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Abstract. The minimal nonnegative solution G of the matrix equation G = Ag +A;G + A2 G2,
where the matrices A; (i = 0, 1, 2) are nonnegative and Ag+ A1 + Az is stochastic, plays an important
role in the study of quasi-birth-death processes (QBDs). The Latouche-Ramaswami algorithm is a
highly efficient algorithm for finding the matrix G. The convergence of the algorithm has been shown
to be quadratic for positive recurrent QBDs and for transient QBDs. In this paper, we show that the
convergence of the algorithm is linear with rate 1/2 for null recurrent QBDs under mild assumptions.
This new result explains the experimental observation that the convergence of the algorithm is still
quite fast for nearly null recurrent QBDs.
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1. Introduction. A discrete-time quasi-birth-death process (QBD) is a Markov
chain with state space {(¢,7)]¢ > 0,1 < j < m}, which has a transition probability
matrix of the form

By Bi 0 0
Ay AL Ay 0
p_| 0 4 A 4
0 0 A A

where By, B1, Ag, A1, and As are mXxm nonnegative matrices such that P is stochastic.
In particular, (Ao + A1 + Asg)e = e, where e is the column vector with all components
equal to one. The matrix P is also assumed to be irreducible. Thus, Ag # 0 and
Ag # 0.

The matrix equation

(1.1) G =Ag+ A1G + AG?

plays an important role in the study of the QBD (see [12] and [16]). It is known that
(1.1) has at least one solution in the set {G > 0 | Ge < e} (i.e., the set of substochastic
matrices). The desired solution G is the minimal nonnegative solution.

We assume that A = Ag + A; + As is irreducible. Then, by the Perron-Frobenius
Theorem (see [17]), there exists a unique vector a > 0 with a’e =1 and a7 A = o
The vector « is called the stationary probability vector of A. By Theorem 7.2.3 in [12],
the QBD is null recurrent if a® Age = o Ase; positive recurrent if o Age > oT Ase;
and transient if a” Age < a” Ase. For our purpose, we may use this criterion as an
alternative definition for the three classes of QBDs.
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The minimal nonnegative solution of (1.1) can be found by any of the following
three fixed-point iterations (see [3], [5], [9], [10], [14], [15], [18]):

(1.2) Gni1 = Ao+ A1G, + AsG2, Gy =0,
(1.3) Gni1 = (I — A1) HAg + A:G?), G =0,
(1.4) Groi1= (I — A — AyG,) 1Ay, Go=0.

Among the three iterations, iteration (1.4) has the fastest rate of convergence. An
inversion free version of (1.4) has also been proposed in [1] and analysed in [1] and [5].
These four iterations are adequate for most situations. However, the convergence of all
four iterations is sublinear when the QBD is null recurrent (see [5]). The convergence
of these methods is also extremely slow if the QBD is nearly null recurrent.

The algorithm proposed by Latouche and Ramaswami [11] is a little more com-
plicated. However, it works very well even for nearly null recurrent QBDs.

The algorithm is as follows:

ALGORITHM 1.1. Set

Hy = (I — Ay) " Ay;
Lo= (I —A;) ' Ay;
Go = Lo;
Ty = Hy.

For k=0,1,..., compute

Uy = Hi Ly + Ly Hg;
Hy1 = (I = Ux) " H;
Liy1 = = Up)"'L§;
Gry1 = Gi + T Lyy;
Tiy1 = ThHpy1.

It is shown in [11] that the matrices Hy and Ly are well defined and nonnega-
tive and that the sequence {G} converges quadratically to the matrix G for positive
recurrent QBDs and for transient QBDs. The algorithm is called a logarithmic reduc-
tion algorithm in [11]. We will call it the LR algorithm (for Logarithmic Reduction or
for Latouche-Ramaswami). A similar method is proposed in [2] for positive recurrent
QBDs.

Since the LR algorithm has the greatest advantage over the fixed-point iterations
when the QBD is nearly null recurrent, it is important to know the convergence rate
of the LR algorithm when the QBD is null recurrent.

Before we can determine the convergence rate, we will take a closer look into the
LR algorithm and present some preliminary results.

2. Preliminaries. It was mentioned in [11] that G. W. Stewart pointed out that
the LR algorithm is related to the cyclic reduction technique. We will make this point
more transparent and derive two equations relating Hy and Ly.

