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Abstract. The matrix equation X + AT X~1A = Q arises in Green’s function calculations
in nano research, where A is a real square matrix and @Q is a real symmetric matrix dependent on
a parameter and is usually indefinite. In practice one is mainly interested in those values of the
parameter for which the matrix equation has no stabilizing solutions. The solution of interest in this
case is a special weakly stabilizing complex symmetric solution X, which is the limit of the unique
stabilizing solution X, of the perturbed equation X + ATX 1A =Q+inl, asn — 0. It has been
shown that a doubling algorithm can be used to compute X, efficiently even for very small values
of n, thus providing good approximations to X«. It has been observed by nano scientists that a
modified fixed-point method can sometimes be quite useful, particularly for computing X, for many
different values of the parameter. We provide a rigorous analysis of this modified fixed-point method
and its variant, and of their generalizations. We also show that the imaginary part X of the matrix
X, is positive semi-definite and determine the rank of X; in terms of the number of unimodular
eigenvalues of the quadratic pencil A2AT — AQ + A. Finally we present a new structure-preserving
algorithm that is applied directly on the equation X + AT X~1A = Q. In doing so, we work with
real arithmetic most of the time.
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1. Introduction. The nonlinear matrix equation X + AT X 'A = Q, where A
is real and @ is real symmetric positive definite, arises in several applications and has
been studied in [3, 7, 11, 21, 22, 27], for example.

In this paper we further study the nonlinear matrix equation

X+ATXTA=Q+inl,

where A € R Q = Q" € R™"™ and n > 0, but Q is usually not positive definite.
The equation arises from the non-equilibrium Green’s function approach for treating
quantum transport in nanodevices, where the system Hamiltonian is a semi-infinite
or bi-infinite real symmetric matrix with special structures [1, 5, 17, 18, 25]. A first
systematic mathematical study of the equation has already been undertaken in [12].

For the bi-infinite case, the Green’s function corresponding to the scattering region
Ggs € C™*+*"+in which the nano scientists are interested, satisfies the relation [4, 17]

. —1
Gs = ((E+i0")I — Hg - C} 4GL.sCLs — DsrGs.rDg ) .

where £ is energy, a real number that may be negative, Hg € R"s*™s is the Hamil-
tonian for the scattering region, Cr, ¢ € R"*™ and Dgr € R"*"" represent the
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coupling with the scattering region for the left lead and the right lead, respectively,
Gp,s € C*™ and Gg r € C"*"r are special solutions of the matrix equations

Grs=((€+i0") ~ By~ A[GpsAL) ™ (1.1)
and
Gs.r= ((5+i0+)I—BR—ARGs,RA1—E)_1 (1.2)

with Ay, By, = B} € R™*" and Ag, Br = BI—; € R™ " Since (1.1) and (1.2)
have the same type, we only need to study (1.1). So we simplify the notation n; to n.
In nano research, one is mainly interested in the values of £ for which G g in (1.1)
has a nonzero imaginary part [18].

For each fixed &, we replace “0%” in (1.1) by a sufficiently small positive number
1 and consider the matrix equation

X = ((E+in)I — By, — AL XAL)™". (1.3)

It is shown in [12] that the required special solution Gy, g of (1.1) is given by G g =
lim, o+ Gr,s(n) with X = G s(n) being the unique complex symmetric solution
of (1.3) such that p (Gr s(n)Ar) < 1, where p(-) denotes the spectral radius. Thus
Gr,s is a special complex symmetric solution of X = (5] — B, — AZXAL)f1 with
p(GrsAr) < 1.

The question as to when G s has a nonzero imaginary part is answered in the
following result from [12], where T denotes the unit circle.

THEOREM 1.1. For X\ € T, let the eigenvalues of P, (\) = Br, + AL +A"1A] be
pri(A) <--- <ppn(A). Let

Api= ‘IﬁizlﬂL,i(A); max pri(A) |,
and A, = U?:l Ar ;. Then Grs is a real symmetric matric if € ¢ Ar. When
& € Ay, the quadratic pencil X2A] — NEI — Br) + AL has eigenvalues on T. If all
these eigenvalues on T are simple (they must then be nonreal, as explained in the proof
of Theorem 3.3), then G s has a nonzero imaginary part.
By replacing X in (1.3) with X1, we get the equation

X+ATX'A=0Q,, (1.4)

where A = Ap and @, = Q +inl with Q = &I — Br. So @ is a real symmetric
matrix dependent on the parameter £ and is usually indefinite. For n > 0, we need
the stabilizing solution X of (1.4), which is the solution with p(X~1A) < 1, and then
Gr.s(n) = X~!. The existence of the stabilizing solution was proved in [12] using
advanced tools; an elementary proof has been given recently in [10]. When n = 0 and
€ € Ap, it follows from Theorem 1.1 that the required solution X = GZ}S of (1.4) is
only weakly stabilizing, in the sense that p(X ~1A4) = 1.

The size of the matrices in (1.4) can be very small or very large, depending on
how the system Hamiltonian is obtained. If the Hamitonian is obtained from layer
based models, as in [18] and [25], then the size of the matrices is just the number of
principal layers. In [18] considerable attention is paid to single layer models and the
more realistic double layer models, which correspond to n = 1 and n = 2 in (1.4).
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So we can say that (1.4) with n < 10 is already of significant practical interest. On
the other hand, if the Hamiltonian is obtained from the discretization of a differential
operator, as in [1], then the size of the matrices in (1.4) can be very large if a fine
mesh grid is used.

One way to approximate G, g is to take a very small 7 > 0 and compute G s(n).
It is proved in [12] that the sequence {X}} from the basic fixed-point iteration (FPI)

Xip1 = Qy— ATX; A, (1.5)

with Xo = Q,), converges to G, s(n)'. And it follows that the sequence {Y}} from
the basic FPI

Yit1 = (Q, — ATV, A)7L, (1.6)

with Yo = @ 1. converges to G s(n). However, the convergence is very slow for
&€ € Ay since p(Gp,s(n)A) =~ 1 for n close to 0. It is also shown in [12] that a
doubling algorithm (DA) can be used to compute the desired solution X = G, s(n)~!
of the equation (1.4) efficiently for each fixed value of £. However, in practice the
desired solution needs to be computed for many different £ values. Since the DA is
not a correction method, it cannot use the solution obtained for one £ value as an
initial approximation for the exact solution at a nearby & value. To compute the
solutions corresponding to many &£ values, it may be more efficient to use a modified
FPI together with the DA. Indeed, it is suggested in [25] that the following modified
FPI be used to approximate G, s(n).

1 1 _
Yig1 = §Yk + 5(Q,] — ATy, AL (1.7)

A variant of this FPI is given in [12] to approximate G, s(n) !

Xpp1 = %Xk + %(6277 - ATX;1A), (1.8)
which requires less computational work each iteration. However, the convergence
analysis of these two modified FPIs has been an open problem even for the special
initial matrices Yo = Q,; Uand X = Q,, respectively.

Our first contribution in this paper is a proof of convergence (to the desired
solutions) of these two modified FPIs and their generalizations, for many choices
of initial matrices. So these methods can be used as correction methods. In this
process we will show that the unique stabilizing solution X = Gp, s(n)~! of (1.4) is
also the unique solution of (1.4) with a positive definite imaginary part. It follows
that the imaginary part X of the matrix GZ}S is positive semi-definite. Our second
contribution in this paper is a determination of the rank of X7 in terms of the number
of eigenvalues on T of the quadratic pencil A>A"T — AQ + A. Our third contribution
is a structure-preserving algorithm that is applied directly on (1.4) with n = 0. In
doing so, we work with real arithmetic most of the time.

2. Convergence analysis of fixed-point iterations. In this section we per-
form convergence analysis for some FPIs, including the modified FPIs (1.7) and (1.8).
The main tool we need is the following important result due to Earle and Hamilton
[6]. The presentation here follows [14, Theorem 3.1] and its proof.

THEOREM 2.1. (Earle-Hamilton theorem) Let D be a nonempty domain in a
complex Banach space Z and let h : D — D be a bounded holomorphic function.
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If h(D) lies strictly inside D, then h has a unique fized point in D. Moreover, the
sequence {z} defined by the fized point iteration zx+1 = h(zy) converges to this fized
point for any zo € D.

Now let Z be the complex Banach space C"*™ equipped with the spectral norm.
For any K € C™*", its imaginary part is the Hermitian matrix

1
ImK = —(K — K*).

2
For any Hermitian matrices X and Y, X >Y (X >Y) means that X —Y is positive
definite (semi-definite). Let Dy = {X € C"*" : ImX > 0}, D_ = {X € C"*" :
ImX < 0}.

