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1. (a) Differentiating,f’(t) = 24— 2t. Settingthefirst derivativeequalto zero,24— 2t = 0 impliest = 12. By the
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secondderivativetest, f”(t) = —2 < 0whent = 12,so f hasa (local) maximumatt = 12. A quick sketch
of the function, or applicationof the first derivative test,shouldcorvince you thatthe local maximumis
actuallya global maximum. The valueof f atthelocal maximumis f(12) = 24(12) — (12)?> = 144. In
conclusionthe maximumvalueof f is 144,andthatmaximumoccurswhent = 12.

Thisis similarto part(a): g'(x) = 4— 2xis zerowhenx = 2; ¢’ (x) = —2 < 0 whenx = 2 sothe stationary
pointis alocal maximum.A graphor thefirst derivative testshouldcorvinceyou thatthelocal maximum
really is a globalmaximum.In conclusionthe maximumvalueof the functionis g(2) = 104 4(2) — 22 =
14 whichoccurswhenx = 2.

This questionis a little harderthanthe previous. Taking the derivative is still straightforvard: W (t) =
—3t2+ 12t. To find the stationarypointswe needto solve the equationh’ (t) = 0 which implies —3t? +
12t = 0. Factoringthe quadratic,we have —3t(t — 4) = 0 sotherootsaret = 0,t = 4. Now we really
do needto checkwhich is a local maximumand which is a local minimum. The secondderivative is
h'(t) = —6t + 12; we have b’ (0) = 12 > 0 sothe stationarypointatt = 0 is alocal minimum; similarly
we haveh’(4) = —6(4) + 12= —12 < 0 sothestationarypointatt = 4 is alocal maximum.

In conclusionpnewould suspecthatthe maximumvalueof thefunctionis h(4) = —4°+ 6(4)? +40= 72,
occuringatt = 4. However, thesituationis moresubtlethanthat. It is bestto draw a graphof thefunction.
Thefunction —t3 + 6t2 4+ 40 actuallydoesnot have amaximum,becauséor large negative valuesof t, the
functionincreasesvithout bound.However, thefunctionh(t) doeshave a maximum,becausehoselarge
negative valuesarenot allowed. Thatis onereasongraphingis important: sometimeghe global picture
shavs usthingsthatthelocal picturedoesnt.

2. (a) We usethe constraintequationto solve for one of the unknawn variablesin termsof the other In this
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case.x andy areinterchangeableso we canchooseto write eitheronein termsof the other Sincewe
often usex asthe independentinknawn, let's write y in termsof x; y = 2—x. We cannow eliminatey
from the objective functionto obtainQ = xy = x(2 — x). Optimizing Q(x) = X(2 — X) = 2x — x?, we have
Q'(x) =2—2x, Q’(x) = —2, from which we find thata local maximumfor Q occursatx = 1 (why?). At
thelocalmaximumwehavex=1,y=2—-x=2—-1=1,andQ=xy=1-1=1.

Again, we usethe constraintequationto eliminateone of the variables.In this case the situationis not
completelysymmetric,so it may be that eliminating one of x or y is a betterchoicethan eliminating
the other In fact, the calculationsare slightly easierif we eliminatex by writing it in termsof y. (Try
it the otherway to compare.)By the constraintwe have x = 4 —y s0 Q = xy? = (4—y)y? = 4y* — y°.
Differentiating,Q’ (y) = 8y — 3y?, Q"(y) = 8 — 6y; stationarypoints arewhen@'(y) = 0 which implies
(8 — 3y)y = 0 which impliesy = 0 or y = 8/3. The secondderiative testtells us that Q(y) hasa local
minimumaty = 0 anda local maximumaty = 8/3. Thefirst derivative testtells usthatQ is decreasing
fromy = 8/3toy =4 (theupperlimit onallowablevaluesof y), soy = 8/3 givesa globalmaximum.At
thatvalueof y we have x = 4 — (8/3) = 4/3 andfinally Q = (4/3)(8/3)? = (4/3)(64/9) = 256/27, the
answerto the question.Draw a graphof Q(y) to understandbetterwhatis happening.

The situationhereis symmetricin x andy, soit doesnt matterwhich variableis eliminated. I'm partial
to x (it useslessink) so let’s solve for y: y = 6 — x accordingto the constraint,so Q(x) = —x? — (6 —
X)2 = X% (36— 12+ x?) = —x%2 — 36+ 12— x2 = —2x* + 12x — 36. Differentiatingto the find the
maximum,Q’(x) = —4x+ 12, and while we're thinking of it, Q”(x) = —4. At the maximumwe must



have Q/(x) = —4x+ 12= 0 which implies4x = 12 whichimpliesx = 3. SinceQ"(3) < 0 thereis alocal
maximumat x = 3. Thefirst derivative testor a graphshows thatthe local maximumreally is a global
maximum.At thatvalueof xwehavey=6—-x=6-3=3andQ= —x*-y>= -3 -3?=_-9-9=18.