Let G and F be the minimal nonnegative solution of (1.1) and

(2.1) F=Ay+ A F + AgF?,

respectively. We have the following fundamental result (see [12], for example).
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THEOREM 2.1. If the QBD is positive recurrent, then G is stochastic and F
is substochastic with spectral radius p(F) < 1. If the QBD is transient, then F is
stochastic and G is substochastic with p(G) < 1. If the QBD is null recurrent, then
G and F are both stochastic.

It is clear that the matrix G is also the minimal nonnegative solution of G =
Ly + HyG?. Thus, we have the infinite system

Wy —Hy 0 I K,

—Lg I —Hy G 0

(2'2) —Lo I G? = 0
0

for appropriate Ky and Wj.

As in [2], we apply the cyclic reduction algorithm to (2.2) and get a reduced
system. Multiplying both sides of the reduced system by a proper block diagonal
matrix, we get an infinite system with the same structure as (2.2), but with G replaced
by G?. After repeated application of the cyclic reduction algorithm and the block
diagonal scaling, we obtain for each n > 0,

W, —H, 0 I K.
~L, I -H, o 0
(2.3) _Ln I ... GQ'Q"’ = 0 R
0

where H,, and L,, are as in the LR algorithm.
From equation (2.3), we have

(2.4) —L,+G* —H,G*?" =0
for each n > 0. Therefore,
G = Lo+ HyG? = Lo+ Ho(L, + HG*) = Lo+ HyL, + HyH; (Lo + HyG®) = - - -.
In general,
(2.5) G =G+ ( I1 H> G2
0<i<k

where G, is as in the LR algorithm.

It is clear that the matrix F' is also the minimal nonnegative solution of F' =
Ho + LoF?. By repeating the whole process leading to the equation (2.4), we get for
each n > 0,

(2.6) —H,+F¥ - L,F*? =.
From (2.6), we can see that H, < F?" for each n > 0. Thus, we have by (2.5)

(2.7) 0< G -Gy < F22-1G22",
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Therefore, if the QBD is positive recurrent or transient, the quadratic convergence of
{Gr} is an immediate consequence of Theorem 2.1. In this situation, it is also very
easy to determine the limits of the sequences { H,} and {Lj}. The following result is
necessary.

THEOREM 2.2. Let QQ be a stochastic matriz. If Q" has a positive column for
some integer r > 1, then there is a unique vector ¢ > 0 such that ¢*'Q = ¢* and
qTe =1 (the vector q is called the stationary probability vector of Q). Moreover, there
are constants K >0 and 8 € (0,1) such that

Q™ — eq"|| < K"

for all n > 0. In particular, lim, . Q™ = eq” .

For a proof of this result, see [6]. See also [7] for the special case when Q" is
positive for some integer r > 1. Obviously, the condition that Q" has a positive
column for some r > 1 is necessary for lim,_., Q™ = eq”.

If the QBD is positive recurrent, then G is stochastic and p(F) < 1. Assuming
that GP has a positive column for some integer p > 1, we get from (2.4) and (2.6)
that limy, oo H, = 0 and lim,_ L, = eg”, where g is the stationary probability
vector of G. If the QBD is transient, then p(G) < 1 and F is stochastic. Assuming
that FP has a positive column for some integer p > 1, we have lim,, .., L, = 0 and
lim, o H, = ef”, where f is the stationary probability vector of F. The limits of
{H,} and {L, } were determined in [11] in a different way.

If the QBD is null recurrent, then p(G) = 1 and p(F') = 1. In this case, (2.7)
tells us nothing about the convergence rate of the LR algorithm. It is also much more
difficult to determine the limits of the sequences {H,} and {L,}. These issues will
be resolved in the next section.

3. Convergence rate of the LR algorithm for the null recurrent case.
We start with an algebraic proof of a basic result about the LR algorithm. An
probabilistic proof was given in [11].

LEMMA 3.1. For each k >0, (Hy + Li)e = e.

Proof. First, (Hyo+Lo)e = (I— A1) Y (Ag+Az)e = e. Assuming that (Hy+Ly)e =
e (k > 0), we have (H,+Lg)%e = e. So, (I —HyLy— LiHy)e = (H2+ L% )e. Therefore,
(Hp41 + Li+1)e = (I — HyLy — Ly Hy,) "' (H? + L?)e = e. We have thus proved the
result by induction. a

In the above proof, we have used the fact that the sequences {Hy} and {Lj} are
well defined (i.e., the matrices I — Hy Ly — L H}, are nonsingular).

It is noted in [11] that, when the QBD is null recurrent, it is not true in general
that one of the two sequences {Hj} and {Lj} converges to 0. Our next result shows
that neither of the two sequences can converge to 0 for null recurrent QBDs.