We start with a proof of convergence for the basic FPI (1.5) for many different
choices of Xy, not just for Xog = @,,.

THEOREM 2.2. For any Xo € D, the sequence { X} produced by the FPI (1.5)
converges to the unique fized point X, in D,.

Proof. Let D = {X € C™*" : ImX > ZI}. For each X € D, X is invertible
by Bendixson’s theorem (see [26] for example) and we also have || X 1| < % (see [2,

Corollary 4] or [13, Lemma 3.1]). Now let
fX)=Q,-ATX A
Then for X € D
Imf(X) =ImQ, — 2% (ATX'A— (ATX1A4))
=l + AT X HImX)(ATX 1" > nl.

It follows that f : D — D is a bounded holomorphic function and f(D) lies strictly
inside D. By the Earle-Hamilton theorem, f has a unique fixed point X,, in D and Xj,
converges to X, for any Xo € D. The theorem is proved by noting that X; € D for
any Xo € D and that any fixed point X, in D4 must be in D by X, = Q,,— A" X1 A.
d

REMARK 2.1. Since {Xy} converges to Gp, s(n)~" for Xo = Q, € D4, we know
that X,, = Gr,s(n)~! in Theorem 2.2. Thus Xy, s the unique solution of the equation
(1.4) such that p(X, " A) <1, and it is also the unique solution of (1.4) in Dy. If we
have obtained a particular solution of (1.4) by some method and would like to know
whether it is the required solution, the latter condition is easier to check.

The matrix G, s(n) can also be computed directly by using (1.6) for many dif-

ferent choices of Y. Note that the FPI (1.6) is Y41 = f(Y%) with
fY)=(Q, - ATY A"

COROLLARY 2.3. For any Yy € D_, the sequence {Yy} produced by the FPI (1.6)
converges to the unique fized point Y, = G, s(n) in D_.

Proof. For any Yy € D_, Y} is invertible by Bendixson’s theorem. We now take
Xo =Yy, in (1.5). Then X, € D, since ImXy = —Y; ' (ImYy)Y, *. Tt follows that
the sequence {Y)} is well-defined and related to the sequence {Xj} from (1.5) by
Vi = X, '. Thus {Y}} converges to Y, = X, ' € D_. Since X, is the unique fixed
point of f in D, Y, is the unique fixed point of f in D_. a

For faster convergence, we consider the modified FPI for (1.4)

Xep1 =1 - )Xk +c(@Q,— ATX'4), 0<ec<], (2.1)
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or Xp4+1 = g(X) with the function g defined by
g(X)=(1-0o)X +cf(X). (2.2)

Note that f(X) = X if and only if g(X) = X. So f and g have the same fixed
points. Note also that the FPI (1.8) is a special case of the FPI (2.1) with ¢ = 1. We
can now prove the following general result.

THEOREM 2.4. For any Xo € D4, the FPI X411 = g(Xk) converges to the unique
fized point X, in D

Proof. For any Xy € Dy, X; is well defined and ImX; > cnl. Let b be any
number such that b > || X1 || and b > 2(||Qn||+%||A||2). Let D={X € C"*" : ImX >
enl, || X|| < b}. So X; € D. For each X € D, X is invertible and || X 71| < %, as
before. Then for X € D

Img(X) = (1 — o)ImX + cImf(X) > (1 — ¢)enl + enl = (2 — ¢)enl,

and

o)1 < (1= X1+ ¢ (1l + A1) < 1= o+ 5 = (1= 5)

It follows that g : D — D is a bounded holomorphic function and g(D) lies strictly
inside D. By the Earle-Hamilton theorem, X} converges to the unique fixed point of
g in D, which must be X,,. d

Similarly, we consider the modified FPI

Vi1 =1 =) Ys +¢(@Q, — ATV A, 0<e<], (2.3)
or Y11 = §(Yx) with the function § defined by
gY) = (1= )Y +cf(Y). (2.4)

The FPI (2.3) includes (1.7) as a special case. Note that f(Y) =Y if and only
ifgY)=Y. So f and ¢ have the same fixed points. However, there are no simple
relations between Xy, from (2.1) and Y, from (2.3).

THEOREM 2.5. For any Yy € D_, the FPI Y11 = §(Yi) converges to the unique
fized point Y, in D_.

Proof. Take b > 2/n, and let D = {Y € C"*" : ImY < 0, ||Y| < b}. For any
Y € D, Im(Q, — ATY A) > nl. So §(Y) is well defined and ||(Q, — ATYA)7!| < %
Thus

mwn<u—@mf%<0_§gh

Moreover,

Im(§(Y)) < cIm(Q,, — ATY A)~*

—c(@y — ATYA)illm(Qn - ATYA)(QU - ATYA)i*
1

<—n((Qn—ATYA) (Q,—ATYA))
< —enllQy— ATY A1
<_ il I

(IQnll + bl Af2)?
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It follows that § : D — D is a bounded holomorphic function and §(D) lies strictly
inside D. By the Earle-Hamilton theorem, Y} converges to Y;, for any Yy € D, and
hence for any Y, € D_ since we can take b > ||Yp]. O

We remark that the modified FPT (2.1) is slightly less expensive than the modified
FPI (2.3) for each iteration. These two methods make improvements over the basic
FPIs (1.5) and (1.6) in the same way, as explained below.

The rate of convergence of each FPI can be determined by computing the Fréchet
derivative of the fixed-point mapping, as in [11]. For (1.5) and (1.6), we have

limsup /|| X — Xp| < (p(anlA))Q, limsup {/]|Y — Yyl < (p(Y5A))?,

k—o0 k—o0

where equality typically holds. Recall that Y, = X - 1. Note also that if Yo = X !
(with X € D) then

limsup {/||Yx — Y3 || = limsup {/|| Xr — X5
k—o0 k—o0

The Fréchet derivative at X, of the function g in (2.2) is given by
J(X)E=(1-cE+cA'X 'EX A

It follows that for FPI (2.1)
limsup /X6 — X, < p (1— ) + (AT X; ) @ (ATX; ).
k— o0

Similarly, the Fréchet derivative at Y;, of the function § in (2.4) is given by
J(Y,)E=(1—¢)E + cY,ATEAY,,

It follows that for FPI (2.3)

limsup ¢/ ||V — Y| < p (1 =) +c(Y,AT) @ (Y,AT)).

k—o0

The rate of convergence of both modified FPIs is then determined by

ry =max |l —c+ c)\i(XglA)/\j (X;lA)| .
i\

The convergence of the modified FPIs is often much faster because r;, may be much
smaller than 1 for a proper choice of ¢. An extreme example is the following.

EXAMPLE 2.1. Consider the scalar equation (1.4) with A =1 and @, = ni. It is
easy to find that

1 .
X, = §(n+ V4 +n?)i.

Thus p(X, 'A) — 1 as n — 0%, while for ¢ = § we have r,, — 0 as p — 0.
Note that for i,j = 1,...,n, the n® numbers \;(X, ' A)\;(X, ' A) are inside T for
each 7 > 0. In the limit n — 0%, at least one of them is on T if £ € Ap. So each of

these numbers has the form re? with 0 <r <1 and 0 < 6 < 27. We may allow ¢ =1
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in (2.1) and (2.3). In this case, the basic FPIs (1.5) and (1.6) are recovered. To get

some insight, we first consider choosing ¢ € (0, 1] such that for fixed (r, §)
ple)=1—c+ crei‘9|

is minimized. If (r,6) = (1,0), then p(c) = 1 for all ¢ € (0, 1]. So assume (r, ) # (1,0).
In this case,

p(c) = ‘1 - rew‘ T oid

EN
is minimized on (0, 1] when

. LR 1 . 1 1 —rcos@ S 1
¢ = min e———— » = min - —
T — ret? 1472 —2rcosf | — 2’

where we have used 1 —rcosf — (1 + 1% — 2rcosf) = 2(1 — %) > 0. It follows that

c = 1 is the best choice when 1_;;17% > 1 or, in other words, when z = re? is in

the disk {z € C: |z — | < 1}. Note that p(1) = r. It also follows that ¢ =  is the

best choice when 7 = 1. Note that p(3) = 2v/1+72+ 2rcosf = 1/2(1 + cos6) for
r=1.

We know from [12] that the eigenvalues of X' A are precisely the n eigenvalues
inside T of the quadratic pencil A>AT — A\Q,, + A. We also know from Theorem 1.1
that the quadratic pencil P(\) = A24T — AQ + A has some eigenvalues on T when
&€ € Ar. We can then make the following conclusions.

