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An invitation

Two conferences at the University of Regina this summer:

> Graphs, Designs and Algebraic Combinatorics
18-21 July 2011
www.math.uregina.ca/~gdac2011

> Prairie Discrete Math Workshop 2011
22-23 July 2011
www.math.uregina.ca/~pdmw2011


www.math.uregina.ca/~gdac2011
www.math.uregina.ca/~pdmw2011
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Covering designs

> Let v, k,t, A be positive integers with v > k > ¢.

» A (v, k,t)) covering design is a family C of k-subsets of a
v-set X, where any t-subset of X is contained in at least A
members of C.

» This is weakening of the notion of a t-design, requiring only
“at least \" blocks rather than “exactly \".

» Usually, we are only concerned with the case A = 1, and omit
the subscript \.

» The size of the smallest possible (v, k,t) covering design is
denoted by C(v, k,t).
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Covering designs: an example

» An (8,5,2) covering design:

12345
15678
23678
45678

v

Each pair chosen from {1,...,8} is contained in at least one
of the 5-sets given.

v

Since t = 2, this corresponds to a clique covering of Kg by
four copies of K.

v

If t > 2, we would have a clique covering of the complete
t-uniform hypergraph instead.
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Generalized covering designs: notation

» Suppose v, k,t, \,m are positive integers, where v > k > t.

» Let v = (v1,v2,...,vy) be an m-tuple of positive integers
with sum v, and let k = (kq, ko, ..., k) be an m-tuple of
positive integers with sum k, and where each k; < v;.

» Now let X = (X3, Xo, ..., X;,) be an m-tuple of pairwise
disjoint sets, where | X;| = v;.

» An m-tuple t = (¢1,t2,...,t,) of non-negative integers is
called admissible, if they sum to t and each t; < k;.

» Similarly, an m-tuple T = (11,7, ...,T,,) of disjoint sets is
called admissible, if each T; C X; and |T;| = t;, where
t = (t1,t2,...,ty) is admissible.
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Generalized covering designs: definition

» A generalized covering design GCy(v,k,t) is a collection of

blocks
B = (Bl)BQa s 7Bm)7
where:
» each B; C X;, and |B;| = k;;
» every admissible T = (T1,T%,...,Ty,) is a subset of at least A
blocks.

» Usually, we are only concerned with the case A\ = 1, and omit
the subscript A.

» The generalized t-designs of Cameron (2009) are defined
similarly, but strengthened to require “exactly A" blocks
rather than “at least \".
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Generalized covering designs: motivating examples

» A (v,k,t) covering design is a GC(v, k,t), where v = (v) and
k = (k).

» A covering array CA(N; k, s,t) is a GC(v, k, t), where
v =(s8,...,8) and k =(1,1,...,1) (both vectors of length
k), with N blocks.

» Both t-designs and orthogonal arrays appear as motivating
examples for Cameron’s generalized t-designs in the same way.
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» Suppose v = (4,2,2), k=(2,1,1) and t = 2.
» The following is a GC(v, k, 2):

({12}, {1}, {1})
({13}, {1}, {2})
({14}, {2}, {1})
({23}, {2}, {2})
({24}, {1}, {2})
({34}, {2}, {1})
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Clique

coverings

In the case where t = 2, we can describe generalized covering
designs in terms of graphs.

For vectors v = (v1,v2,...,0m) and k = (k1, ko, ... . kn),
construct a graph G = Hy + Hy + - - - + H,,, where

Ky, ifk =1,
Hi _{ Ky, ifk;>2.

Then a GC(v,k, 2) corresponds to a clique covering of G by
copies of a complete graph K}, where each clique contains k;
vertices of H,.

Note that the edges of G correspond precisely to the
(v, k)-admissible vectors T.



Clique coverings: example

The example of a GC((4,2,2),(2,1,1),2) we saw earlier can be
represented as a clique covering:
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Clique coverings: example

The example of a GC((4,2,2),(2,1,1),2) we saw earlier can be
represented as a clique covering:
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Bailey, Burgess, Cavers, Meagher, Generalized covering
designs and clique coverings, J. Comb. Des., to appear;
arXiv.org/abs/1011.3804
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» To do something similar for larger ¢, we would need a
“hypergraph cover” model instead.


arXiv.org/abs/1011.3804
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Generalized covering designs as hypergraph covers

» To describe a GC(v,k, ) as a clique covering of a t-uniform
hypergraph, we first need to construct a suitable hypergraph.
> Let H be the t-uniform hypergraph where:
> the vertex setis Xy U XoU---U X,

> the edges are the the t-subsets T3 UT5 U - - - U T}, where
T = (T1,T>,...,T,) is admissible.

» Then a GC(v,k,t) corresponds to a clique covering of H by

copies of a complete hypergraph IC,(:)

contains k; vertices in X; for all 7.

, Where each clique

» Note that if t = 2, we recover our earlier model.
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A bound for (almost) arbitrary ¢

» We have the following bound on the size of a GC(v, k, ?):

» Proposition: If v = (vy,...,vy) and k = (k1, ..., ky) where
v >k, and if t < m, then

(V3 V; V;
Cv.k ) > a Vi | Vip Vi | ||
( ) {Zlvlglg{xlvvm} ’7]{:11 ’7]{:7,2 ’7]6““ —‘—‘

> This is obtained by considering admissible vectors T with one
vertex in each part; the proof follows that of the Schonheim
bound for ordinary covering designs.
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Generalized covering designs as hypergraph covers

Some questions:

» Which of our ideas/results for ¢ = 2 in terms of clique
coverings will hold for larger 7

> Are there situations where they just don't work?

> Any volunteers?



To Be Continued....