LEMMA 3.2. For the null recurrent QBD, there is a sequence {ay} such that for
all k>0, ap >0, age =1, af(Hk + L) = af, and afer = a;‘nge = %

Proof. Recall that « is the stationary probability vector of Ag + A1 + As. So,

OtT(I — Al) = aT<A() + AQ) = aT(I — A1)<H0 + L())

Let aT = oT(I — Ay). Since @ > 0 and Ay # 0, &7 = aT (A4 + A2) > 0 and
co = &Te > 0. Since the QBD is null recurrent, we have a’ Ase = a” Age and thus
aTHpe = aTLge. Let ag = G/co. It is clear that g has all the properties in the
lemma, noting that ol Hpe + ol Loe = al'e = 1.

Assuming that an «; (¢ > 0), with all the properties in the lemma, has been
found, we are going to find an «;;; satisfying these properties.
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Since
of =al (H; + L;) = o] (H; + L;)* = of (H? + L} + H;L; + L;1;),
we have
ol (I — H;L; — L;H;) = o (H? + L?) = ol (I — H;L; — L;H;)(Hiy1 + Liy1).

Since o; # 0 and I—H,; L;—L;H; is nonsingular, o (I—H;L;—L;H;) = o} (H?+L?) #
0. Thus, ol (H? + L?)e > 0 and we can define

oL = =
i+l al (H2 + L?)e al (H? + L?)e

It remains to prove o, 1 H;y1e = o, Lij1e, which is equivalent to o H?e = o Le.
Note that

ol H?e — ol L?e = ol Hi(e — Lie) — ol Li(e — Hye)
= —a;fFHZ-LZ-e + OZZTLZHZG
= —al(I — L;y)Lie + ol (I — H;)H;e

_ T2 T 172
=a; Lie — o Hfe.

Thus, ol HZe = ol Le. a

Remark 3.1. The result in the above lemma has also been obtained independently
by Ye [19]. In [19] it is assumed that ol (H? + L?)e # 0 for each i. In the first
version of this paper, the author used the assumption that (H? + L?)e > 0 for each
i. Without this assumption, the short argument (in the proof of the lemma) showing
ol (H? + L?)e > 0 for each i was pointed out by two referees.

Our further analysis will rely on Theorem 2.2. In order to apply Theorem 2.2, we
make the following assumption:

(3.1) det(Ag + zA; + 22 Ay — 2I) has no zeros on the unit circle other than z = 1.

This assumption may be verified easily when the matrices Ay, A1, A2 have special
structures (see [13], for example). From [4] we know that, in the null recurrent case,
assumption (3.1) is equivalent to the assumption that A = 1 is a simple eigenvalue of
G and F and there are no other eigenvalues of G or F' on the unit circle. It is easy to
show that the latter assumption is in turn equivalent to the next assumption.

(3.2) GP and F'? have each a positive column for some p > 1 and some ¢ > 1.

Note that assumption (3.2) for G is satisfied if G in the LR algorithm has a positive
column for some k > 0, since G > Gg. In particular, assumption (3.2) for G is
satisfied if Ly has a positive column. Similar comments can be made on assumption
(3.2) for F. Since assumptions (3.1) and (3.2) are equivalent, Theorem 2.2 can be
applied to G and F' under assumption (3.1). We let f and g be the unique stationary
probability vector of F' and G, respectively.

Since (Hy + Li)e = e for all k > 0, the sequences {Hy} and {Lj} are bounded
and hence have convergent subsequences. Let {H,, } and {L,, } be convergent with

lim H,, =H, lim L, =L.

k—o0
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Then, by equations (2.4) and (2.6) and Theorem 2.2,
—L+egt’ —Heg" =0, —H+efl —LefT =0.

Therefore, H = af” with a = e — Le, and L = bg” with b = e — He. Note that
a+b=2e—(H+Le=e.

We have thus proved the following result.

LEMMA 3.3. For the null recurrent QBD with assumption (3.1), if (H,L) is a
limit point of {(Hy,Ly)}, then H = af? and L = bg" with a > 0, b > 0, and
a+b=e.

To prove that the convergence of the LR algorithm is linear with rate 1/2, we will
need to show that

. 1 7 . 1 7
thrI;on—ief , kILH;oLk_§eg .

Lemma 3.3 is only one small step towards this goal. Many other auxiliary results will
be needed.

Although we are unable to show the convergence of the sequences {Hy} and
{Li} at the moment, it is fairly easy to show that the sequence {a;} in Lemma 3.2
converges.