REMARK 2.2. If P(\) has some eigenvalues near 1 or —1, the convergence of the
FPI (2.1) is expected to be very slow for any choice of the parameter c¢. The DA is
recommended for this case. If all eigenvalues of P(\) are clustered around +i, then
the FPI (2.1) with ¢ = % is expected to be very efficient. In the general case, the
optimal ¢ is somewhere between % and 1. If all eigenvalues of X;lA are available,
we can determine the optimal ¢ to minimize 1, using the bisection procedure in [9,
Section 6], with [%, 1] as the initial interval. In practice we would not compute these
eigenvalues for every £ value. But we may use DA to compute X,, for one & value,
determine the optimal ¢ value for this £, and use it as a suboptimal ¢ for many nearby
& values. If one does not want to compute any eigenvalues when using the FPI (2.1),
then ¢ = % is recommended since this ¢ value is best in handling the eigenvalues of
Xn_lA that are extremely close to T, which are the eigenvalues responsible for the
extreme slow convergence of the basic FPIs (1.5) and (1.6).

We note that the approximate solution from the DA or the FPI for any £ value is
in D, and can be used as initial guess for the exact solution when using the FPI for
other £ values, with guaranteed convergence. However, even for small size problems
the convergence of the FPI (2.1), with ¢ = % for example, can still be very slow when
P()\) has some eigenvalues near 1 or —1. Moreover, the latter situation will happen
for some energy values since P()) is palindromic and thus, as £ varies, eigenvalues
of P()) leave or enter the unit circle typically through the points +1. When n is
large, there may be some eigenvalues of P(A) near 1 for almost all energy values of
interest, and thus the convergence of the FPI may be very slow and other methods
should be used.

3. Rank of Im(Gy g). The equation (1.4) has a unique stabilizing solution X, =
G s(n)~! for any n > 0. So

Xy +ATX,TA=Q, (3.1)
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with p(Xn_lA) < 1. We also know that X, is complex symmetric. Write X, =
Xy g + X, 1 with X;R = Xy.R, X;I = X, ;1 € R"™*". We know from the previous
section that Im(X,)) = X, 1 > 0. Let

On(N) =AAT +ATTA - Q. (3.2)
By (3.1) the rational matrix-valued function ¢, () has the factorization
9077()‘) = ()‘71] - SnT) Xy (=ML + Sn) )
where S, = XM A. Let X = lim, o+ X, = G 5. Then
X+ATX'A=Q (3.3)

with p(X71A) < 1 and Im(X) > 0. Note that po(\) = AAT + A71A — Q has the
factorization

poN) = (AT = ST) X (AT +8), (3.4)

where S = X "1 A. In particular, po()) is regular, i.e., its determinant is not indenti-
cally zero. In this section we will determine the rank of Im(X'), which is the same as
the rank of Im(Gy, s) since Im(Gp s) = Im(X 1) = =X ~1Im(X)X .

Let

M:[g(’]},cz{} é] (3.5)

Then the pencil M — AL, also denoted by (M, L), is a linearization of the quadratic
matrix polynomial

P(\) = Xpo(\) = N2AT —\Q + A. (3.6)

It is easy to check that y and z are the right and left eigenvectors, respectively,
corresponding to an eigenvalue A of P()\) if and only if

PR REY 3.7

are the right and left eigenvectors of (M, L), respectively.

THEOREM 3.1. Suppose that Ay is a semi-simple eigenvalue of wo(N\) on T with
multiplicity mg and Y € C" ™0 forms an orthonormal basis of right eigenvectors
corresponding to No. Then iY* (20 AT — Q)Y is a nonsingular Hermitian matriz. Let
dj, j =1,...,¢, be the distinct eigenvalues of iY*(2Mo A" — Q)Y with multiplicities
m%, and let &; € C™o X5 form an orthonormal basis of the eigenspace corresponding
to d;. Then for n > 0 sufficiently small and j =1,...¢

A .
/\52 =X — d—?n +0m?), k=1,....,m}, and y;, = Y& + O(n) (3.8)
j

are perturbed eigenvalues and a basis of the corresponding invariant subspace of vpn(X),
respectively.
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Proof. Since P(Ag)Y = Aowo(No)Y = 0 with Y*Y = I,,,, and |Ao| = 1, we have

1

0= (POOY) = 35

Y*(A2AT = XQ + A).

It follows that Y forms an orthonormal basis for left eigenvectors of P(\) correspond-
ing to Ag. From (3.7), we obtain that the column vectors of

Y Y
Vr = [ QY —MATY ] and Yy = [ XY }

form a basis of left and right eigenspaces of M — AL corresponding to A\g, respectively.
Since Ag is semi-simple, the matrix

Y

[Y ,7)\0Y ]‘C |: QY _ )\OATY

] = -Y*2XMAT —Q)Y = —Y*P'(\)Y

is nonsingular. Let
Vr==Yr(Y"P'(\)Y)™", Vi =YL
Then we have
ViLYp = Iy and YiMYp = AL, . (3.9)
For n > 0, sufficiently small, we consider the perturbed equation of P()\) by
P\) = XinI = N2AT — X(Q +in) + A = A, (N).

A 0
Q+inl —I
and [24, Chapter VI, Theorem 2.12] there are )A)R and )AJL such that [)73 )A)R} and

Let M,, = { } Then M,, — AL is a linearization of Ap,(X). By (3.9)

[)N)L )A)L} are nonsingular and
St =L 5] 5 e[ 2]

Then, by [24, Chapter VI, Theorem 2.15] there exist matrices Ai(n) = O(n) and
As(n) = O(n?) such that the column vectors of Vg + A1(n) span the right eigenspace
of (M, L) corresponding to (AoIm, + nE11 + Az(n), I;m, ), where

En =Y { l.ol 8 ] Vr = XY (@)Y (Y*P'(X)Y) ™"
= XY (20AT —Q)Y) L. (3.10)

The matrix iY*(2A00AT — Q)Y in (3.10) is Hermitian since

iY*(20AT — Q)Y =Y po(N)Y +idgY*ATY —iXgY*AY

= iXNY ATY + (iNY ATY)". (3.11)
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Let dj for j = 1,...,¢ be the distinct eigenvalues of iY*(2A\0A" — Q)Y with mul-

tiplicities m%, and let & € C™o*™b form an orthonormal basis of the eigenspace
corresponding to d;. Then we have

« L —Ao —Ao
(0] Ell(I) = d1ag <d—1[m‘1)7 ceey d—glmé) y
where ® = [£1,...,&] € Cmox™o_ Tt follows that Aolpn, + nE11 + Aa(n) is similar to
: —Ao —o
)\OImo + dlag <d—177]m(1)5 DR d@ 77]m5> + A3(77>
for some Ag(n) = O(n?). Then for each j € {1,2,...,¢}, the perturbed eigenvalues
)\gkg S k=1,..., mé, and a basis of the corresponding invariant subspace of M, — AL
with A;kg ln=0 = Ao can be expressed by
AR 3 = 200 o(?), k=1 ‘ (3.12a)
i 0 d]77 n), =1,...,myp, -lza
and
Gim = YrE; +Om). (3.12b)
The second equation in (3.8) follows from (3.12Db). 0

LEMMA 3.2. Let Z, be the solution of the equation
Zy — Ry Zy Ry = nW,, forn >0, (3.13)

where W, € C™*™ s positive definite, R, = € 1,, + nE, with 0 € [0,27] fived, and
E,, € C™*™ s uniformly bounded such that p(R,) < 1. Then Z, is positive definite.
Furthermore, if Z,, converges to Zg and W,, converges to a positive definite matriz Wo
as n — 0T, then Zy is also positive definite.

Proof. Since p(R,) < 1 and nW,, is positive definite, it is well known that Z,, is
uniquely determined by (3.13) and is positive definite.

