two k-sets are adjacent iff their
intersection has size k — 1.

» Theorem: (Céceres et al.) For J(n, k), we have

n
J(n, k) < k| ——].
(o) < k| |
» Proof (when k + 1 divides n):
» Partition {1,...,n} into (k + 1)-sets.
» In each part, take all (but one) of its k-subsets: these form a
resolving set.



The Grassmann scheme

Oops!!! The result on this slide was wrong. However, it has since
been fixed.....



THE END