LEMMA 3.4. For the null recurrent QBD with assumption (3.1),

. 1
lim o = §(f—|—g).

k—o0
Proof. Let o* be any limit point of {a;} and limg_,oo an, = o*. We will prove
that a* = %( f+g). We may assume without loss of generality that

lim H,, = afT,  lim Ly, = bgT
k—o0 k—o00

for some a,b > 0 with a + b = e. By taking limits in

T _ T T _ T
ank - ank (an + Lnk)? ananke - ankLnke’

we get
(@) = (@) (af" +bg"), (a")Ta=(a")"0.

Thus, (a*)Ta = (a*)T(e —a) =1 — (a*)Ta. So, (a*)Ta = (a*)Tb=1/2 and (a*)T =
s(fT+g"),ora*=35(f+g). O

As we have already seen, in the null recurrent case, the two equations (2.4) and
(2.6) are not sufficient to determine the convergence of the sequences {H,} and {L,}.
We have to seek additional information from the recursions for the sequences {H,}
and {L,}. The next result is one such finding.

LEMMA 3.5. For the null recurrent QBD with assumption (3.1), if

klim H,, =af”, klim L,, =bg”,
and gTa # 1, then

. ~ T . 7 T
lim H,, 41 =af", lim L, 41 =0bg",
k—oo k—oo
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with

1+gTa g’a - gTa 1+g¢%a
a , b= a+ .
1+2¢9Ta 1+2¢Ta 1+2¢7a 1+2¢9Ta

d:

Proof. Let (af”,bg”) be any limit point of {(H,, 41, Ln,+1)} and let
kli_{go Hy, +1= af’, kli_{go Ly, +1= bg”.

Since

(I - Hnsk, Lnsk - Lnsk Hnsk)Hnsk+1 = (Hnsk,)Zv
we get by letting k£ — oo,

(I —af"bg" —bg"afT)af" = afTaf”.

Post-multiplying the above equality by e gives

a=(fTa+ fTog"a)a+ (¢ afTa)b = \a + ub.

By Lemma 3.2,

1 1
OzZ;anke = aZkL”ke - 92’ (O‘nsk+1)T‘Hnsk+1e = (Oénsk+1)TLnsk+16 = 2’
By taking limits in the above identities and using Lemma 3.4, we have

P+ 9Da="+g =T +dDa= (T +g"b=1.

So, ffa=1—g"a=gTe—g"a = g'b. Similarly, fTb=gTa, fTa= gTB, fTI; =g%a.
Thus,

Ap=fTat+ fTogTa+g%afTa= fTa+ fTo(gTa+ fa) = ffa+ fTo= fle=1.
Now,
p=g"afTa=g"af"(Aa+ ub)
=(1—wg"afTa+pg"af"v=(1-p)g"a(l —g"a) + ulg"a)®.
Thus,
(1+2¢"a)(1 - g"a)u = g a(1 - g"a).

Since gTa # 1, we have = gTa/(1 +2g7a) and A =1 — p = (1+ g7 a)/(1 + 297 a).
So,

~ 14+¢7a gla
a= a
1+2¢97a 1+ 2¢%7a”’
and
T T
- 1
b=e—a=a+b—-—a= g a tga

1+2g7a" " 152470
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The proof is completed since the limit point is uniquely determined by a and b. O
We can now move a little closer to our goal.
LEMMA 3.6. For the null recurrent QBD with assumptions (3.1) and

(3.3)  Each limit point af” of the sequence {H,} is such that 0 < gTa < 1,

the sequence {(Hp, Ly)} has a limit point (3ef”, Leg™).
Proof. Take any subsequence {(H,,, Ly, )} such that

lim (H,,, Ly,) = (aof*, bog").
k—oo
By the previous lemma, for each integer r > 1,
kILH;O(an"F?"’LnkJFT) = (arfTabrgT)a
where

1+ g%ay g% ar
a
1+2¢9Ta, © " 1+2¢7ay

(3.4) Ap4+1 = k>

and b1 = e — ayyq for each integer k > 0. Let pr, = g7 ax. We have by (3.4)

(A +pe)pr  Pe(L—pk) _  2pk
1+2pk 1+2pk 1+2pk.