Since E,, is bounded, we have from (3.13) that

an = Z77 _ (efﬁ[m + nE:;) Z77 (ewIm + nEn)
= —ne"E; Z, —ne " Z,E, + O(n?).
This implies that
W, = —€e"E; 2, — e Z,E, + O(n). (3.14)

If Z,, converges to Zy as n — 07, then Z; is positive semi-definite. To prove that Z
is positive definite, it suffices to show that Z; is nonsingular. Suppose that x € C™
such that Zpz = 0. Then we have Z,z — 0 and 2*Z, — 0 as n — 07. Multiplying
(3.14) by z* and z from the left and right, respectively, we have

T Wya = —ewx*E;Z,]:E - eiiex*ZnEnx +0(n) — 0, asn— 0%,

Thus x = 0 because W,, converges to Wy and Wy is positive definite. It follows that
Zy is positive definite. ad

THEOREM 3.3. The number of eigenvalues (counting multiplicities) of wo(X) on
T must be even, say 2m. Let X = lim,_ o+ X, be invertible and write X = Xp +1iX;
with Xp = X3, X1 = X/ € R"™". Then
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(i) rank(X7) <m
(i) rank(Xp) = zf all eigenvalues of @o(X) on T are semi-simple and ||.S, —
S|z = O(n) for n > 0 sufficiently small, where S, = X;'A and S = X A;
(iii) rank(X1) = m, if all eigenvalues of wo(A) on T are semi-simple and each
unimodular eigenvalue of multiplicity m; is perturbed to m; eigenvalues (of
©n(N)) inside the unit circle or to m; eigenvalues outside the unit circle.
Proof. Consider the real quadratic pencil P(\) = Apg(A) = A\2AT — \Q + A. So
P()\) and ¢o(A) have the same eigenvalues on T. If Ao # £1 is an eigenvalue of P(X)
on T with multiplicity mg, then so is Ag. Thus the total number of nonreal eigenvalues
of P(A\) on T must be even. Now the quadratic pencil P,(\) = A2AT —A\(Q+1inl)+ A
is T-palindromic, and it has no eigenvalues on T for any n # 0 [12]. If 1 (or —1)
is an eigenvalue of P(\) with multiplicity r and @ in P()) is perturbed to @ + inl,
then half of these r eigenvalues are perturbed to the inside of T and the other half
are perturbed to the outside of T. This means that r must be even. Thus the total
number of eigenvalues of (\) on T is also even and is denoted by 2m.
(i) By X, + AT X 1A = Q, we have

i(Qy — Qn) =i(X, — Xy) — z’AT(X,;l - X, %A

=i(X; — X,) — (X, TA) (X — X)) (XM A).

Thus
K, - S;KWS77 =2nl, (3.15)

where K, = Z(X:; —X,) = 2X,,;. Note that the eigenvalues of S, = Xn_lA are
the eigenvalues of Pn()‘) inside T. Since X = lim, o+ X, is invertible, we have
S=X"1A= lim,, o+ Sy. Let

_ Rox 0 —1
S="Vp [ " R, ]VO (3.16)

be a spectral resolution of S, where Ry, € C™*™ and Rp2 € Cn=m)x(n=m) arqo
upper-triangular with o(Rp1) € T and o(Rp2) C D = {A € C| |A] < 1}, and
Vo = [Vo,1, Vo,2] with Vp 1 € C"*™ and Vy2 € C™*("=m) haying unit column vectors.
It follows from [24, Chapter V, Theorem 2.8] that there is a nonsingular matrix
Vy = Vi1, V2] with V1 € C™ and V;, 2 € C"*("=™) guch that

R 0 _
Snvn[ 8*1 RnJan’ (3.17)

and le — RO,l; Rn72 — R072, and V77 — Vo, as n— 0+.
From (3.15) and (3.17) we have

- 0 R 0
* )1 * ,1 _ *
V77 KV, - { 8 R:; , ] V77 K,V, [ 8 Ry } = 277V77 Vi (3.18)
Let
_ | Hy1 Hyjs s | Wyt Wys
H, = V,7 K,V, [ H;,s Hyo» ] , V,7 Vi = { W;,s Wyo |- (3.19)
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Then (3.18) becomes

o, — R:‘thn’an’l = 2nW 1, (3.20a)
Hyo = Ry o Hy o Ry o = 20Wy o, (3.20b)
ng — R:],IHW?’RWQ = 27]W7773. (320C)

As n — 0+, le — Ro,l with p(R()’l) =1, Rng — Roﬁg with p(Roﬁg) < 1, and an
and W, 3 are bounded. So we have H, » — 0 from (3.20b) and H,, 3 — 0 from (3.20c).
It follows from (3.19) that K, = 2X, ; converges to Ko = 2X; with rank(X;) < m.

(ii) Suppose that eigenvalues of o (A) on T are semi-simple and ||.S,, — S||2 = O(n)
for n > 0 sufficiently small. Then we will show that H, ; in (3.20a) converges to Ho
with rank(Ho 1) = m. Let A1,..., A\, € T be the distinct semi-simple eigenvalues of S
with multiplicities myq, ..., m,, respectively. Then (3.16) can be written as

_ Doy 0 -1
s=v| B, v

where Do = diag{Alm,, -, AL, }, Vo = Vo, > Vo, Vool and >0 m; =
m. Now S, = S+ (S, — S) with [|S;, — S||2 = O(n). By repeated application of [24,
Chapter V, Theorem 2.8] there is a nonsingular matrix V,, = [V; x,, -+, Vya., V2] €
C™*™ such that

_ D011 + nEn,l 0 1
Sn - V'r] |: 0 RO,Q + nEn,Q n

and V;, — Vo as ) — 0T, where E, ; = diag{E}, -
and E,, € Cn=™*(=m) are such that ||EL,
[[En,2lla = O(1).

The equation (3.20a) can then be written as

- B} ) with B, € Cmaxm

sallz = 0Q1) for j = 1,...,r and

Hy1 — (Dojg +nEy1) Hy1(Dox +nEy1) = 2nWy 1. (3.21)

Since Dy 1 + nky 1 is a block diagonal matrix and all eigenvalues of its jth diagonal
block converge to A;, with A;’s distinct numbers on T, we have

H, . = diag{H}, JHY, b+ 0(n),

1,77

where diag{H}, ,Hy, .} is the block diagonal of H, 1. Then (3.21) gives

1,77

HY o~ WL, +0EL OV HY (AL, + 0B,

mg,n

1 .

M?) =Wy, 0, forj=1,...,r,
where Wﬁljm is the jth diagonal block of W, ;. Since W, ; is positive definite and
converges to a positive definite matrix, W,}ljm, 7 =1,...,r, are also positive definite
and converge to positive definite matrices. For n > 0, we have p(A; L, + nET%%n) <1
for j = 1,...,r since p(S,) < 1. By the assumption that X, converges to X, we

have that Hy, . converges to H,lnj,O for j = 1,...,7. From Lemma 3.2, we obtain
that H} , is positive definite for j = 1,...,r. Hence, H, 1 converges to Hp 1 with

rank(Hoﬁlj) = m. It follows from (3.19) that K, = 2X,, ; converges to K¢ = 2X; with
rank(X;) = m.
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(iii) It suffices to show that ||.S, — S||2 = O(n) for n > 0 sufficiently small. Since
X is a solution of X + ATX 1A = Q, we have

M[f(],c“(}s

where the pencil (M, L) is defined in (3.5) . Under the condition in (iii), the column

space of X

from [24, Chapter VI, Theorems 2.12 and 2.15] that

A 0 [ I+nFu 1 [ 0 I1[ I+nFu
Q+inl -1 X+nF | | AT 0 X +nF,2

where F 1, Fy 2, E, € C"*" with max{||F, 1||2, || Fy,2ll2, [|Eyll2} < ¢ for n > 0 suffi-
ciently small and ¢ > 0. It is easily seen that

y } is a simple eigenspace of (M, L), in the terminology of [24]. It follows

] (S +nEy),

Xy = (X +nFy2)(I +nF,1)"",
Sy = Xn_lA = (I +1Fy1)(S +nEy)(I +nFy 1)~

It follows that ||.S, — S||2 = O(n) for n > 0 sufficiently small. 0

REMARK 3.1. Without the additional conditions in Theorem 8.8 (ii) or (iii),
rank(X1) could be much smaller than m. Consider the example with A = I, and
Q = 2I,. Then vo(A) has all 2n eigenvalues at 1, with partial multiplicities 2. So
m = n, but it is easy to see that rank(X) = 0. For this example, we have ||S;,—S||2 =
O(n'/?) for n > 0 sufficiently small. We also know that the 2n eigenvalues of wo()\)
at 1 are perturbed to n eigenvalues inside the unit circle and n etgenvalues outside the
unit circle.

COROLLARY 3.4. If po(\) has no eigenvalues on T, then X is real symmetric.
Furthermore, In(X) = In(—po(1)). Here In(W) denotes the inertia of a matriz W.

Proof. From Theorem 3.3, it is easy to see that X is a real symmetric matrix.
Since X is real, S = X 1A is a real matrix. By setting A = 1 in (3.4) we get
wo(1) = —(I — ST)X(I — S). Hence, In(X) = In(—wo(1)). O

COROLLARY 3.5. If all eigenvalues of po(\) are on T and are simple, then X is
positive definite.

