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1. (a) The first derivative is f
���

x ��� 3x2 � 27. Stationarypointsarewhere f
���

x ��� 0, i.e., where3x2 � 27 � 0.
Solving,x �	� 3 arethestationarypoints.

(b) Thefirst derivative is g
�
�

x ��� � 18x2 � 3x � 3. Stationarypointsarewhereg
�
�

x ��� 0, i.e.,where � 18x2 �
3x � 3 � 0. Dividing throughby the commonfactorof � 3 we have 6x2 � x � 1 � 0. Factoring,

�
3x �

1 � � 2x � 1 ��� 0, sothecritical pointsarex � 1� 3 andx � � 1� 2.

(c) Thefirst derivative is h
�
�

x ��� 6x2 � 6x, sothestationarypointsarewhere6x2 � 6x � 0, i.e.,where6x
�
x �

1 ��� 0, i.e.,x � 0 andx � � 1.

2. To apply the first derivative test,we needto checkthe sign of the first derivative at pointsnearthe stationary
point. By near, I meancloserthanany otherstationarypoint (or any other“interesting”point, for thatmatter;
for themoment,only stationarypointsare“interesting”).

(a) The stationarypoints areat x � � 3 and x � 3, so we cancheckthe first derivative at x � � 4, x � 0,
andx � 4. At x � � 4, f

��� � 4 ��� 3
� � 4 � 2 � 27 � 21 � 0 sothefunctionis increasingat x � � 4. At x � 0,

f
���

0 ��� 3
�
0 � 2 � 27 � � 27 � 0 sothefunctionis decreasingatx � 0. At x � 4, f

���
4 ��� 3

�
4 � 2 � 27 � 21 � 0

so the function is increasingat x � 4. The function increasesto x � � 3, thendecreasesto x � 3, then
increasesto the right of x � 3. Thereforethe function hasa relative maximumat x � � 3 anda relative
minimumat x � 3.

(b) The stationarypointsareat x � � 1� 2 andx � 1� 3. We can test the first derivative at x � � 1, x � 0,
and x � 1. At x � � 1, g

�
� � 1 ��� � 18
� � 1 � 2 � 3

� � 1 ��� 3 � � 18 � 3 � 3 � � 12 � 0 so the function
is decreasing.At x � 0, g

�
�
0 ��� � 18

�
0 � 2 � 3

�
0 ��� 3 � 3 � 0 so the function is increasing. At x � 1,

g
���

1 ��� � 18
�
1 � 2 � 3

�
1 ��� 3 � � 18 � 0 sothefunctionis decreasing.Thefunctiondecreasesto x � � 1� 2,

increasesfrom � 1� 2 to 1� 3, andthendecreasesto theright of 1� 3. Thereforeit hasa local minimumat
x � � 1� 2 anda localmaximumat x � 1� 3.

(c) Thestationarypointsareat x � � 1 andx � 0. We cantestthefirst derivative at x � � 2, x � � 1� 2, and
x � 1. We haveh

�
� � 2 ��� 6
� � 2 � 2 � 6

� � 2 ��� 12 � 0 sothefunctionis increasingto theleft of x � � 1; we
have h

��� � 1� 2 ��� 6
� � 1� 2 � 2 � 6

� � 1� 2 ��� 3� 2 � 6� 2 � � 3� 2 � 0 so the function is decreasingbetween
x � � 1 andx � 0; andwe haveh

�
�
1 ��� 6

�
1 � 2 � 6

�
1 ��� 12 � 0 sothefunctionis increasingto theright of

x � 0.

3. (a) The secondderivative is f
� ���

x ��� 6x. The inflectionpointsarewhere f
� ���

x ��� 0, i.e., where6x � 0, i.e.,
at x � 0. At thestationarypoint x � � 3, f

� �
� � 3 ��� 6
� � 3 ��� � 18 � 0, so the function is concave down

at x � � 3, which confirmsthat the function hasa local maximumat that stationarypoint by the second
derivativetest.At thestationarypointx � 3, f

� ���
3 ��� 6

�
3 ��� 18 � 0, sothefunctionis concaveupatx � 3,

which confirmsthatthefunctionhasa localminimumat thatstationarypoint.

(b) Thesecondderivative is g
� � �

x ��� � 36x � 3. Theinflectionpointsarewhereg
� � �

x ��� 0, i.e.,where � 36x �
3 � 0, i.e.,x � � 1� 12. Furthermore,atthestationarypointx � � 1� 2wehaveg

� �
� � 1� 2 ��� 18 � 3 � 15 � 0,
concave up, local minimum,andat thestationarypoint x � 1� 3 we have g

� �
�
1� 3 ��� � 12 � 3 � � 15 � 0,

concavedown, localmaximum.

(c) Thesecondderivativeis h
� �
�

x ��� 12x � 6 sotheinflectionpoint is where12x � 6 � 0, i.e.,x � � 1� 2. At the
stationarypointswe have h

� �
� � 1 ��� � 6 � 0, concave down, local maximumandh
� �
�

1 ��� 6 � 0, concave
up, localminimum.
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4.