3. Callthelengthof the sideof the gardenthatfacesthe roadx, andcall thelengthof a sideof the gardenthatis
perpendiculato theroady.

(a) The objectie functionis the areaA = xy; the constraintis that the cost8x + 6y + 6x + 6y mustbe 800
dollars,i.e., 14x+ 12y = 800.

(b) We first needto usethe constraintto find the lengthof the sideperpendiculato theroadin termsof the
lengthof the sideparallelto theroad;i.e., we haveto solve for y in termsof x. We have 12y = 800— 14x or
y =200/3— (7/6)x. Now we canexpressheobjectvein termsof x alone: A= xy = x(200/3— (7/6)x) =
(200/3)x — (7/6)x2.

(c) Differentiatingthe areain termsof x, we have A'(x) = (200/3) — (7/3)x andA”(x) = —7/3. We have a
stationarypoint where A’ (x) = 0 which implies (200/3) — (7/3)x = 0 which implies x = 200/7. Since
A’(200/7) = —7/3 < 0, A hasa local maximumat that stationarypoint. The dimensionof the perpen-
dicular sideis theny = 200/3 — (7/6)(200/7) = 100/3. Thereforethe dimensionsof the gardenwhich
maximizetheareaarex (thesideparallelto theroad)is 200/7 metresandy (the sideperpendiculato the
road)is 100/3 metres.

4. In contrastto the previous problem,herethe areais the constraintandthe costis the objectie. In detail, let
x be the length of the side containingthe fence,andlet y be the length of a side perpendiculato the fence.
The objective is to minimize C = 45x+ 60y subjectto the constraintxy = 300. Using the constraintto solve
for y we havey = 300/x S0C(x) = 45x+ 60(300/x) = 45x+ 18000/x. Differentiating C' (x) = 45— 18000/ x°.
SolvingC/(x) = 0 we have 45— 18000/x? = 0, x> = 400,x = +20. A negative lengthdoesnt make senseso
the only stationarypointx = 20. We have C” (x) = 36000/x® soC”(20) > 0 andwe have alocal minimum. (A
graphor thefirst derivative testshouldconvince you thatit’ s a global minimum, but isn’t necessaryo answer
this question.)The corresponding dimensionis foundfrom the constraint:y = 300/20= 15. In summarythe
dimensionsof the gardenwhich minimize the costarex = 20 metres(the direction parallelto the fence)and
y = 15 metreqthe directionperpendiculato thefence).

5. (a) Let x be the size of an order, so that the numberof ordersper yearis 4000/x. Thereforethe cost of
processinghe ordersis 40(4000/x) = 160000'x. The averagenumberof booksin stockis x/2 (exactly
half thetime the storehasmorethanx/2 booksin stock,andthe otherhalf of thetime the storehasfewer
thanx/2 booksin stock),sothe carryingcostis 2(x/2) = x. Altogether the total costfor orderingand
carryingthe booksis C(x) = 160000'x+ x. To find the minimum, we differentiateand obtainC'(x) =
—160000'x2 + 1. SolvingC'(x) = 0, we have —16000Q'x? + 1 = 0 which implies x> = 160000which
impliesx = +400. The negative root doesnt malke sensesothe only stationarypoint for this problemis
x = 400. At that point we have C”(400) = 320000/ (400)2 > 0 soit is alocal minimum. (You cancheck
whetherit’s a global minimum if you like, but that’s not necessary In summary the economicorder
guantityis 400books,and10 ordersperyeararerequired.

(b) If thedemandjuadruplesthecostbecome£(x) = 640000 x+ x (why?),andfollowing the sameanalysis
asabove,the EOQis 800, the numberof ordersis 20. Notethatif thedemandjuadruplesit isn’t optimal
to quadruplethe size of the order; the bestthing to do is doublethe size of the ordersand doublethe
frequeng of theorders.

6. | did this problemduringthelectureon Tuesday

7. Let x be the numberof membershipsold in excessof 500. Then The revenueis R(x) = (100— x)(500+
X) = 50000— 400x— x2. Therevenueis stationarywhen R/ (x) = —400— 2x = 0 which implies x = —200 (a
maximum—why?).A simpleinterpretatiorof thatresultis thatwe wantto sell 500+ (—200) = 300 member
shipsat 300dollarseach.

