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1. (a) Differentiating,f
���

t ��� 24 � 2t. Settingthefirst derivativeequalto zero,24 � 2t � 0 impliest � 12. By the
secondderivativetest, f

� � �
t ����� 2 	 0 whent � 12,so f hasa(local)maximumat t � 12. A quicksketch

of the function,or applicationof thefirst derivative test,shouldconvinceyou that the local maximumis
actuallya globalmaximum. Thevalueof f at the local maximumis f

�
12�
� 24

�
12��� � 12� 2 � 144. In

conclusion,themaximumvalueof f is 144,andthatmaximumoccurswhent � 12.

(b) This is similar to part(a): g
���

x ��� 4 � 2x is zerowhenx � 2; g
� �
�

x ����� 2 	 0 whenx � 2 sothestationary
point is a localmaximum.A graphor thefirst derivativetestshouldconvinceyou thatthelocalmaximum
really is aglobalmaximum.In conclusion,themaximumvalueof thefunctionis g

�
2 ��� 10 � 4

�
2 ��� 22 �

14 which occurswhenx � 2.

(c) This questionis a little harderthan the previous. Taking the derivative is still straightforward: h
���

t ���
� 3t2 � 12t. To find the stationarypointswe needto solve the equationh

���
t ��� 0 which implies � 3t2 �

12t � 0. Factoringthe quadratic,we have � 3t
�
t � 4 ��� 0 so the rootsaret � 0, t � 4. Now we really

do needto checkwhich is a local maximumandwhich is a local minimum. The secondderivative is
h
� ���

t ����� 6t � 12; we have h
� ���

0 �
� 12 � 0 so thestationarypoint at t � 0 is a local minimum;similarly
we haveh

� ���
4 ����� 6

�
4 ��� 12 ��� 12 	 0 sothestationarypoint at t � 4 is a local maximum.

In conclusion,onewouldsuspectthatthemaximumvalueof thefunctionis h
�
4 ����� 43 � 6

�
4 � 2 � 40 � 72,

occuringat t � 4. However, thesituationis moresubtlethanthat. It is bestto draw agraphof thefunction.
Thefunction � t3 � 6t2 � 40actuallydoesnothaveamaximum,becausefor largenegativevaluesof t, the
functionincreaseswithout bound.However, thefunctionh

�
t � doeshave a maximum,becausethoselarge

negative valuesarenot allowed. That is onereasongraphingis important: sometimesthe globalpicture
showsusthingsthatthelocalpicturedoesn’t.

2. (a) We usethe constraintequationto solve for oneof the unknown variablesin termsof the other. In this
case.x andy areinterchangeable,so we canchooseto write eitheronein termsof the other. Sincewe
often usex asthe independentunknown, let’s write y in termsof x: y � 2 � x. We cannow eliminatey
from theobjective functionto obtainQ � xy � x

�
2 � x � . OptimizingQ

�
x �
� x

�
2 � x �
� 2x � x2, we have

Q
���

x ��� 2 � 2x, Q
� �
�

x ����� 2, from which we find thata local maximumfor Q occursat x � 1 (why?). At
thelocal maximumwe havex � 1, y � 2 � x � 2 � 1 � 1, andQ � xy � 1 � 1 � 1.

(b) Again, we usethe constraintequationto eliminateoneof the variables.In this case,the situationis not
completelysymmetric,so it may be that eliminating one of x or y is a betterchoicethan eliminating
the other. In fact, the calculationsareslightly easierif we eliminatex by writing it in termsof y. (Try
it the otherway to compare.)By the constraintwe have x � 4 � y so Q � xy2 � � 4 � y � y2 � 4y2 � y3.
Dif ferentiating,Q

���
y ��� 8y � 3y2, Q

� ���
y ��� 8 � 6y; stationarypointsarewhenQ

���
y ��� 0 which implies�

8 � 3y � y � 0 which implies y � 0 or y � 8� 3. The secondderivative testtells us that Q
�
y � hasa local

minimumat y � 0 anda local maximumat y � 8� 3. Thefirst derivative testtells usthatQ is decreasing
from y � 8� 3 to y � 4 (theupperlimit on allowablevaluesof y), soy � 8� 3 givesa globalmaximum.At
thatvalueof y we have x � 4 � � 8� 3 ��� 4� 3 andfinally Q � � 4� 3 � � 8� 3 � 2 � � 4� 3 � � 64� 9 ��� 256� 27, the
answerto thequestion.Draw a graphof Q

�
y � to understandbetterwhatis happening.

(c) Thesituationhereis symmetricin x andy, so it doesn’t matterwhich variableis eliminated. I’m partial
to x (it useslessink) so let’s solve for y: y � 6 � x accordingto the constraint,so Q

�
x ����� x2 � � 6 �

x � 2 ��� x2 � � 36 � 12x � x2 ����� x2 � 36 � 12x � x2 � � 2x2 � 12x � 36. Differentiatingto the find the
maximum,Q

���
x �!��� 4x � 12, andwhile we’re thinking of it, Q

� ���
x ���"� 4. At the maximumwe must
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have Q
���

x �
��� 4x � 12 � 0 which implies4x � 12 which impliesx � 3. SinceQ
� ���

3 ��	 0 thereis a local
maximumat x � 3. The first derivative testor a graphshows that the local maximumreally is a global
maximum.At thatvalueof x wehavey � 6 � x � 6 � 3 � 3 andQ ��� x2 � y2 ��� 32 � 32 �#� 9 � 9 ��� 18.

