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1. (a) Thefirst derivativeis f/(x) = 3x? — 27. Stationarypointsarewhere f’(x) = 0, i.e., where3x?> — 27 = 0.

(b)
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Solving,x = +3 arethe stationarypoints.

Thefirst derivativeis g (x) = —18x? — 3x+ 3. Stationarypointsarewhereg’(x) = 0, i.e., where—18x? —
3x+3 = 0. Dividing throughby the commonfactorof —3 we have 6x* + x — 1 = 0. Factoring, (3x —
1)(2x+ 1) = 0, sothecritical pointsarex = 1/3andx = —1/2.

Thefirst derivativeis h' (x) = 6x? + 6x, sothe stationarypointsarewhere6x? + 6x = 0, i.e., whereéx(x+
1)=0,i.e.,x=0andx=—1.

2. To apply thefirst derivative test,we needto checkthe sign of the first derivative at points nearthe stationary
point. By near | meancloserthanary otherstationarypoint (or any other“interesting” point, for that matter;
for themoment,only stationarypointsare“interesting”).

(a) The stationarypointsareat x = —3 andx = 3, so we cancheckthe first derivative at x = —4, x =0,

(b)
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(b)
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andx = 4. At x = —4, f’(—4) = 3(—4)2 — 27 = 21> 0 sothefunctionis increasingatx = —4. At x =0,
f/(0) = 3(0)? — 27= —27 < 0 sothefunctionis decreasingtx = 0. At x= 4, f'(4) = 3(4)2-27=21>0
so the function is increasingat x = 4. The functionincreasedo x = —3, thendecreaseto x = 3, then
increasedo theright of x = 3. Thereforethe function hasa relatve maximumat x = —3 anda relative
minimumatx = 3.

The stationarypointsareat x = —1/2 andx = 1/3. We cantestthe first derivative at x = —1, x =0,
andx=1. At x= -1, ¢(-1) = —18(—-1)> - 3(-1) + 3 = —18+4 3+ 3 = —12 < 0 so the function
is decreasing.At x = 0, ¢/(0) = —18(0)2 — 3(0) + 3 = 3 > 0 so the functionis increasing. At x = 1,
g'(1) = —18(1)?— 3(1) + 3= —18< 0 sothefunctionis decreasingThefunctiondecreaset x = —1/2,
increasesrom —1/2to 1/3, andthendecreaset theright of 1/3. Thereforeit hasalocal minimumat
x= —1/2 andalocalmaximumatx =1/3.

The stationarypointsareatx = —1 andx = 0. We cantestthefirst dervativeatx= —2,x = —-1/2, and
x=1. We have h'(—2) = 6(—2)2 + 6(—2) = 12> 0 sothefunctionis increasingo theleft of x = —1; we

have W(—1/2) = 6(-1/2)?+ 6(—1/2) = 3/2—6/2= —3/2 < 0 sothe functionis decreasingetween
x = —1andx = 0; andwe have (1) = 6(1)2 + 6(1) = 12> 0 sothefunctionis increasingo theright of

x=0.

(a) The secondderivative is f”(x) = 6x. Theinflection pointsarewheref”(x) =0, i.e., whereéx =0, i.e.,

atx = 0. At the stationarypointx = —3, f”(—3) = 6(—3) = —18 < 0, sothefunctionis concare down
at x = —3, which confirmsthat the function hasa local maximumat that stationarypoint by the second
derivative test. At thestationarypointx =3, f”(3) = 6(3) = 18> 0, sothefunctionis concaeupatx = 3,
which confirmsthatthefunctionhasalocal minimumat thatstationarypoint.

Theseconderivativeis g’ (x) = —36x — 3. Theinflection pointsarewhereg” (x) = 0, i.e.,where—36x —
3=0,i.e.,x=—1/12. Furthermoreatthestationanpointx= —1/2wehaveg”’(—1/2) =18—3=15> 0,
concae up, local minimum, andat the stationarypointx = 1/3 we have ¢”(1/3) = —12— 3= -15< 0,
concae down, local maximum.

Thesecondlerivativeis h”(x) = 12x+ 6 sotheinflectionpointis wherel2x+6=0,i.e.,.x= —1/2. At the
stationarypointswe have h”(—1) = —6 < 0, concae down, local maximumandh”(1) = 6 > 0, concae
up, local minimum.