Proof. By Theorem 3.3 (iii) immediately. d

4. A structure-preserving algorithm. As explained in [12] and also in this
paper, the required solution X = GZ}S is a particular weakly stabilizing solution of
(3.3) and is given by X = lim,_,o+ X, where X, is the unique stabilizing solution of
(1.4). We will call this particular solution the weakly stabilizing solution of (3.3). It
can be approximated by X, for a small . For a fixed n > 0, X, can be computed
efficiently by the doubling algorithm studied in [12], for all energy values.

In this section we will develop a structure-preserving algorithm that can for most
cases find the weakly stabilizing solution of (3.3) more efficiently and more accurately
than the doubling algorithm, by working on the equation (3.3) directly.

Consider the pencil (M, L) given by (3.5). The simple relation M [ )I( ] =

L [ )I( } X 1A shows that the weakly stabilizing solution of (3.3) is obtained by

X1 } form)

X = XoX| 1 where [ X1 } forms (or more precisely, the colums of [ X
2

Xo
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a basis for the invariant subspace of (M, L) corresponding to its eigenvalues inside
T and its eigenvalues on T that would be perturbed to the inside of T when @Q is
replaced by @, with n > 0.

We now assume that all unimodular eigenvalues A # +1 of (M, £) are semi-simple
and the eigenvalues £1 (if exist) have partial multiplicities 2. This assumption seems
to hold generically. Under this assumption, for computing the weakly stabilizing
solution we need to include all linearly independent eigenvectors associated with the
eigenvalues +1, and use Theorem 3.1 to determine which half of the unimodular
eigenvalues A # +1 should be included to compute the required invariant subspace.

We may use the QZ algorithm to determine this invariant subspace, but it would
be better to exploit the structure of the pencil (M, £). We will use the same approach
as in [15] to develop a structure-preserving algorithm (SA) to find a basis for the
desired invariant subspace of (M, £) and then compute the weakly stabilizing solution
of (3.3). The algorithm is still based on the (S + S~1)-transform in [19] and Patel’s
algorithm in [23], but some new issues need to be addressed here.

It is well known that (M, £) is a symplectic pair, i.e., (M, L) satisfies MM =

T 0 T
LTL', where J = [ 7 0
rocal pairs (v, 1/v), where we allow v = 0, 00. We define the (S + S~1!)-transform [19]
of (M, L) by

. Furthermore, the eigenvalues of (M, £) form recip-

- T
K= MILTT + LTMT T = [ ATC{A A QA , (4.1a)
N:=LJL'g= { 6‘ XT ] (4.1b)

Then K and N are both skew-Hamiltonian, ie., XJ = JKT and NJ = JN.
The relationship between eigenvalues of (M, L) and (K,N), and their Kronecker
structures have been studied in [19, Theorem 3.2]. We will first extend that result to
allow unimodular eigenvalues for (M, £). The following preliminary result is needed.

LEMMA 4.1. Let N,.(\) := A, + N,, where N, is the nilpotent matriz with
N.(i,i+1)=1,i=1,...,r — 1, and zeros elsewhere. Let < denote the equivalence
between two matriz pairs (Two matriz pairs (Y1,Y2) and (Z1, Z2) are called equivalent
if there are nonsingular matrices U and V' such that UY1V = Z1 and UY,V = Z5).
Then

(i) For A# 0,41, (N,(A) + N,(N) "1 L) 2 (N (A +1/0), 1.).

(il) (N2 +I,N,) % (I,N,).

Proof. (i) Since A # 0, one can show that N,.(A\)~! = [t;_,;] and N, (A\)+N,(A\)~! =
[sj—i] are Toeplitz upper triangular with t; = (=1)FA=+D for k= 0,1,...,7r — 1,
as well as sg = A+ 1/), 51 =1—A"2 and s, = ty, for k =2,...,7 — 1. Since \ # +1,
51 =1 — A~2 is nonzero. It follows that (N,.(\) + N,(\)~1, 1) 2 (N (A + 1/A), I).
(11) (I+N7~2aNr) B (ITvNT(I+N’r2)71) < (ITvN’l“ 7Nr3+N}5 - ) =< (I’l“vN’l“)' a

THEOREM 4.2. Suppose that (M, L) has eigenvalues {1} with partial multiplic-
ities 2. Let v = A+ 1/X (A = 0,00 permitted). Then A and 1/ are eigenvalues of
(M, L) if and only if v is a double eigenvalue of (K,N). Furthermore, for X\ # +1
(i.e., v # £2) v, A and 1/ have the same sizes of Jordan blocks, i.e., they have
the same partial multiplicities; for A = £1, v = £2 are semi-simple eigenvalues of

(K, N).
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Proof. By the results on Kronecker canonical form for a symplectic pencil (see
[20]) and by our assumption, there are nonsingular matrices X' and ) such that

J D I, O
s 2] vew=[ B 0], »

where J = J1 & Js & Jo, J1 = I, & (—1,), Js is the direct sum of Jordan blocks

corresponding to nonzero eigenvalues \; of (M, L), where |\;| < 1 or \; = e

with Im();) > 0, and Jy is the direct sum of nilpotent blocks corresponding to zero

eigenvalues, and D = I, ® I, ® 0,,_, with r =p +g¢.

Let X 'gx~T = [ XlT X ] where X; € C"*", i =1,2,3. So X = — X,
~XJ  Xs

and X3T = —X3. Using (4.2) in MJM T = LILT we get

JX1J" = DX, JT + JXoD 4+ DX3D = X, (4.3a)

JXo+ DX3 = XoJ 7, (4.3b)

JX3J " = X5, (4.3c)
_ " _ | Xsx Xspe

Let Jso = Js @ Jo. We partition X3 and Xo by X3 = XT. ¥ and
3,2 3,3

Xo1 Xop2

Xy = | o2 T2
2 [ Xo3 Xog4
agonal blocks in (4.3b) we get

], respectively, where X5 1, X351 € C™*". Comparing the di-

J1Xon + Xg1 = XanJ) (4.4a)

Jo0 X4 = Xo4J /. (4.4b)

From (4.4a) we see that X3 has the form X3, = (c)fT 6‘} ] From (4.3¢) we
o q

have [I, ® (—Iy)] X311, ® (—1;)] = X3,1. It follows that w = 0 and thus X537 = 0.
From (4.3c) we also have J1 X32.J]y = X3 and J, 0X33.J]5 = X33, from which we
get X390 =0 and X33 = 0. So we have X3 = 0. Then (4.3b) becomes JXy = XoJ T,
from which we get

X2,1 = np S nqa X2,2 = X2—|:3 = 07 (45)

where 1, € CP*P and 7, € C?*9. Moreover, X5, and X5 4 are nonsingular by the
nonsingularity of X1 7X~T. Substituting (4.3b) into (4.3a) we get

X, =JX,J" —DJX, +XoJ ' D=JX1J" +V, (4.6)

where V = XoJ D - DJX, = [ ‘(/)1 8 } with V4 = (1, —77;) P (77;r —1ngq) by (4.5).

X1 Xip
*XEQ X1,3
and (2,2) blocks of (4.6) we get X172 = 0 and X7 3 = 0, respectively. Furthermore,
from the equation for the (1,1) block in (4.6) we get X11 = &, @ &, with §, € CP*?
and & € C9*9, and we also get 7, = 77; and 7g = n;r, ie., X2T71 =X1.

Partition X; = [ } with X7 ; € C™*". From the equations for the (1, 2)
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From (4.2), (4.4) and Lemma 4.1 (ii) we now have

KN) 2L MILT +LIMT, g™y %

({ (iX11+X11J1) ® 04y ((J12 +IT)X2,1) @ ((J5210+In—T)X274)
(X?,l(Jl2 + Ir)) D (X2T,4((Js2,0)T + Infr)) 0n,
X11®0ph—r J1X21® Js,0X24
Xon i @ X5 40 On
e ([ 26,®(~2¢,) 21, ) B
Sb®& Lo (1)
[Ip®(lq) 0, SIdJodIDJy

L (2L @ (2L ® (Jo+ ;YOI @ (Js+ ;) 0L Ly @ Ly @10 o ® I Jp).

The proof is completed by using Lemma 4.1 (i). d

4.1. Development of SA. It is helpful to keep in mind that the transform
A — « achieves the following;:

{0,00} — 00, T —[~2,2], R\ {£1,0} - R\ [=2,2], C\ (RUT) — C\R.

By Theorem 4.2 and our assumption on the unimodular eigenvalues of (M, L), all
eigenvalues of (KC, V) in [—2,2] are semi-simple.