Pr+1 =
Since pg = gTap > 0 by assumption, it is easy to show that limy_, . pp = % By (3.4)
we have

g ay 1
e+ a
1+ 2gTay 1+ 2gTag

Ap+1 = ks

which can be rewritten as
1 1

Ak+1 — 56 = m(ak — 56)

Since limy_o0 g7 as, = %7 we have
ovss e <5 Jov 5
Ak+4+1 26 =3 Qg 26
for k£ large enough. Thus

1
lim a, = lim b, = —e.
r—00 r—00 2

Therefore, we can find a subsequence {(H,,, , Lm, )} such that

: 1 1 7
leH;o(Hmemk) = (§ef ’569 )
This completes the proof. a

The next result is quite straightforward.

LEMMA 3.7. Let the relation between (Hy41, Li+1) and (Hg, Li) in the LR algo-
rithm be denoted by

(His1, Li1) = T (Hy, Li,).
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Then (3efT, teg") is a fived point of T.
Proof. 1t is easy to verify that

_1 Tl T_l Tl Tl T_l T\2
(z 2ef 29 T 3% zef )2ef _(2€f )
LY S SR SN S S S O
(I 2€f 3¢9 5¢9 2€f )Qeg = (Zeg ) .

The result follows since

1 1 1 1 1
M=1T- §efT§egT - EegTEefT =I- Ze(fT +g7)

is a nonsingular M-matrix (note that Me = e/2). 0

Thus, we have shown that the sequence {(H,, L)} defined by (Hy11,Li+1) =
T (Hg, Li) (k > 0) has a limit point (ef”, eg”) that is a fixed point of 7. By a
theorem on general fixed-point iterations (see [8, p. 21], for example), we can conclude
that the whole sequence {(H,, L,)} converges to this fixed point if the spectral radius
of the Fréchet derivative of the operator 7 at the fixed point is less than 1. But,
unfortunately, the spectral radius is not less than 1 in our case (the spectral radius is
equal to 4 when the matrices Ay, A1, Ay are 1 x 1). However, the sequence {(H,,, L,)}
can still converge since (H,, L,) may approach (%efT, %egT) in a special way. A
delicate analysis for the error (H,, — sef”, L, — 3eg”) is necessary.

For notational convenience, let H = %e fTand L = %egT. It is easy to see that

HQ:LHfl

1
=_-H, [*=HL=_L.
2 2

We start with expressing Hy11 — H in terms of Hy — H and Ly — L:

Hyy1 — H= (I - HyLy — LiH,) 'H — (I - HL — LH) *H?

= (I — HyLy — Li,Hy,) *(HE — H?)
+((I = HyLy — LyHy) ™' — (I — HL — LH)"")H?

= (I — HyLy — Ly Hy) " (HE — H*) + (I — HyLy — Ly Hy) ™
(I-HL-LH)— (I — HyLy — LiHy,))(I — HL — LH) ' H?

= (I — HyLy, — LyHy) " (H — H*> + (HyLy — HL + LyHy — LH)H)

= (I — HyLy, — LiHy,) " (Hy(Hy, — H) + (Hy — H)H
+(Hy(Ly — L) + (Hy — H)L 4+ Ly(Hy — H) + (L, — L)H)H).

To simplify the expression, observe that

(H, — H+ Ly — L)H = = ((Hy + Ly)e — (H + L)e) f7 = 0.

DN | =

Thus,
(Ly — L)H =—(Hy— H)H
and

((Hy, — H)L + (L, — L)H)H = %(Hk —H+ Ly — L)H =0.
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Therefore,
Hk+1 — H = (I — Hp L, — Lka)il(Hk(Hk - H) + (Hk — H)H
—Hy(Hy — H)H + Li(Hy — H)H)
Similarly, we can get
Liyr — L= (I — HyLy — L Hy) " (Le(Li — L) + (Ly — L)L
—Lg(Ly — L)L + Hyp(Ly — L)L).

Now, for any € € (0, i), we can find 6 > 0 such that whenever |Hy — Hljoo < ¢
and || Ly — L||oo <6,
(3.5) Hypy — H = (I — HL— LH)""(H(Hy, — H) + (Hy — H)H
—H(H,— H)H + L(H, — H)H) + W,

with [|Wi|[eo < €[|Hg — Hl|oo, and

Lity1—L=(I—-HL—-LH) " (L(L, — L)+ (L — L)L
—L(Ly — L)L+ H(Ly, — L)L) + Z,
with || Zk|lco < €||Lk — L|o-
To get rid of the inverse in (3.5), we use

1

(36) (I-HL—-LH)™ = (I—%(HjLL))‘1 :I+%(H+L)+ 22(H—|—L)2+....
Since
(H—i—L)(H(Hk —H)+ (H,— H)H — H(H, — H)H + L(Hy, —H)H)
=H(H,—-H)+(H+L)(H,—H)H—-H(H,— H)H+ L(H;, — H)H
=H(H, - H)+2L(H, — H)H,
and

