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(@) f'(x) = (2/3)x /3

(b) f(x) =1/x"/8=x"Y8sof'(x)=(—1/6)x /8

(c) fisconstanso f'(x) =0.

(a) f(8) =83 =(81/3)4 =2 =16. f/(x) = (4/3)x/3 so f'(8) = (4/3)8Y3 = (4/3)2 =8/3.

(b) Thetangentine hasslopef’(8) = 8/3 andpasseshroughthepoint (8, f(8)) = (8,16). By thepoint-slope
form of theline wehavey—16= (8/3)(x— 8). Now in orderto answeithequestion(find a andb) we must
simplify atthis point. We havey — 16 = (8/3)x— 64/3ory = (8/3)x+48/3—64/30ry = (8/3)x— 16/3,
soa=8/3andb=—16/3.

(a) Wefirst try evaluatingthe expressioratx = 8. We obtain

58 -4-1_ V36-1 5

3(89)+2  3(64)+2 194

Sinceevaluatingthe expressiongivesa number not a fraction with zeroin the denominatorwe seethat
we could apply the limit laws to obtainthe sameresult(try it if you feel up to it; seethe notesandthe
textbookfor help). In ary casethefinal answeris 5/194.

(b) In this caseif we try to substitutethe valuex = 0 into the expressionunderthe limit we get0/0 which
doesnt make sense so we know we have to do somepreprocessindpeforewe canapply limit laws to
evaluatethelimit. We write

X2+ 3x X(X+ 3)

lim —— =lim

=limx+3=Ilimx+1im3=0+3=3
X—0 X X—0 X—0 x—0 x—0

wherelimit laws wereemployedin the secondaststep.(l don’t mindif you don't applythelimit lawsin
detail; just substitutingx = 0 into x+ 3 is fine, but you shouldat leastunderstandhatthe limit laws were

used.)

(c) Again, if we substitutex = 3 into the expressiorunderthe limit we get (32 — 3—6)/(3—3) = 0/0 sowe
needto preprocesshe expression Factoring,we have

X2 —Xx—6 (x—3)(x+2)

lim = lim
x—3 X—3 x—3 X—3

=limx+2=5.
X—3

| didn’t applythelimit laws in detailbecausgust substitutingx = 3 into x+ 2 givesthe sameresult.

(a) Recallthatthedefinitionof thederivativeis
. f(a+h)—f(a)
/ —
f'(a) = II1|m0 h

which makessenséf youremembethedefinitionof the slopeof thetangentine asthelimit of theslopes
of secantines. (Otherwisejust memorizethatformula.) In orderto evaluatethe above expressionve set



a= 3 andsowe needto find

f(3)=32+2=11
f(3+h)=(3+h)?+2=9+6h+h*+2=11+6h+h?

f(3+h)—f(3)=11+6h+h?—11=6h+h?

f(3+h)—f(3) 6h+h? h(6+h)

=6+h.

h ~h  h
Now with all thework we did above, finding thelimit from the definitionis easy:

(@) fim FEEN Q)

=1lim6+h=6.
h—0 h—0

You shouldcheckthatthe answeragreesvith whatyou would obtainby othermethods.
(b) Theideahereis thesameasfor 4(b), but thealgebrais justalittle harder We have

1 1 1
M=@3 83 1
1 1
(N =@ rs~ o
1 1 11 11+2h 2h
A+ -1 =11~ 11(11+2h) 11(11+2h)  11(11+2h)
h
f(4+h)—f(4) _11(121+2h) _ 2h 12
h ~ h  11(11+2h) h 121+22h
f(4+h) - f(4) 2 2 2
I _ S WV = ——
F(4) = lim h M Toiyoh T T2ir220) 120

You shouldcheckthatthe above answeragreeswith whatyou would obtainusingthe generalpowerrule.
(c) Asabove,we have

f(2)=v5-2=V3
f(24+-h)=+/5—(2+h)=+v3-h
f(2+h) —f(2)=v3—h—V3
(2= im 1CHN =@y, v3-R=VE

h—0 h h—’O

In orderto evaluatetheabove limit we needto usethetrick of multiplying by the conjugateradical:

f'(2) = lim 8-h-V3_ (”3*h*\/§)“3*h+\/§):|im (B-h-
h—0 h h—0 (\/Th—|- \/é h—0 h(\/ﬂ+ \/é

—h -1 -1 -1
= lim = lim - )
Mon(V3—h+v3 MOVE-hivE V3+v3  2/3

You shouldcheckthatthe answeragreesvith whatyou would obtainusingthe generapowerrule.

5. It is bestto first graphthe functions,andthentry to figure out from the graphswhetherthey are continuous
and/ordifferentiable.