Based on Patel approach [23] we first reduce (K, ') to a block triangular matrix
pair of the form

K, K>

T —
iz [K 1

], uTNz[Nl NQ],

0 NT (4.7)
where K1 and N1 € R™*"™ are upper Hessenberg and upper triangular, respectively, Ko
and Ny are skew symmetric, i and Z € R?"*2" are orthogonal satisfying U ' J Z = J.
By the QZ algorithm, we have orthogonal matrices @)1 and Z; such that

Q1K1Zy = K11, Q1N1Z; = Ny, (4.8)

where K77, and Nj; are quasi-upper and upper triangular, respectively.

From (4.7) and (4.8) we see that the pair (K11, N11) contains half of eigenvalues
of (K,N). We now reduce (K11, N11) to the quasi-upper and upper block triangular
matrix pair

I, Ko f:(02 IZ(OT
' K -+ Ky
U'K\Z = r, . ;
I?rflr
I,

U'NuZ = diag{To, I, Imys - - -+ I, }+

where mo+mq +- - -+ m, = n, [y is strictly upper triangular, I'y = diag{g1,...,gm, }
with gi € [7272]7 and U(Fj> = {7]} g R\ [7272] or U(Fj> = {/Vjaij} g C \ R with
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ol)No;)=0,i#j,i,j=2,...,r. Let

~ ,-\ ~

Ki: 415" K i= a"'ar_la

<
I
u
+
=
I—I
0
I
!
3
<.
I
-
\
—_

By solving some Sylvester equations

02T, — Z = Ko,

0’ 0; (4.9)
ZFH_l—FiZ:Ki, z:l...,r—l,

we can reduce (K71, N11) to the quasi-upper and upper block diagonal matrix pair

UTK1Z = diag{In,,T1,Ts,....T,},

~ = 4.10
UTNi1Z = diag{To, In,» Iy - - - s Im,. }- ( )

The procedure here is very much like the block diagonalization described in section
7.6.3 of [8]. Partition Z = [Zy, Z1, ..., Zy] with Z; € R™™i according to the block
sizes of (4.10). It holds that

K1 ZoTo = N11Zo, KnZj=NuZ;T;, j=1,...,r (4.11)

It follows that, for Z; from (4.8), Z(;, 1 )(21 ;) forms a basis for an invariant
subspace of (K,N) for j =0,1,...,7. In partlcular, the columns of Z(:,1: n)(ZlZl)
are real eigenvectors of (K, ) corresponding to real eigenvalues in [—2,2]. We then
need to get a suitable invariant subspace of (M, L) from each of these invariant
subspaces for (K, N).

We start with two lemmas about solving the quadratic equation v = X+ 1/\ in
the matrix form.

LEMMA 4.3. Given a real quasi-upper triangular matriz

Y11 0 Yim
Iy = : , (4.12)
0 Ymm

where v;; is 1 x 1 or 2 x 2 block with o(v;) € C\ [-2,2], i = 1,...,m. Then the
quadratic matriz equation

A2—TAA+T=0 (4.13)

of A is uniquely solvable with As being real quasi-upper triangular with the same block
form as T's in (4.12) and o(As) CD={X e C| |\ < 1}.

Proof. Let
A1 A
AS frd .. :
0 Amm
have the same block form as I's. We first solve the diagonal blocks {A;;}1™; of A,

from the quadratic equation A2 — ;A + 1 i = 0, where [i] denotes the size of v;;. Note
that the scalar equation

M —yA+1=0 (4.14)
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has no solutions on T for v € C\ [-2,2]. So it always has one solution inside T and
the other outside T.

Fori=1,...,m, if v; € R\ [-2,2], then \;; € (—1,1) is uniquely solved from
(4.14) with vy = 7. If 45 € R?*2 with ;2 = vz for 2 # 0 and v € C\ R, then ~;; =
[2,z]diag {7,7} [2,Z] 7" and the required solution is \; = [z,Z]diag {\, A} [2,2]7" €
R?*2 where A € D is uniquely solved from (4.14).

For j > i, comparing the (i, ) block on both sides of (4.13) and using A;; —vi; =
-\ 1 we get

j—1
Nighii = N Nig =i+ Y (e = Xie) g
f=it1

Since o()\;il) No(Aj;) =0,4,5 =1,...,m, the strictly upper triangular part of A,
can be determined by the following recursive formula.
Ford=1,...,m—1,
Fori=1,....m—d, j=1i+d,
A= @ 0y = I ® A5
b= i Aj + 2—ia (vie = Xie)Aej,
Aij = vec™ (A tvec(b)),

end 1,
end d.
Here ® denotes the Kronecker product, vec is the operation of stacking the columns
of a matrix into a vector, and vec™! is its inverse operation. O

We remark that the equation (4.13) is a special case of the palindromic matrix
equation studied recently in [16]. The desired solution A4 could also be obtained by
applying the general formula in [16, Theorem 5], which involves the computation of
(I;1)? and a matrix square root. However, for our special equation, the procedure
given in the proof of Lemma 4.3 is more direct and numerically advantageous.

LEMMA 4.4. Given a strictly upper triangular matriz To = [y;;] € R°*¢. The
quadratic matriz equation

ToA2 — Ag+ T =0 in Ag = [\ij] € RS¥® (4.15)

with Ao being strictly upper triangular is uniquely solvable.
Proof. From (4.15) the matrix Ao is uniquely determined by Xiit; = 7ii+j,
1=1,...,e—2,7=1,2, Ae—1,e = Ye—1,. and
For j =3,...,¢,
Fori=1,...,e—7+1,
Niitio1 = gt XieAeiti—1,
end 17,
Fori=1,...;e—j, o N
Mt = Yisidi + Dopat Vil Mitis
end 1,
end j.
O
THEOREM 4.5. Let Zs form a basis for an invariant subspace of (IC,N') cor-
responding to T's with o(Ts) C C\ [-2,2], i.e., KZs = NZT's. Suppose that A
solves T's = Ay + AJY as in Lemma 4.3 with o(As) € D\ {0}. If the columns of
TJLTTZ Ny~ MTTZ) are linearly independent, then they form a basis for a stable
invariant subspace of (M, L) corresponding to As.
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Proof. Since
KZy ~NZJs= (MILT +LIMNTZs — LTILT T Zs(As + ATY) =0,

we have MJ (LT TZNs — MTTZ) = LT (LT TZAs — MTTZ,) As. a
REMARK 4.1. Let

| 4 X1 | _ T T
ZS|:ZQ:|’ |:X2:|j(£ stAs*M st),

where each of X1,Xo,Z1, and Zy has n rows. Then direct computation gives X1 =

ZolNs— Zy1. But it is more convenient to get Xo = QX1 — A" X1A, from M { ?1 ] =
2
Xy
5]

We now explain how we can get eigenvectors of (M, £) from eigenvectors of (K, NV)
corresponding to eigenvalues in [—2, 2].
THEOREM 4.6. Let v = [ Zl be a real eigenvector of (K,N') corresponding
2
to eigenvalue v € [—2,2]. Let A be a solution of (4.14) and let ux = vy — vy,

us = Qui — AMATvy. Then u = { Zl is an eigenvector of (M, L) corresponding to
2

eigenvalue X if u # 0. Moreover, we indeed have u # 0 for each v € (—2,2).

Proof. The first part is proved by direct computation as in the proof of Theorem
4.5. For the second part, we simply note that A is not real when vy € (—2,2), and
then u; # 0 since v is a nonzero real vector. 0

REMARK 4.2. When v € (—2,2) is an eigenvalue of (K, N') with multiplicity 2k
(or an eigenvalue of (K11, N11) with multiplicity k), we can use Theorem 4.6 to get k
eigenvectors of (M, L) corresponding to eigenvalue A, from the k linearly independent
eigenvectors of (K, N') we have already obtained. However, there is no guarantee that
the k eigenvectors of (K,N) so obtained are also linearly independent.

When A is singular, (M, £) has eigenvalues at 0 and co. The following result will
then be needed.

THEOREM 4.7. Let Zo, € R*™™ span an infinite invariant subspace of (K, N)
corresponding to (I,Tq), where T is strictly upper triangular, i.e., N Zs = KZsTy.
Suppose that Ao solves ToA2—Ag+To = 0 as in Lemma 4.4 with g being strictly upper
triangular. If the columns of J (LT T ZooAo—M T T Zs) are linearly independent, then
they form a basis for a zero invariant subpace of (M, L) corresponding to (Ao, I).

