
MATH 103ProblemSet2 SolutionsDRAFT

EdwardDoolittle

Thursday, February8, 2007

1. (a) f
���

x ��� �
2� 3 � x � 1� 3

(b) f
�
x �	� 1� x1� 6 � x � 1� 6 so f

� �
x ��� ��


1� 6 � x � 7� 6
(c) f is constantso f

���
x ��� 0.

2. (a) f
�
8 ��� 84� 3 � �

81� 3 � 4 � 24 � 16. f
� �

x ��� �
4� 3 � x1� 3 so f

� �
8 �
� �

4� 3 � 81� 3 � �
4� 3 � 2 � 8� 3.

(b) Thetangentline hasslopef
���

8 ��� 8� 3 andpassesthroughthepoint
�
8� f

�
8 ����� � 8� 16� . By thepoint-slope

form of theline wehavey



16 � � 8� 3 � � x 
 8 � . Now in orderto answerthequestion(find a andb) wemust
simplify at thispoint. Wehavey



16 � � 8� 3 � x 
 64� 3or y � � 8� 3 � x � 48� 3 
 64� 3or y � � 8� 3 � x 
 16� 3,

soa � 8� 3 andb � 
 16� 3.

3. (a) We first try evaluatingtheexpressionatx � 8. We obtain

5
�
8 � 
 4



1

3
�
82 ��� 2

�
�

36



1
3
�
64��� 2

� 5
194�

Sinceevaluatingthe expressiongivesa number, not a fractionwith zeroin the denominator, we seethat
we could apply the limit laws to obtainthe sameresult (try it if you feel up to it; seethe notesandthe
textbookfor help). In any case,thefinal answeris 5� 194.

(b) In this caseif we try to substitutethe valuex � 0 into the expressionunderthe limit we get 0� 0 which
doesn’t make sense,so we know we have to do somepreprocessingbeforewe canapply limit laws to
evaluatethelimit. We write

lim
x� 0

x2 � 3x
x

� lim
x� 0

x
�
x � 3 �

x
� lim

x� 0
x � 3 � lim

x� 0
x � lim

x� 0
3 � 0 � 3 � 3

wherelimit laws wereemployedin thesecondlaststep.(I don’t mind if you don’t applythelimit laws in
detail; just substitutingx � 0 into x � 3 is fine,but you shouldat leastunderstandthat thelimit laws were
used.)

(c) Again, if we substitutex � 3 into theexpressionunderthelimit we get
�
32 
 3



6 ��� � 3 
 3 ��� 0� 0 sowe

needto preprocesstheexpression.Factoring,wehave

lim
x� 3

x2 
 x



6
x



3
� lim

x� 3

�
x



3 � � x � 2 �
x



3
� lim

x� 3
x � 2 � 5�

I didn’t applythelimit laws in detailbecausejust substitutingx � 3 into x � 2 givesthesameresult.

4. (a) Recallthatthedefinitionof thederivative is

f
� �

a ��� lim
h� 0

f
�
a � h � 
 f

�
a �

h

whichmakessenseif yourememberthedefinitionof theslopeof thetangentline asthelimit of theslopes
of secantlines. (Otherwise,just memorizethat formula.) In orderto evaluatetheaboveexpressionwe set
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a � 3 andsoweneedto find

f
�
3 ��� 32 � 2 � 11

f
�
3 � h ��� �

3 � h � 2 � 2 � 9 � 6h � h2 � 2 � 11 � 6h � h2

f
�
3 � h � 
 f

�
3 ��� 11 � 6h � h2 
 11 � 6h � h2

f
�
3 � h � 
 f

�
3 �

h
� 6h � h2

h
� h

�
6 � h �

h
� 6 � h �

Now with all thework we did above,finding thelimit from thedefinitionis easy:

f
� �

3 ��� lim
h� 0

f
�
3 � h � 
 f

�
3 �

h
� lim

h� 0
6 � h � 6�

You shouldcheckthattheansweragreeswith whatyouwould obtainby othermethods.