5. Thex-interceptsarethelocationswherethegraphof thefunctioncrossesthex-axis.

(a) To find thex-intercepts,wehave to solve theequationR
�
x ��� 0, i.e.,

12
x
� 3x � 1 � 0 ��� 3x2 � x � 12 � 0�

By thequadraticformula

x �
� b � � b2 � 4ac

2a
�
� 1 � 1 � 4

�
3 � � 12�

2
�
3 � !

we seethat thequadraticequationhasno roots(we can’t take thesquareroot of a negative number)and
hencethegraphhasno x-intercepts.

(b) Clearingfractionsasin theprevious,we needto solve

1
x2 �

x
4
� 5

4
� 0 ��� 4 � x3 � 5x2 � 0�

Normallywewouldhavegreatdifficulty solvingacubicequationlikex3 � 5x2 � 4 � 0, but wearegivena
hint thatx � 1 is aroot (whichwecancheck),sowecanfactoroutx � 1 to obtain

�
x � 1 � � x2 � 4x � 4 ��� 0,

andwe’vereducedtheproblemto thatof factoringthequadraticx2 � 4x � 4. Usingthequadraticformula,
therootsare

x � 4 � 16 � 4
�
1 � � � 4 �

2
� 2 � 2� 2!

approximatelyx � 4� 83andx � � 0� 83.

(c) As usual,we needto solve theequationP
�
x ��� 0, i.e.,

1

� x
� x

2
� 0�

However, bothtermsarepositivefor x � 0 sotherecanbenosolution,i.e.,thecurvedoesnot interceptthe
x-axis.

6. (a) ThestationarypointsarewhereR
� �

x ��� 0, i.e., � 12� x2 � 3 � 0, i.e., x2 � 4, i.e., x � 2. (We throw away
x � � 2 becausewe aregivenx � 0 asa restrictionon thedomainof the function.) Thecorrespondingy
valueis y � R

�
2 ��� 12� 2 � 3

�
2 �"� 1 � 13,soastationarypoint is locatedon thegraphat

�
2! 13� .

Theextremepointsarethestationarypointsatwhich thefunctionpassesthefirst or secondderivativetest.
Thesecondderivative testis easierto apply in this case:R

� �
�
x ��� 24� x3, R

� �
�
2 ��� 0 so

�
2! 13� is in facta

localminimumpoint.

TheinflectionpointsarewhereR
� � �

x ��� 0, i.e.,24� x3 � 0. Thereis noinflectionpointbecausethatequation
hasno solution. Many studentsmake themistake of sayingthat24� x3 � 0 impliesx � 0, but that is not
true;substitutingx � 0 into theexpression24� x3 givesanundefinedresult,not 0.

(b) Thederivativesof C areC
� �

x ��� � 2x # 3 � 1� 4andC
� � �

x ��� 6x # 4. StationarypointsarewhereC
� �

x ��� 0, i.e.,� 2x # 3 � 1� 4 � 0, i.e., x3 � 8, i.e. x � 2. Thestationarypoint is anextremepoint,a minimumin fact,by
thesecondderivativetest:C

� �
�
2 ��� 0. Thelocationof theminimumonthegraphis

�
2! C
�
2 �$��� � 2!

� 1� 2 � .
Finally, inflectionpointsarewhereC

� � �
x ��� 6x # 4 � 0, i.e.,nowhere.

(c) We have P
�
�

x �%� � � 1� 2 � x # 3& 2 � � 1� 2 � andP
� �
�

x ��� � 3� 4 � x # 5& 2. For stationarypointsP
�
�

x ��� 0 which
impliesx # 3& 2 � 1 whichimpliesx � 1# 2& 3 � 1. Thestationarypointis aminimumby thesecondderivative
testbecauseP

� � �
1 ��� 0. Thestationarypoint on the graphis locatedat

�
1! P
�
1 �$��� � 1! 3� 2 � . Thereis no

inflectionpointbecauseP
� �
�

x ��� � 3� 4 � x # 5& 2 � 0 hasno solutions.
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7. In eachcase,it is actuallyeasyto find theasymptotes:we look for a termwhich ‘misbehaves’,andthathelpsus
find theasymptotes.In eachcaseit is thefirst termwhich misbehaves.

(a) In this case,the first term 12� x blows up as x approaches0, so thereis a vertical asymptoteat x � 0.
Furthermore,theterm12� x is negligible for largex, soR

�
x ��' 3x � 1 for largex, i.e.,y � 3x � 1 is a slant

asymptote.

(b) Thefirst term1� x2 blows up asx approaches0, sothereis a verticalasymptoteat x � 0. In addition,the
term1� x2 is negligible for largex, soy � x � 4 � 5� 4 is a slantasymptote.

(c) Thefirst term1� � x blowsupasx approaches0, sothereis averticalasymptoteatx � 0. Furthermore,the
term1� � x is negligible for largex, soy � x � 2 is a slantasymptote.

8.
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