Proof. Since 'y = Ag(I + A2)™!, we have

NZoo(I+ A = MIM " T Zoo + LILT T Zoo A% = K Z oo Mg
= LIM" T ZooNo + MTL" T Zoo Ao,

and then MJT (LT T Zooho — M T Zo) = LI(LT T Zooho — M T Zoo)Ao. d
We can now present a structure-preserving algorithm (SA) for the computation
of the weakly stabilizing solution of (3.3).
Structure-preserving Algorithm (SA)
Input: A c R™™" Q=Q" € R**",
Output: The weakly stabilizing solution X of X + AT X 1A = Q.
Step 1: Form the matrix pair (K, ) as in (4.1);
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Step 2: Reduce (K,N) as in (4.7): K « UTKZ = [ Igl I[((%
1

N1 Ny
UTNZ = [ 0o N
upper triangular, respectively, I and Z are orthogonal satisfying " JZ = J
(see a pseudo code in Appendix of [15]); Apply QZ algorithm to get (4.8);
Step 3: Compute eigenmatrix pairs KHZOI‘O = NHEO, Kqu = Nnéjl"j of
(K11,N11), j = 1,...,r, as in (4.11) by solving the Sylvester equations in
(4.9) to get (4.10); [Zo, 21, ..., 20 — Z1[Zo, 21, ..., Zy], where Z; is from
(4.8);

Step 4: Z,, = Z(:,1: n)Zy = [ g"o’l }, Z; = Z(;,1 : n)ZJ = [ ?‘1 ],
00,2 4,2

-

] , where K7 and Ny € R™*™ are upper Hessenberg and

j=1...,r
Step 5-1: Use Lemma 4.4 to solve the strictly upper triangular Ag for ToA2 —
Ag+T=0;
Compute Xoo 1 = Zoo2Mo — Zoo1, Xoop = QXoo1 — AT Xoo 1A0;
Set X1 «— Xoo,1, X2 — Xoo 2 (by Theorem 4.7);
Step 5-2: For k=1,...,mq,
Solve A = e% with Im(\) > 0 from (4.14) with v = gi;
Compute 1 = z0€® — 21, 1o = Q1 — P ATz, where z; = ARL®
29 = Z12€k (ex is the kth column of the identity matrix);
If Im(e®2tAT21) > 0, then x1 « Ty, o9 « To;
Set X7 « [X1]z1], X2 « [X2|zz] (by Theorem 4.6 and Theorem 3.1);
end k;
Step 5-3: For j =2,...,r,
Use Lemma 4.3 to solve A; = A, for (4.13) with I'y =T';;
Compute Xj71 = Zj72Aj - Zj,l; X]’_VQ = QXjJ — ATX]'JA]';
Set X1 — [X1|Xj71], XQ — [X2|Xj72] (by Theorem 45),
end j;
Step 6: Compute X = XoX; '

TABLE 4.1
Total number of flops for SA

flops
Step 2 %nS(Patel algorithm) + 39n3(QZ algorithm)
Step 3 2n3(Assume mo =0, m; =2,i=1,...,7.)
Step 4 4n3
Step 5 | between 4n3(no eigenvalues are on T) and 8n3(all eigenvalues are on T)
Step 6 %nﬁx
Total ~ 120n3

In Step 5-2 of SA we have assumed that the nonsingular Hermitian matrix

iY*(200AT — Q)Y in Theorem 3.1 (which is the matrix in (3.11)) is definite. This
assumption is the same as the assumption in Theorem 3.3 (iii). Under this assumption
we do not need to form the matrix Y, but only need to check the sign of its diagonal
element determined by any (normalized) eigenvector. We could have used Theorem
3.1 to choose the right eigenvectors whether the Hermitian matrix is definite or not,
but this will increase computational work. We have thus chosen to use the simpler
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Step 5-2. We can always check in the end whether the imaginary part of the computed
X is (nearly) positive semidefinite. If not, we can use a more complicated Step 5-2
according to Theorem 3.1 to re-compute X.

To find the weakly stabilizing solution of (3.3), the total number of flops for SA is
roughly 120n3, where a flop denotes a multiplication or an addition in real arithmetic.
A more detailed counting is given in Table 4.1.

4.2. Comparison of SA with other methods. The required solution in the
nano application is X = lim, o+ X;. By now, we have available five methods in
two categories. In the first category, we have three methods that compute X, for a
small 1 as an approximation to X. They are fixed-point iteration (FPI), Newton’s
method (NM) and doubling algorithm (DA). These methods are already discussed in
[12]. In the second category, we have two methods that compute X directly. They
are QZ and SA. In this paper we have further studied FPI. We now know when
and why it works well. It has been shown by numerical experiments in [12] that
NM often converges to an undesired solution or even diverges. We now also have
a better understanding of this. Basically, X,, is the unique solution of (3.1) with a
positive definite imaginary part and, starting with an initial guess with a positive
definite imaginary part, the iterates produced by NM often do not have a positive
definite imaginary part (while the iterates from FPI always do). So NM is really
not a contender for solving our specific problem, and could be dropped from the first
category. We have also mentioned earlier that the convergence of FPI (say (2.1) with
c= %) is usually very slow for at least some of the energy values of interest. Therefore
we only need to compare SA with DA and QZ, as general purpose methods.

Strictly speaking, SA and QZ are applicable only under some generic assumptions
since they rely on our Theorem 3.1 to pick the right nonreal unimodular eigenvalues
of ¢p(A) to get the desired weakly stabilizing solution. The difficulty associated with
non-generic eigenstructure of ¢g(\) is avoided in DA by the introduction of an 5 > 0.
More precisely, this difficulty is only concealed since the relation between || X, — X || and
7 is not clear in non-generic cases. In the generic case, we often have || X, — X|| = O(n),
but the constant hidden in the big O notation could still be big. The smallest 1 that
we have seen in the nano literature is 1076, although we have also experimented with
n = 10710 for DA in [12]. In the experiments there, DA typically requires 26 iterations
for n = 107 , and nearly 40 iterations for n = 107'°. Note that DA requires &34713
real flops each iteration. So in terms of flop counts, four DA iterations is already
more expensive than SA. Moreover, since we take n = 0 directly in SA, the accuracy
achieved by SA is usually much better than that achieved by DA with n = 107°. But
we also note that DA is much easier to use. If we take n to be very small in DA,
then DA could also have stability problems since the matrices to be inverted in DA
iterations may also be very ill-conditioned in that case.

One potential problem with SA is that we cannot rule out the possibility that the
column vectors generated in Steps 5-1, 5-2, and 5-3 of SA are linearly dependent (in
exact arithmetic). In that case, SA fails. Note that QZ does not have this problem,
but it requires about 440n flops, much more than the 120n3 flops required for SA.
The accuracy achieved by QZ is not necessarily better than that from SA since QZ
does not exploit the structure of the problem. Moreover, for QZ we may encounter
the uncomfortable situation where the number of computed eigenvalues inside T does
not match the number of computed eigenvalues outside T.

Finally we explain why X is unlikely to be singular (in exact arithmetic) in Step 6
of SA. For this we need to explain why the column vectors generated in Steps 5-1,
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5-2, and 5-3 of SA are unlikely to be linearly dependent. Take Step 5-3 for example,
which is based on Theorem 4.5. Take Z, = Z; and I's =T, (j = 2,...,r), we need to
examine whether the matrix £TJZ;As — M T JZ, in Theorem 4.5 is of full column
rank. We start with the following result.

THEOREM 4.8. Let X4, X, € C*"*™ (m < n) form bases for stable and unstable
invariant subspaces of (LT, MT), respectively, corresponding to Ay and A7 where
o(Ay) C D\ {0}, icc.,

ETXS = MTXsAsa £TXu = MTXUA;1 (416)

Then J "X, and J " X, span two linearly independent eigenspaces of (K, N') corre-
sponding to Ag + A1,
Proof. From LILT = MJMT and (4.16) we have

KI" Xy =MIL Xy + LIM Xy = MIM XA+ LTLT X AT
=LIL X (Ag + AT = NT T X (A +ATY).

Similarly, KT "X, = NT T X, (As + AJY). 0
Now we can write Z; = J ' X,Cs + J " X,,Cy, where Cs and C,, are coefficient
matrices. From (4.16) we have

L'TZ Ny~ M"TZy =L (X,Cs + XuCo)As — MT(X.Cs + X,Cy)

Cshs — AJIC,

_ T T
N [E XS’ E Xu} CuAs _AsCu

(4.17)
Since o(As) € D\ {0}, the linear mapping 7 defined by T(W) = WA, — AJ'W
is a bijection on C™*™. Thus, the matrix CsAy — A;1Cy = T(Cy) is generically
nonsingular. When 7 (C;) is nonsingular, L' J Z;A, — M T T Z, is also of full column
rank since the columns of [ETX s ETXU] are linear independent. The latter assertion
is clear when A is nonsingular in (3.5), but can also be shown by using the Kronecker
form of (LT, MT) when A is singular.