3. Call the lengthof thesideof thegardenthat facestheroadx, andcall the lengthof a sideof thegardenthat is
perpendicularto theroady.

(a) The objective function is the areaA � xy; the constraintis that the cost8x � 6y � 6x � 6y mustbe 800
dollars,i.e.,14x � 12y � 800.

(b) We first needto usetheconstraintto find the lengthof thesideperpendicularto the roadin termsof the
lengthof thesideparallelto theroad;i.e.,wehaveto solvefor y in termsof x. Wehave12y � 800 � 14x or
y � 200� 3 � � 7� 6 � x. Now wecanexpresstheobjectivein termsof x alone:A � xy � x

�
200� 3 � � 7� 6 � x ����

200� 3 � x � � 7� 6 � x2.

(c) Differentiatingtheareain termsof x, we have A
���

x ��� � 200� 3 ��� � 7� 3 � x andA
� ���

x ���$� 7� 3. We have a
stationarypoint whereA

���
x ��� 0 which implies

�
200� 3 ��� � 7� 3 � x � 0 which implies x � 200� 7. Since

A
� ���

200� 7 ����� 7� 3 	 0, A hasa local maximumat that stationarypoint. The dimensionof the perpen-
dicular sideis theny � 200� 3 � � 7� 6 � � 200� 7 ��� 100� 3. Thereforethe dimensionsof the gardenwhich
maximizetheareaarex (thesideparallelto theroad)is 200� 7 metres,andy (thesideperpendicularto the
road)is 100� 3 metres.

4. In contrastto the previousproblem,herethe areais the constraintandthe cost is the objective. In detail, let
x be the lengthof the sidecontainingthe fence,and let y be the lengthof a sideperpendicularto the fence.
The objective is to minimizeC � 45x � 60y subjectto the constraintxy � 300. Using the constraintto solve
for y wehavey � 300� x soC

�
x ��� 45x � 60

�
300� x �%� 45x � 18000� x. Dif ferentiating,C

���
x ��� 45 � 18000� x2.

SolvingC
���

x �
� 0 we have 45 � 18000� x2 � 0, x2 � 400,x �$& 20. A negative lengthdoesn’t make sense,so
theonly stationarypoint x � 20. We haveC

� ���
x �
� 36000� x3 soC

� ���
20��� 0 andwe have a local minimum. (A

graphor thefirst derivative testshouldconvinceyou that it’s a globalminimum,but isn’t necessaryto answer
thisquestion.)Thecorrespondingy dimensionis foundfrom theconstraint:y � 300� 20 � 15. In summary, the
dimensionsof the gardenwhich minimize the costarex � 20 metres(the directionparallelto the fence)and
y � 15 metres(thedirectionperpendicularto thefence).

5. (a) Let x be the size of an order, so that the numberof ordersper year is 4000� x. Thereforethe cost of
processingtheordersis 40

�
4000� x ��� 160000� x. Theaveragenumberof booksin stockis x � 2 (exactly

half thetime thestorehasmorethanx � 2 booksin stock,andtheotherhalf of thetime thestorehasfewer
thanx � 2 booksin stock),so the carryingcost is 2

�
x � 2 �
� x. Altogether, the total cost for orderingand

carrying the booksis C
�
x ��� 160000� x � x. To find the minimum, we differentiateandobtainC

� �
x ���

� 160000� x2 � 1. SolvingC
���

x ��� 0, we have � 160000� x2 � 1 � 0 which implies x2 � 160000which
impliesx ��& 400. Thenegative root doesn’t make sense,sotheonly stationarypoint for this problemis
x � 400. At thatpoint we haveC

� ���
400��� 320000� � 400� 3 � 0 soit is a local minimum. (You cancheck

whetherit’s a global minimum if you like, but that’s not necessary.) In summary, the economicorder
quantityis 400books,and10 ordersperyeararerequired.

(b) If thedemandquadruples,thecostbecomesC
�
x ��� 640000� x � x (why?),andfollowing thesameanalysis

asabove,theEOQis 800,thenumberof ordersis 20. Notethatif thedemandquadruples,it isn’t optimal
to quadruplethe sizeof the order; the bestthing to do is doublethe sizeof the ordersanddoublethe
frequency of theorders.

6. I did this problemduringthelectureon Tuesday.

7. Let x be the numberof membershipssold in excessof 500. Then The revenueis R
�
x �'� � 100 � x � � 500 �

x ��� 50000� 400x � x2. The revenueis stationarywhenR
�
�

x ��� � 400 � 2x � 0 which implies x � � 200 (a
maximum—why?).A simpleinterpretationof thatresultis thatwe want to sell 500 � � � 200��� 300member-
shipsat 300dollarseach.