(H+ L) (H(Hy,— H)+2L(H, - H)H) = H(H, — H) + 2L(H, — H)H
for all i > 1, we get by (3.5) and (3.6) that
Hyyw—-H=HH,-H)+(H,—-HH-HH,-HH+LH,—-H)H
+H(H,— H)+2L(H, — H)H+ W,
=(Hy,—H)H+2H(H,—H)— H(H,— H)H +3L(H, — H)H + W},
Similarly,
Lk—i—l — L= (Lk - L)L + QL(Lk — L) — L(Lk — L)L + 3H(Lk — L)L + Zk.

For the scalar case, H = L = % So, the estimate for Hy 1 — H becomes Hy11 —
H ~ 2(H,—H). If we could replace 3L(Hy—H)H by —3H (H),— H)H in the estimate,
we would have Hp, 1 — H = %(Hk — H) instead. Thus, we should try to show that
3(H+ L)(Hr — H)H is “small” in the general case. Let a* = (f + g)/2. We have

3(H + L)(Hy, — H)H = ge(a*)T(Hk — H)ef" = ge(a* —ay)"(H, — H)ef",
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since of (Hy, — H)e = 3 — af (3e) = 0 by Lemma 3.2. Similarly,

3
3(H +L)(Ly — L)L = Se(o” — o) (L — L)eg™ .
Since lim o, = o* by Lemma 3.4, we can find integer k; such that for all k& > kq,
3(H+L)(Hk—H)H=Pk, 3(H+L)(Lk—L)L=Qk

with || Pglloc < €||Hi — H|loo and [|Qk|lco < €||Lk — L|lco. Now we have

HkJrl—H:(Hk—H)H+2H(Hk—H)—4H(Hk—H)H+Pk+Wk

(3.7) - %(Hk—H)—%(1—4H)(Hk—H)(1—2H)+Pk+wk,
and

Lis1i — L= (Ly — L)L + 2L(Ly — L) — 4L(Ly, — L)L + Qx + Zi
(3.8) = ST~ D) = (T~ 4L)(Ly — L)(T — 20) + Qs + Z4.

Next we will estimate the term (Hy — H)(I —2H) in (3.7) and the term (Lj —
L)(I —2L) in (3.8). By the equations (2.4) and (2.6), we have

Hi(I — G2'2kF2'2k) 2 G2kF2'2k, Lio(I - F2'2kG2'2k) — g2 _ a2t
Now,

(Hy — H)(I = 2H) = Hy(I — ef")
_ F2’° . GQ’“F2‘2’“ + Hk(GQ'QkFQ'Qk - efT)
_ F2’° _ efT _ (Gz’“ . egT)FQQk' - egT(F2~2k - efT)
—|—Hk((G2‘2k _ egT)F2~2k + egT(Fg'zk _ efT)).

Similarly,

(Ly — L)Y —2L) = G - eg’ — (F2k - efT)G2'2k - efT(G2'2k —eg™)
FLe((F* = ef 1)@ 4 ef (G —eg™)).

By Theorem 2.2, there are constants C; > 0 and 3 € (0,1) such that
|(Hy, = H)(I = 2H)|oe < C18”, (L = D)(I = 2L)||s < C18”

for all k > 0. Now, by (3.7) and (3.8), we have

1 k
(3.9) 1Hip1 = Hlloo < (5 + 26)[|Hy — Hl|oo + C26
1 k
(3.10) 1Zx41 = Lloo < (5 +26) | L = Llloo + C26°
for any k > ki with ||Hy — Hl|loo < 6 and ||Lj, — L|joc < 8. Let 7 = 5 + 2¢ < 1. Since

(H,L) is a limit point of {(Hy, L)} by Lemma 3.6, we can find I > k; such that
|Hi — H||oo <6, ||Li = L||oo < 0, 70 + % < 6, and 8% < r. Now, it is clear that
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ol+i—

(3.9) and (3.10) are valid for all k¥ > [ and that " <19 for all j > 0. Thus, we

can obtain for any m > 1 that
| Hivm = Hlloo < ™ | Hy = Hloo + Co(r™ 8% 407727 4 3770
<r™|H, — H||so + Comr™,
and that
| Lt = Lllow < 1|Li = L + Comr™.