(b) Theideahereis thesameasfor 4(b),but thealgebrais just a little harder. We have

f
�
4 ��� 1

2
�
4 ��� 3

� 1
8 � 3

� 1
11

f
�
4 � h ��� 1

2
�
4 � h ��� 3

� 1
11 � 2h

f
�
4 � h � 
 f

�
4 ��� 1

11 � 2h


 1
11

� 11
11
�
11 � 2h � 
 11 � 2h

11
�
11 � 2h � � 
 2h

11
�
11 � 2h �

f
�
4 � h � 
 f

�
4 �

h
�

 2h

11� 11� 2h�
h

� 
 2h
11
�
11 � 2h ��� 1h � 
 2

121 � 22h

f
� �

4 ��� lim
h� 0

f
�
4 � h � 
 f

�
4 �

h
� lim

h� 0


 2
121 � 22h

� 
 2
121 � 22

�
0 � � 
 2

121�
You shouldcheckthattheaboveansweragreeswith whatyouwouldobtainusingthegeneralpower rule.

(c) As above,we have

f
�
2 ��� �

5



2 � �
3

f
�
2 � h ��� 5


��
2 � h ��� � 3



h

f
�
2 � h � 
 f

�
2 ��� �

3



h

 �

3

f
� �

2 ��� lim
h� 0

f
�
2 � h � 
 f

�
2 �

h
� lim

h� 0

�
3



h

 �

3
h �

In orderto evaluatetheabovelimit we needto usethetrick of multiplying by theconjugateradical:

f
� �

2 ��� lim
h� 0

�
3



h

 �

3
h

� lim
h� 0

� �
3



h

 �

3� � � 3



h � � 3 �
h
� �

3



h � � 3
� lim

h� 0

�
3



h � 
 3

h
� �

3



h � � 3

� lim
h� 0



h

h
� �

3



h � � 3
� lim

h� 0



1�

3



h � � 3
� 


1�
3 � � 3

� 

1

2
�

3 �
You shouldcheckthattheansweragreeswith whatyouwould obtainusingthegeneralpower rule.

5. It is bestto first graphthe functions,andthentry to figure out from the graphswhetherthey arecontinuous
and/ordifferentiable.

(a) We cangraph f by graphingeachof thecasesandthencombiningthegraphstogether;seeFigure1(i) for
thecase



1 � x � 1, Figure1(ii) for thecase1 � x � 5, andFigure1(iii) for thecombinationof thetwo.

Fromthelattergraph,wecanseethatthefunctionis continuous(becausethegraphcanbedrawn without
lifting thepenfrom thepage),but that it is not differentiableat x � 1 becausethereis a sharpchangein
directionin thegraphat thatpoint.
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(i) y � x � 2 for



1 � x � 1 (ii) y � 3x for 1 � x � 5 (iii) y � f
�
x � for



1 � x � 5

Figure1: Graphsfor question5(a)
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Figure2: Graphfor question5(b)

(b) In thiscasewegraphthefunction f
�
x ��� x leaving a holeat thepoint

�
1� 1 � , thenweput adot at thepoint�

1� 2 � which is thespecialcasegivenin thedefinitionof thefunction. SeeFigure2. Fromthefigure,we
seethat f

�
x � is not continuousat x � 1 becausewe have to lift thepenoff thepageto draw thefunction

nearthatpoint. Furthermore,sincethe function is not continuousat thatpoint, it can’t be differentiable
thereeither. You canalsoseethat by noting that secantlines throughthe points

�
1� f

�
1 �G�H� �

1� 2 � and�
1 � h � f

�
1 � h ����� � 1 � h � 1 � h � becomeprogressively steeperandsteeperuntil they arenearlyverticalas

h tendsto 0, sothederivativeasthelimit of theslopesof thesecantlinescan’t exist there.

6. The ideahereis that f is continuousat a if andonly if lim
x� a

f
�
x �I� f

�
a � . Thereforeif f isn’t definedat a, the

only wayto extendthedefinitionof f to a whichmakesthefunctioncontinuousis to definef
�
a � to betheabove

limit.