From the above discussions, we have the following practical strategy for computing
the required solution X with reasonable accuracy. We first use SA. In the unlikely
event that SA fails, we use QZ. If QZ also fails, then we use DA with a small > 0,
and might have to accept an approximation with lower accuracy.

5. Numerical results. All numerical experiments are carried out using MAT-
LAB R2008b with IEEE double-precision floating-point arithmetic (eps ~ 2.22 X
1071¢) on the Linux system. We first illustrate the positivity of X, ; for > 0, where
X, 1 is the imaginary part of the stabilizing solution X, of (3.1), as well as the rank of
X = lim,_,o+ X, ;. To measure the accuracy of the computed X, we use the relative
residual

| X + ATX, LA — Q|
Xl + IAIRIX 5+ 1@l

RRes, = (5.1)
where || - || is the spectral norm.

EXAMPLE 5.1. We randomly generate a real matrix A and a real symmetric ma-
trix @ of dimension 6. Then we use the invariant subspace method (the QZ algorithm)
to compute the complex symmetric stabilizing solution X, of (3.1) with n = 1074,
1078, 1012, respectively. When 7 = 0, o(\) has 2m = 6 eigenvalues on T, given by

A = {-0.80913 £ 0.58763i, 0.64993 + 0.76000¢, —0.13000 £ 0.99151¢}.
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By Theorem 3.1 we determine that
A® ={-0.80913 + 0.58763i, 0.64993 + 0.76000¢, —0.13000 — 0.991514}

is such that the perturbed eigenvalues of ¢, () (n > 0) associated with each A\* € A®
are inside the unit circle. Then we compute the weakly stabilizing solution X of (3.3)
by using the invariant subspace corresponding to stable eigenvalues and eigenvalues
in A%. The numerical results are shown in Table 5.1, where Xg = X.

TABLE 5.1
Relative residuals and || X, — XWTH/HXnH

n 10~4 108 10—12 0
RResy, 117 x 1071 151 x 10715 1.69 x 1071  1.59 x 1015
X, — X7 I/I1Xnll  9.88x 10715 747 x 10715 112x107'* 1.14x 10"

We know from section 2 that X, ; is positive definite and we know from Theorem
3.3 (iii) that rank(X;) = m = 3. These are confirmed by the numerical results shown
in Table 5.2, where Xo ; = X7.

TABLE 5.2
The eigenvalues of Xy 1

n The eigenvalues of X, 1
104 || 33.938, 6.4240, 9.5171, 6.98 x 10~%, 1.00 x 10~4, 1.34 x 10—*
10—8 || 33.937, 6.4232, 9.5134, 6.98 x 10~8, 1.00 x 10~8, 1.34 x 10—8
10712 || 33.937, 6.4232, 9.5134, 7.01 x 10712, 1.01 x 10~ '2, 1.36 x 10~12

0 33.937, 6.4232, 9.5134, 2.54 x 10716, —1.94 x 10715, —3.71 x 10~17

We now present some numerical comparison of SA and QZ for the computation
of the weakly stabilizing solution of (3.3). To measure the accuracy of a computed
solution X of (3.3) we use the relative residual RRes defined as in (5.1), with X,, and
@y, replaced by X and @, respectively.

EXAMPLE 5.2. As in [12], we consider a semi-infinite Hamiltonian operator for a
heterostructured semiconductor of the form

T

H('(/),f):—v T

Vi + V(E)), 7= [ } €q, (5.2)

2e(Z)
where Q = Q; U Qs with

{ 0 = ([_95 _1] U [1,9]) X (_0070]7
Qp = [7151] X (70050]5

h is the reduced Planck constant, 1 is the associated wave function, (Z) is the electron
effective mass with

E(f) _ €1, fe Ql7
€2, Te QQ7

and V(Z) = wa? is the potential energy.
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F1a. 5.1. Relative residuals of SA, condition numbers of X1 and numbers of eigenvalues of
(M, L) on T that are used in the computation of X (so they are halves of the total numbers).

Let T, = Trid(—1,4,—1) be the tridiagonal matrix of dimension r. We use the
classical five-point central finite difference method to discretize the Hamiltonian op-
erator (5.2) on uniform grid points in © with mesh size h. Then the corresponding
matrices A and @ in (3.3) are of the forms

5 46 5146
A[c&h@( 1; 2>@521m€9( 1; 2)@6114

and QQ = £I — B with
B =61Ty ® (2(61 + 92)) ® 62T, ® (2(61 + 2)) B 61T

T T T T
— 61 (erp1€) +evef ) — 02 (eoraesy) + eoy1efys)

— 02 (ers1e] +evefyy) — 01 (erroel iy + errref s)
+wh?diag (1 —¢)%, (2 —¢)?,...,(n—¢)?),

where §; = h/2h%; (i = 1,2), e; denotes the jth column vector of the identity
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Fic. 5.2. Relative residuals of QZ and condition numbers of X1.

matrix, ¢ and m are the numbers of grid points on the z1-axis in (—9, —1) and (-1, 1),
respectively, t =¢+m+1,n=20+m+2,¢c=(n+1)/2 and @ denotes the direct
sum of two matrices.

In our test we take £ = 79, m = 19, 6; = 1, 0o = 0.1 and w = 5 x 1074, then
the matrix size of A isn = 20+ m+2 = 179. Let A = [-0.5,8.5]. We divide
A into p subintervals using p 4+ 1 equally spaced nodes &;, i = 0,1,...,p. We now
choose p = 1000 and run SA and QZ for each &;. Recall that for both algorithms
X is computed from X = X2X1_1 in the end. In Figure 5.1, we plot the relative
residual and the condition number of X; (with each column of X; normalized, here
and elsewhere) for SA. We also plot the number of eigenvalues of (M, L) on T that
are used in the computation of X (so it is half of the total number). In Figure 5.2,
we plot the relative residual and the condition number of X; for QZ. From the figures
we can see that the condition numbers are not very large and the accuracy of the
computed X is high for both methods, with that from SA slightly better.

In Example 5.2 the matrix A is nonsingular and so Step 5-1 in SA is never used.
We now construct an example with a singular A.

EXAMPLE 5.3. We construct 10 x 10 matrices A and @ for (3.3) as follows.
A =rand(10,10) = diag(aq, . . .,as,0,0,0,0,0) * rand(10, 10), where a; = 10 x rand(1),
fori=1,...,5,and Q = EI;o— B with B = (Bo+ B, )/2 and By = 10%(rand(10, 10)—
0.5 x ones(10, 10)). We run SA and QZ for £ = 0.014, for ¢ = 0,...,1000. The results
are shown in Figures 5.3 and 5.4. We see that SA and QZ have roughly the same
accuracy for this example.

6. Conclusions. In this paper we have further studied a nonlinear matrix equa-
tion arising in nano research. We have proved general convergence results on fixed-
point iterations for (1.4). It is also shown that the required solution of (1.4) is the
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unique solution with a positive definite imaginary part. Our analysis has also shown
that the convergence of these methods is usually very slow when the size of matri-
ces in (1.4) is large. So the use of these simple methods is recommended only when
the matrix size is small, which is the case when the equation is obtained from layer
based models. We have also studied the equation (3.3) directly, which is the equation
we obtain by letting n = 0 in (1.4). We have shown which half of the unimodular
eigenvalues of P(\) in (3.6) should be included for computing the required weakly
stabilizing solution of (3.3) using subspace methods, and we have also determined
the rank of the imaginary part of this solution in terms of the number of unimodular
eigenvalues of P(X). We have presented a structure-preserving algorithm (SA) for
(3.3) that is nearly 4 times more efficient than the QZ algorithm. The SA and the
QZ algorithm often provide very good accuracy. But the accuracy would suffer if
the matrix X; used at the end of the algorithms happens to be very ill-conditioned.
Newton’s method cannot be used as a correction method since the Fréchet derivative
at the solution is always singular when P(A) has unimodular eigenvalues. When SA
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and QZ fail we may use DA on (1.4) with a small » > 0, but may need to increase
7 if DA also runs into numerical difficulties. It is possible to improve the accuracy
of an approximation from DA by using the FPI (2.1) with ¢ = %, although at a high
computational cost when the matrix size is large.

While SA is based on some theoretical analysis and is usually much more efficient
than existing methods, we do not have a stability analysis of the algorithm. In fact, we
are unable to rule out the possibility of breakdown, although we have explained that
breakdown is very unlikely. Further work is needed to design an efficient algorithm
with guaranteed stability for this special nonlinear matrix equation.
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