On the otherhand,the questiondoesn’t sayexactly what happensif fewer than500peoplejoin; it is implied
thatperhapstheclub won’t go atall if fewer than500peoplejoin. Sothink of it thisway: themarginal revenue
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is negativefor x ( 0, sorevenueis maximizedwhenx ( 0 is assmallaspossible.(Youcouldsaythatfor every
membershipsold over 500,you gainabout$100in revenuebut loseabout500 ) $1 on thediscount;calculus
makesthatkind of reasoningprecise.)

So,with thegiveninformation,it seemsthattheclubwouldwantto sellexactly500memberships,andweought
to investigatefurtherwhathappensif fewer than500membershipsaresold. Would peoplereally bewilling to
pay$300for amembership,or is thedemandcurvenot sosimpleandlinear?

8. (a) To find the lineardemandfunction,we canwrite it in point-slopeform. Sincep � 8 whenx � 1200,we
have p � 8 � m

�
x � 1200� . Now weneedto find theslopem of thedemandfunction.Wedothatby finding

theriseover therun:

m � rise
run
� 8 � 7

1200� 1700
��� 1

500

Note that the slope is negative (the more admissionsyou want to sell the lower the price has to be);
rememberto put everythingin theright orderin theslopeformula,sothe1200shouldbebelow the8 not
the7. Also notethatwe arethinking of thepriceasthe“y”-variableon thegraph,sothepricesshouldgo
in thenumerator.

Anyway, wehavea formulafor theslope:

p � 8 ��� 1
500

�
x � 1200�+*

We shouldsolve for p asa functionof x to obtain

p � 8 � 1
500

�
x � 1200�+*

It mayor maynothelpto simplify. It is aneasytaskin thiscaseandmayhelpuslater, soI suggestyoudo:

p � 8 � 1
500

x � 1200
500

� 10* 4 � 1
500

x *

In summary, our demandfunction is p � 10* 4 � 0* 002x. You shouldcheckthat thatdemandfunction is
consistentwith thedatawehave.

(b) The revenuefunction is R
�
x �!� xp � x

�
10* 4 � 0* 002x � . Simplifying, we have R

�
x ��� 10* 4x � 0* 002x2.

Revenueis maximizedwhenR
���

x ��� 10* 4 � 0* 004x � 0 which implies
�
4� 1000� x � 10* 4 which implies

x � 2600.ThesecondderivativetestR
� ���

2600�%��� 0* 004 	 0 tellsusthatwehavea localmaximumwhen
x � 2600.(Fromthefirst derivativetestor agraphyoushouldbeableto concludethatthelocalmaximum
is in facta globalmaximum.)

However, rememberthattherealquestionis whatshouldtheclub charge.For that,we put theoptimizing
valueof x into thedemandfunction to obtain p � 10* 4 � 0* 002

�
2600�,� 5* 20, so theclub shouldcharge

$5.20to maximizeits profit. (It maybethatthey don’t wantto dealwith fractionsof adollar; in thatcase,
would $5or $6 givebetterrevenue?)

(c) Thecostfunctionis C
�
x ��� 2000 � 0* 4x. Theprofit functionis

P
�
x ��� R

�
x �-� C

�
x �%� 10* 4x � 0* 002x2 � � 2000� 0* 4x �.� 10* 4x � 0* 002x2 � 2000� 0* 4x ��� 2000� 10x � 0* 002x2*

Profit is maximizedwhenP
���

x ��� 10 � 0* 004x � 0 which impliesx � 2500.Thenightclubshouldcharge
p
�
2500��� 10* 4 � 0* 002

�
2500�/� 5* 40 to maximizeits profit.

(d) If fire regulationscapthenumberof customersallowedin thebuilding to 2400,weneedto look at thesign
of themarginalprofit to makeadecision.Fromx � 0 to x � 2400,themarginalprofit P

���
x ��� 10 � 0* 004x

is positive, which meansthat addingmore customersincreasesthe profit. So we shouldaddas many
customersaswe canwithout exceedingfire regulations(andthestationarypoint); i.e.,we shouldaim for
x � 2400customers.To getthatnumberof customersweshouldchargep

�
2400��� 10* 4 � 0* 002

�
2400���

5* 60.
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9. Let x andy be the dimensionsof the bottomof the package,andz its height, in centimetres.The constraint
provided by the airline is x � y � z � 120. The packageis square-bottomed,providing the constraintx � y.
Substitutingthatinto thepreviousconstraintgives2x � z � 120.Theobjective is thevolumewhich is V � xyz;
solvingfor y andz in termsof x givesV

�
x ��� xx

�
120 � 2x ��� 120x2 � 2x3. StationarypointsarewhereV

���
x ���

240x � 6x2 � 0 which impliesx � 0 or x � 40. WehaveV
� � �

x ��� 240 � 12x soV
� � �

0 �%� 0 giving a localmin and
V
� ���

40��	 0 giving a localmax. (Youcangraphthefunctionto convinceyourselfthatthatis aglobalmaximum
underthenaturalrestrictionx � 0.) Thecorrespondingvalueof z is z � 120 � 2

�
40�,� 40. Sotheboxof greatest

volumesatisfyingall theconstraintsis a cube40 cmon aside.
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