4.

5. Thex-interceptsarethelocationswherethe graphof the functioncrosseshe x-axis.

(a) To find the x-interceptswe have to solve theequationR(x) = 0, i.e.,

(b)
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1?2+3x+1:0 — 3% +x+12=0.

By the quadratidformula
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we seethatthe quadraticequationhasno roots (we can't take the squareroot of a negative number)and
hencethegraphhasno x-intercepts.

Clearingfractionsasin the previous,we needto solve
1 x 5 5
Z2t1 2-0= 44 x3 - 5x% =0.
Normally we would have greatdifficulty solvinga cubicequationlike x3 — 5x? 4 4 = 0, but we aregivena
hintthatx = 1 is aroot (which we cancheck),sowe canfactoroutx — 1 to obtain(x — 1)(x*> — 4x— 4) =0,

andwe've reducedhe problemto thatof factoringthe quadraticx® — 4x — 4. Usingthe quadratidormula,
therootsare
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approximatelyx = 4.83 andx = —0.83.
As usual,we needto solve theequationP(x) = 0, i.e.,
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However, bothtermsarepositive for x > 0 sotherecanbeno solution,i.e.,thecurve doesnotinterceptthe
X-axis.

=0.

6. (a) ThestationarypointsarewhereR/(x) =0, i.e., —12/x*+3 =0, i.e.,x* = 4,i.e.,x = 2. (We throw away

(b)
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x = —2 becauseave aregivenx > 0 asa restrictionon the domainof the function.) The correspondiny
valueisy = R(2) = 12/2+ 3(2) + 1= 13, soastationarypointis locatedon thegraphat (2, 13).
Theextremepointsarethe stationarypointsat which the functionpasseshefirst or secondlerivative test.
The secondderivative testis easierto applyin this case:R’(x) = 24/x3, R'(2) > 0 s0(2,13) is in facta
local minimum point.

TheinflectionpointsarewhereR’(x) = 0, i.e.,24/x3 = 0. Thereis noinflectionpointbecaus¢hatequation
hasno solution. Many studentsnake the mistale of sayingthat24/x3 = 0 impliesx = 0, but thatis not
true; substitutingk = 0 into the expressior24/x3 givesanundefinedesult,not 0.

Thederivativesof C areC’ (x) = —2x 3+ 1/4andC" (x) = 6x~*. StationarypointsarewhereC’(x) = 0,i.e.,
—2x341/4=0,i.e.,x3 = 8,i.e. x= 2. Thestationarypointis an extremepoint, a minimumin fact, by
theseconderivativetest:C”(2) > 0. Thelocationof theminimumonthegraphis (2,C(2)) = (2, —1/2).
Finally, inflection pointsarewhereC” (x) = 6x~% = 0, i.e., nowhere.

We have P'(x) = (—=1/2)x~%/2 4 (1/2) andP"(x) = (3/4)x%/2. For stationarypoints P’(x) = 0 which
impliesx=3/2 = 1 whichimpliesx = 1-2/3 = 1. Thestationarypointis aminimumby thesecondlerivative
testbecausé®’(1) > 0. The stationarypoint on the graphis locatedat (1,P(1)) = (1,3/2). Thereis no
inflection pointbecausé@” (x) = (3/4)x~5/2 = 0 hasno solutions.



7. In eachcasejt is actuallyeasyto find the asymptoteswe look for atermwhich ‘misbehaves’,andthathelpsus
find theasymptotesln eachcaseit is thefirst termwhich misbehaes.

(@) In this case,the first term 12/x blows up asx approache®, so thereis a vertical asymptoteat x = 0.
Furthermoretheterm12/x is negligible for largex, soR(x) =~ 3x+ 1 for largex, i.e.,y = 3x+ lis aslant
asymptote.

(b) Thefirstterm1/x? blows up asx approache®, sothereis a verticalasymptoteat x = 0. In addition,the
term1/x? is negligible for largex, soy = x/4 — 5/4 s a slantasymptote.

(c) Thefirstterm1/./x blowsupasx approache8, sothereis averticalasymptoteatx = 0. Furthermorethe
term1/./x is negligible for largex, soy = x/2 is a slantasymptote.