On the otherhand,the questiondoesnt say exactly what happensf fewer than500 peoplejoin; it is implied
thatperhapgheclubwon’t go atall if fewerthan500peoplejoin. Sothink of it thisway: the mamginal revenue



is nggative for x > 0, sorevenueis maximizedwhenx > 0 is assmallaspossible.(You could saythatfor every
membershipold over 500, you gainabout$100in revenuebut loseabout500x $1 on the discount;calculus
malkesthatkind of reasoningrecise.)

So,with thegiveninformation,it seemghattheclubwould wantto sell exactly 500membershipsandwe ought
to investigatefurtherwhathappensf fewer than500 membershiparesold. Would peoplereally bewilling to
pay$300for amembershipor is thedemandcurve not sosimpleandlinear?

8. (a) Tofind thelineardemandunction, we canwrite it in point-slopeform. Sincep = 8 whenx = 1200,we
have p— 8 =m(x—1200). Now we needto find the slopem of thedemandunction. We do thatby finding
theriseovertherun:

_dse 8.7 1
" run 1200—1700 500

Note that the slopeis negative (the more admissionsyou want to sell the lower the price hasto be);
remembeto put everythingin theright orderin the slopeformula,sothe 1200shouldbe below the 8 not
the7. Also notethatwe arethinking of the price asthe“y’-variableon the graph,sothe pricesshouldgo
in thenumerator

Anyway, we have aformulafor the slope:

1

We shouldsolve for p asafunctionof x to obtain

1
p=8- ﬁ)(xf 1200).

It mayor maynothelpto simplify. It is aneasytaskin this caseandmayhelpuslater, sol suggesyoudo:

1 1200 1
P=8-550"" 500 — 14 500"
In summary our demandfunctionis p = 10.4— 0.002. You shouldcheckthatthatdemandfunctionis
consistenwvith the datawe have.

(b) The revenuefunctionis R(x) = xp = x(10.4 — 0.002). Simplifying, we have R(x) = 10.4x — 0.002¢.

Revenueis maximizedwhenR/ (x) = 10.4 — 0.004x = 0 which implies (4/1000x = 10.4 which implies
x = 2600.Theseconderivative testR’(2600) = —0.004< O tellsusthatwe have alocal maximumwhen
x = 2600.(Fromthefirst derivative testor a graphyou shouldbe ableto concludehatthelocal maximum
isin facta globalmaximum.)
However, remembethatthe real questionis whatshouldthe club chage. For that,we put the optimizing
valueof x into the demandunctionto obtain p = 10.4 — 0.002(2600) = 5.20, sothe club shouldchage
$5.20to maximizeits profit. (It maybethatthey don’t wantto dealwith fractionsof adollar;in thatcase,
would $5 or $6 give betterrevenue?)

(c) Thecostfunctionis C(x) = 2000+ 0.4x. The profit functionis
P(x) = R(X) — C(x) = 10.4x — 0.002x® - (2000+ 0.4x) = 10.4x— 0.002* — 2000 0.4x= —2000+ 10x — 0.002¢%.

Profitis maximizedwhenP’ (x) = 10— 0.004x = 0 which impliesx = 2500. The nightclubshouldchage
p(2500) = 10.4 — 0.002(2500) = 5.40to maximizeits profit.

(d) If fire regulationscapthe numberof customersllowedin thebuilding to 2400,we needto look atthesign
of themaminal profit to make adecision.Fromx = 0 to x = 2400,the mamginal profit P’ (x) = 10— 0.004x
is positive, which meansthat adding more customersncreaseghe profit. So we shouldadd as mary
customersaswe canwithout exceedingfire regulations(andthe stationarypoint); i.e., we shouldaim for
x = 2400customersTo getthatnumberof customersve shouldchage p(2400) = 10.4— 0.002(2400) =
5.60.



9. Let x andy be the dimensionsof the bottom of the packageandz its height,in centimetres.The constraint
provided by the airline is x+ y+ z= 120. The packageis square-bottomedyroviding the constraintx = y.
Substitutingthatinto the previous constraintgives2x+ z = 120. Theobjectve is thevolumewhichis V = xyz;
solvingfor y andzin termsof x givesV (x) = xx(120— 2x) = 120x*> — 2x3. StationarypointsarewhereV’(x) =
240x — 6x2 = 0 whichimpliesx = 0 or x = 40. We have V" (x) = 240— 12xsoV" (0) > 0 giving alocalmin and
V" (40) < 0 giving alocal max. (You cangraphthe functionto corvinceyourselfthatthatis aglobalmaximum
underthenaturalrestrictionx > 0.) Thecorrespondingalueof zis z= 120— 2(40) = 40. Sothebox of greatest
volumesatisfyingall the constraintgs acube40 cmon aside.