(a) We cangraphf by graphingeachof the casesandthencombiningthegraphstogether;seeFigure1(i) for
thecase—1 < x < 1, Figure1(ii) for thecasel < x < 5, andFigure1(iii) for the combinationof thetwo.
Fromthelattergraph,we canseethatthe functionis continuougbecause¢he graphcanbe dravn without
lifting the penfrom the page),but thatit is not differentiableat x = 1 becausehereis a sharpchangen
directionin the graphat thatpoint.
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Figurel: Graphsfor questions(a)
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(iii) y=f(x) for -1 <x<5
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Figure2: Graphfor questions(b)

(b) In this casewe graphthefunction f (x) = x leaving aholeatthepoint (1, 1), thenwe putadotatthe point
(1,2) which s the specialcasegivenin the definition of the function. SeeFigure2. Fromthefigure,we
seethat f(x) is not continuousat x = 1 becauseve have to lift the penoff the pageto draw the function
nearthat point. Furthermoresincethe function is not continuousat that point, it cant be differentiable
thereeither You canalsoseethat by noting that secantines throughthe points (1, f(1)) = (1,2) and
(1+h,f(1+h)) = (1+h,1+ h) becomeprogressiely steepeandsteepeuntil they arenearlyverticalas
h tendsto 0, sothederivative asthelimit of the slopesof thesecantinescant exist there.

6. Theideahereis that f is continuousata if andonly if )I(irr;f(x) = f(a). Thereforeif f isn't definedat a, the
only way to extendthedefinitionof f to a which makesthefunctioncontinuouss to definef (a) to betheabove
limit.

(a) We have f(x) undefinedatx = —4, andin factthe formulaprovideddoesnt make senseor x = —4, soit

is notimmediatelyobvious how to extendthe definition of f(x) to includex = —4. Thisis wherelimits
areuseful. We evaluate

- X x—12 4)(x—3
lim f(x) = lim XHX=12_ i (x+4)(x=3) _
x——4 x—>—4 X+4 X——4 X+4 X——4

so if we extend the definition of the function f to include f(—4) = —7, the resultingnew function is
continuous.(Strictly speakingthe new function shouldbe namedwith a differentletter, g say becausét
is adifferentfunctionfrom f. Thedefinitionof g is

XR+x—12 _
g(x) = ar o X#F 4
-7, X=-4

which is differentfrom the definition of f. Thefunctiong could alsobe definedmoresimply asg(x) =
X — 3; why?



(b) Again,we evaluatethelimit asx approache$ to obtain

2
. . X°+25
lim f(x) = lim .
X—5 ) x—5 X—5
Unfortunatelythe numeratotendsto a non-zerovaluebut thedenominatotendsto 0, sothelimit doesnt
exist. (Try puttingin somevaluescloseto 5 with your calculator;you’ll find outthattheresultingvalues
of f(x) grow largerandlargeraswe getcloseto 5; we saythatthelimit doesnt exist, andin particularthat
thelimit is +oo, but don’t worry aboutthattoo muchjustnow.) In ary case thefunctioncant be patched
up to be continuousno matterhow we definef (5).
(c) Asabove,we needto evaluatethelimit
. . 9+Xx—+9
lim f(x) = lim ;\/_
x—0 x—0 X

We evaluatethe above limit by thetrick of multiplying boththe numeratomanddenominatoof the above
fractionby the conjugateradical /9 + x+ v/9:

fim £ () — lim (VO TX=VOWVOTXEVE ) (949 X

1
= =lim =lm —.
x—0 x—0 X(v/9+x++/9) x=0X(v/9+X++9) x-0x(v/9+Xx++9) x-0,/9+x++/9

Now we cansubstitutehevaluex = 0 into the abore limit to obtain

imfo)=—o -+ 1
-0 ' \O+0+v9 VO9+0 6

Soextendingthedefinitionof f to include f(0) = 1/6 resultsin a continuousfunction.

7. (a) SeeFigure3. Notethatbothcurvespassthroughthepoint (1,1). Thetangentinesfor eachof thecurves
is dashedn theappropriatecolour.

(b) Wehave f/(x) = 2xsof’(1) = 2,andg’(x) = 3x? sog'(1) = 3. Thismeanghat f is increasingnoreslowly
thang atthepoint (1,1), i.e., wherethe two graphscross.In geometricterms,the graphof g crosseghe
graphof f from below to above at (1,1).

8. (a) We canbuild up thefunctionR by looking attwo casesthe numberof copiesis lessthanor equalto 150,
andthe numberof copiesis greaterthan150. Thenwe have

(x) = 2.50+40.10x forx<150 ]2.50+0.10x forx <150
] 2504 0.10(150) +0.07(x—150) forx> 150 | 7.00+0.07x for x> 150

wherethelatter expressiorwasfoundby simplifying theformulafor the secondcasewith simplealgebra.

(b) Theprofitis revenueminuscost,or P(x) = R(x) — C(x). SinceC(x) hasthe simpleformulaC(x) = 0.03x
we canwrite

(X) = 250+0.10x forx< 1507C(x)— 2.50+0.10x—0.03x forx <150 [2.50+0.07x forx <150
~17.004+0.07x for x> 150 ~ ]7.004+0.07x— 0.03x forx>150 |7.00+0.04x for x> 150

(c) Theprofitfunctionis continuousbut notdifferentiablejn particular it failsto bedifferentiableatx = 150.
SeeFigure4.
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Figure3: Graphfor question7a
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Figure4: Graphfor questiong(c)