(a) We have f
�
x � undefinedat x � 


4, andin facttheformulaprovideddoesn’t makesensefor x � 

4, soit

is not immediatelyobvioushow to extendthe definitionof f
�
x � to includex � 


4. This is wherelimits
areuseful.We evaluate

lim
x� � 4

f
�
x �
� lim

x� � 4

x2 � x



12
x � 4

� lim
x� � 4

�
x � 4 � � x 
 3 �

x � 4
� lim

x� � 4

�
x



3 ��� 

7

so if we extend the definition of the function f to include f
��


4 �J� 

7, the resultingnew function is

continuous.(Strictly speaking,thenew functionshouldbenamedwith a differentletter, g say, becauseit
is a differentfunctionfrom f . Thedefinitionof g is

g
�
x ��� x2� x � 12

x� 4 � x K� 

4


7� x � 

4

which is differentfrom the definitionof f . The function g couldalsobe definedmoresimply asg
�
x �
�

x



3; why?

4



(b) Again,we evaluatethelimit asx approaches5 to obtain

lim
x� 5

f
�
x ��� lim

x� 5

x2 � 25
x



5 �
Unfortunately, thenumeratortendsto anon-zerovaluebut thedenominatortendsto 0, sothelimit doesn’t
exist. (Try puttingin somevaluescloseto 5 with your calculator;you’ll find out that theresultingvalues
of f

�
x � grow largerandlargeraswegetcloseto 5; wesaythatthelimit doesn’t exist, andin particularthat

thelimit is L ∞, but don’t worry aboutthattoo muchjust now.) In any case,thefunctioncan’t bepatched
up to becontinuous,no matterhow wedefine f

�
5 � .

(c) As above,we needto evaluatethelimit

lim
x� 0

f
�
x ��� lim

x� 0

�
9 � x


 �
9

x �
We evaluatetheabove limit by thetrick of multiplying boththenumeratoranddenominatorof theabove
fractionby theconjugateradical

�
9 � x � � 9:

lim
x� 0

f
�
x ��� lim

x� 0

� �
9 � x


 �
9� � � 9 � x � � 9

x
� �

9 � x � � 9 � � lim
x� 0

�
9 � x � 
 9

x
� �

9 � x � � 9� � lim
x� 0

x

x
� �

9 � x � � 9 � � lim
x� 0

1�
9 � x � � 9 �

Now we cansubstitutethevaluex � 0 into theabovelimit to obtain

lim
x� 0

f
�
x ��� 1�

9 � 0 � � 9
� 1�

9 � � 9
� 1

6 �
Soextendingthedefinitionof f to include f

�
0 �
� 1� 6 resultsin acontinuousfunction.

7. (a) SeeFigure3. Notethatbothcurvespassthroughthepoint
�
1� 1 � . Thetangentlinesfor eachof thecurves

is dashedin theappropriatecolour.

(b) Wehave f
���

x ��� 2x so f
���

1 �M� 2,andg
�N�

x ��� 3x2 sog
���

1 ��� 3. Thismeansthat f is increasingmoreslowly
thang at thepoint

�
1� 1 � , i.e., wherethetwo graphscross.In geometricterms,thegraphof g crossesthe

graphof f from below to aboveat
�
1� 1 � .

8. (a) We canbuild up thefunctionR by looking at two cases:thenumberof copiesis lessthanor equalto 150,
andthenumberof copiesis greaterthan150.Thenwehave

R
�
x ��� 2� 50 � 0� 10x for x � 150

2� 50 � 0� 10
�
150�O� 0� 07

�
x



150� for x P 150
� 2� 50 � 0� 10x for x � 150

7� 00 � 0� 07x for x P 150

wherethelatterexpressionwasfoundby simplifying theformulafor thesecondcasewith simplealgebra.

(b) Theprofit is revenueminuscost,or P
�
x ��� R

�
x � 
 C

�
x � . SinceC

�
x � hasthesimpleformulaC

�
x �
� 0� 03x

we canwrite

R
�
x �Q� 2� 50 � 0� 10x for x � 150

7� 00 � 0� 07x for x P 150



C
�
x �Q� 2� 50 � 0� 10x



0� 03x for x � 150

7� 00 � 0� 07x



0� 03x for x P 150
� 2� 50 � 0� 07x for x � 150

7� 00 � 0� 04x for x P 150

(c) Theprofit functionis continuousbut notdifferentiable;in particular, it fails to bedifferentiableatx � 150.
SeeFigure4.
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Figure3: Graphfor question7a

[ \][�[ ^�[�[ _[

\][

` `badc"e _gf

Figure4: Graphfor question8(c)
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