Therefore, limg_,ooc Hy = H and limy_.., Ly = L. Moreover, since ¢ > 0 can be
arbitrarily small, we also have

1
limsup v/ || Hx — H||oo < 3 limsup /|| Lx — L|| <
k—oo k—o0

In summary, we have proved the following result.
THEOREM 3.8. For the null recurrent QBD with assumptions (3.1) and (3.3), we
have

N =

. 1 .7 . 1 o
o e = gelt e =ge

It is clear that assumption (3.3) is necessary for the conclusion of the above
theorem. Since the assumption cannot be verified directly, we will give a sufficient
condition that is easier to verify.

PROPOSITION 3.9. Let the components of f and g be f; and ¢g; (i = 1,2,...,m),
respectively, and let

Sp={i|l<i<m,fi=0}, S,={i|l<i<m,g; =0}
If assumption (3.1) and the assumption that
(3.11) Sy C Sy orSy C Sy
are satisfied, then assumption (3.3) is also satisfied.

Proof. Let
kEg;fL%::afT, kEg;Lnk:le.

It is shown in the proof of Lemma 3.5 that

ST +gDa="+g" =1 fla=g"b, [fo=g"a

If g"a = 1, then g7b = fTa = 0. By assumption (3.11), we would have (f7+g¢7)a =0
or (fT' + ¢g")b = 0, which is a contradiction. Similarly, we get a contradiction if
gfa=0. ]

Remark 3.2. Assumption (3.11) is certainly satisfied if one of F' and G is irre-
ducible (in particular, if one of Hy and Ly is irreducible) since one of Sy and S, is an
empty set in this case.

We are now ready to determine the convergence rate of the LR algorithm for the
null recurrent case. Recall that, for the sequence {G} generated by the LR algorithm,

(3.12) G - Gy, = HoH, - H,G*"".
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ProrosITION 3.10. For each k > 0, HyH; --- H # 0.

Proof. Equation (8.47) in [12] states that (HoH; --- Hy),; is the probability of
first passage to the state (2¥+1, j) before any of the states (0, -) starting from (1,4). If
all of these entries were equal to 0, it would be impossible to reach the states (251, -)
and the transition probability matrix P would not be irreducible. O

Remark 3.3. The above proof is provided by a referee. In the first version of the
paper, the author gave the statement in Proposition 3.10 as an assumption.

The next theorem is our main result. It shows that the sequence {Gj} converges
to the minimal nonnegative solution of (1.1) at precisely the rate of 1/2.

THEOREM 3.11. For the null recurrent QBD with assumptions (3.1) and (3.3),

1
1 b — = —
Jim V|G = Gllee = 5

Proof. Since limy_, o, Hy = %efT, we have limy_, o, Hpe = %e. Therefore, for any
€ € (0, 1), we can find an integer ko such that (3 —e)e < Hpe < (3 +e)e for all k > k.
Note that, by (3.12),

|G = Gillso = (G = Gi)ellso = [[Ho - -+ Hyg Hro+1 - - - Hrell
for k > ko. Thus,

1 _ 1 _
(5= O Ho - Higelloe < 1G = Glloe < (5 + )| Ho - Hyyelc.

In view of Proposition 3.10, it follows readily that
1 1
limsup v/||Gr — Glloo < = +¢, liminf {/||Gx — Glloc > = — €.
k—oo 2 k—o0 2

Since € can be arbitrarily small, we have limy . {/||Gr — Gllco = % 0

4. Improvement of the approximate solution in the null recurrent case.
By (3.12) and Theorem 3.8, it is easy to get a much better approximation to the matrix
G from the sequence {G} generated by the LR algorithm. In fact, we have by (3.12)

GGy —2(G—Gi1) = Hy - Hy(G* —G* ")Vt Hy - Hyy (Hy—2Hp Hy1 )G
The first term converges to zero quadratically by Theorem 2.2 since G G =
(GQH1 —egT) — (G2k+2 —egT). The second term is also much smaller than G —
Gry1 since limg_, oo (Hy —2HiHyy1) = 0 and limg oo (Hg Hg41) = iefT by Theorem
3.8. Therefore, Gpi1 = 2Gpt1 — Gp = Gip1 + (Gry1 — Gi) can be a much better
approximation to G in the null recurrent case. Of course, improvements may also be
achieved for nearly null recurrent QBDs by using the above strategy.

5. Examples. In this section, we will present a few examples to illustrate the
theoretical results in Section 3 and the simple strategy described in Section 4 for
the improvement of the approximate solution. For all examples, assumption (3.1) is
checked through the equivalent assumption (3.2).

Ezample 5.1. Consider the equation (1.1) with

06 04 O 0 0 0 0 0 O
Ao=|( 01 0 01 |, A =] 02 0 01 |, Ay=]| 026 0 0.24
0 0 0 0 0 0 02 0 08
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It is easy to verify that the corresponding QBD is null recurrent. We also find that
G1 = Lo 4+ HoL; is irreducible and has a positive column and that Fy = Hy + LoH;
has a positive column. Since G > Gy and F' > F, assumptions (3.1) and (3.11) are
satisfied. By Proposition 3.9, assumption (3.3) is also satisfied.

For this example, the exact minimal nonnegative solutions of (1.1) and (2.1) can
be found to be

1 1380 920 O 1 5 0 20
= 3300 1320 680 300 |, F = % 0 16
1357 828 115 5 0 20

Accordingly, we have
g" = (1431,874,120)/2425, fT =(1,0,4)/5.

For the matrices Hig and Lyg, found by the LR algorithm using double precision, we
have

) —0.0916 0 —0.3665
Hys —gef" =107 | 00037 0 0.0149 |,
0.0991 0  0.3964

) 0.3091  0.1888  0.0259
Lis — 5egT =10"° 0.0277  0.0169  0.0023
~0.2537 —0.1549 —0.0213

Note that His and Lig are already very close to sef” and Seg”, respectively. We
also find that, for the matrices Gy computed by the LR algorithm,

0 0 0
G —G17=107%| 0474676 0.289914 0.039805
1.091754 0.666802 0.091552

and

0 0 0
G —Gig =107 0.237339 0.144957 0.019903
0.545879 0.333402 0.045776

Note that G — G18 ~ %(G - G17)‘ For élg = 2G18 - G17, we have

) 0 0 0
G—Gis=10"1( 0.1959 0.1196 0.0164
0.4505 0.2752 0.0378

So, G1s is a much better approximation for G.

For the next example, assumption (3.11) is satisfied although neither of Sy and
Sy is empty.

Ezample 5.2. Consider the equation (1.1) with

0 0.5 0 0 0.5
w=(0 ) a=(in) 2= (0 W)

—= O
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The corresponding QBD is clearly null recurrent. Since
0 0.5
Ho=Lo= ( 0 0.5)

for this example, assumptions (3.1) and (3.11) are satisfied. It is easy to find that

0 1
c-r=(01).

So, we actually have Sy = S, = {1}. For this example, we have Hj = %efT and
L, = %egT for all £ > 0. We also have for each &k > 0

G (0 1—1/2k+1
Pl o0 1—1/2kt )

So, {G} converges to G linearly with rate 1/2 and Gy = 2Gy — G_1 = G for all
k> 1.

We can also find examples for which (3.11) is not satisfied.

Ezample 5.3. Consider the equation (1.1) with

0.25 0 0.25 0.25 0 0.25
AO_(0.25 0)’ A1_<0.25 0.25)’ A2_(o 0.25)'
The corresponding QBD is clearly null recurrent. Since
0 0.5 05 0
HO_(() 0.5)’ LO_(0.5 0)

for this example, assumption (3.1) is satisfied. It is easy to find that

10 0 1
o-(18) #-(81)
So, we have Sy = {1} and S, = {2}. Therefore, assumption (3.11) is not satisfied.

However, the conclusions in our main results in Section 3 still hold. In fact, we have
H;, = %efT and Ly = %egT for all £ > 0. We also have for each k >0

oo (171 /20
Pl 1—1/2kt 0 )
So, {Gy} converges to G linearly with rate 1/2 and G = 2G), — Gr_1 = G for all
k>1.
There are also examples for which assumption (3.1) is not satisfied. The next

example is provided by a referee.
Ezample 5.4. Consider the equation (1.1) with

0 05 0 05
A0(0.5 0 ) A =0, A2(0.5 0 )

The corresponding QBD is clearly null recurrent. In this case,

0 1
c=r=(1).
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So, (3.11) is true, but (3.1) is not satisfied. It is easy to find that Hy, = Ly, = 11 for

each k£ > 1 and that
Go — 0 1—1/2k+1
P 1—1/2k 0

for each k > 0. Thus, {G} converges to G linearly with rate 1/2 and Gy = 2G}, —
Gr_1 =G for all k > 1.

We do not have any examples of null recurrent QBDs for which the convergence
of the LR algorithm is not linear with rate 1/2.

Acknowledgments. The author is grateful to the three referees for their very
helpful comments.
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