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(a) By theproductrule,

y = (%(x2+3)> (2= 1)+ (€ + 3)~ (2x— 1) = 2x(2x— 1) + (@ 3)(2).

dx

Thereis no needto simplify, but if you do, theanswetisy = 6x?> — 2x+ 6. You cancheckyour answetby
multiplying out the productandthendifferentiating,if youlike.

(b) By theproductrule,

y =2x(7x—1)%+ XZ%(UX— 1)2.
Theremainingderivative canbe evaluatedby the generalizegower rule to give
d
Y = 2X(7x—1)2 4+ x2-2(7x— 1) - T (7x— 1) =2x(7x— 1)24x2-2(7x—1) - 7.

Again, you cancheckby multiplying y out beforetakingthe derivativeif youlike.
(c) By thegeneralizegowerrule,

d d
2 [x= 1) (7x+2)]* = 4](x— 1) (7x+ P [(x— 1)(7x+2)]

Now applyingthe productrule we have

%([(x— 1)(7x+2)]* = 4[(x — 1)(7x+ 2)]3[(7x+ 2) + (x— 1) - 7].

Checkingby doingmultiplying the original functionoutisn’t really feasiblein this case put you cantry if
youlike.

(d) First,we applytheproductrule to obtain
%(x7(3)<4+ 12x—1)2 = (3 + 12x— 1)+ x7%(3x4+ 12x—1)2
Now we applythe generalpower rule to theremainingderivative to obtain

%(x7(3)<4+ 12x—1)2 = (3¢ + 12x— 1)+ x" - 2(3x* + 12x — 1)3—)((3)<4—|—12x— 1).

Finally, differentiatingthe polynomialwe have
%(x7(3x4+ 12x—1)% = 7x8(3x* + 12x— 1)2+ X7 - 2(3x* + 12x — 1) (123 + 12).

Again, it is not really feasibleto checkthe answerby multiplying everythingout, but you cantry if you
like.



2. (a) By thequotientrule,

J— 0P+ 2= 2§ +2x—1) = (C+ 22— D F(C+2x—=2) (% +2x—2)(2x+2) — (¥ +2x—1)(2x+ 2)
B (X2 4 2x—2)2 B (X2 4 2x—2)2

If we were usingthe derivative for anotherpurpose,suchas graphingy as a function of x, we should
simplify the numeratornf the above expression.However, sincewe just neededo find the derivative, we
shouldprobablyleave it aloneatthis point.

(b) By thesumrule we candifferentiateeachsummandseparatelysowe apply the quotientrule twice, once
to eachterm:

x+1)d1-1&x+1) (x-1)L1-

N 1119 (x—1) ~1 -1
x+1)2 (x—1)2

y= BCES AN T

In this problemwe cancheckour answetby rewriting thefunctionasy = (x+ 1)1+ (x— 1)~ andusing
thegenerabproductrule.

(c) By thequotientrule thederivative is

(x4 1)%- 2x— x2- 2(x> 4 1)(2x)
(X2 +1)4

y =

Simplificationis possiblebut isn’'t necessaryor this question. You cancheckyour answerby writing
y = x2(x? 4+ 1)~? andusingthe productrule andthe generapowerrule.

(d) By thequotientrulethederivativeis

J = (x+3)(x+4)—(x+2)g—x[(x+3)(x+4)] _ (X+3)(x+4) — (X+2)[(x+4) + (x+3)]

(X+ 3)2(x+ 4)2 (X+ 3)2(x+ 4)2

wherethe productrule wasusedin the last step. Again, you can checkthe resultby writing y = (x+
2)[(x+3)(x+4)]~* andusingthe productrule andthe generapower rule, or (better)by usinglogarithmic
differentiationif you know thatprocess.

3. (a) By thechainrule,

y =100 +x%)°. %((X4+X2) =10(x* 4 x%)% - (43 + 2x).
(b) First,writey = (x> + 1)%/2. Thenby thechainrule,
Ll o -1 A 2l o i
y = 2(x +1) OIX(x +1) = 2(x +1) 2X.

Simplificationis possiblebut isn’t necessary
(c) We couldusethequotientrule here butit is probablyfasterto writey = (1— xz)*1 andusethechainrule:

Y= S @)= 1) (20,

You cancheckby comparingwith whatyou would have obtainedby the quotientrule.
(d) Firstwe applytheproductruleto obtain

y =320 2%+ x5 %(xt 2)%.
Now we applythe generalpower rule to obtain

y :3x2(x372)4+x3-4(x372)3-%(xe‘fZ) =333 - 24+ 3403 - 2)3. 3¢



. By thequotientrule,thederivativeis

J— *=DFEFD) - (x+DFE-1) _ (x=1)—(x+1) 2
(x—1)? (x—1)? (x=1)%

At the point (2,3) we have x = 2 soy = —2/(2— 1)? = —2. The point-slopeform of the tangentiine is then
y— 3= —2(x—2). Theequationof thetangentine canbe simplifiedtoy = —2x+ 7.

. Thefunctioncanbewritten as
X

(2_ X2)1/2
sothederivativeis
y B (2_ X2)1/2' 1—x- %(2_ X2)71/2(_2X) B (27 X2)1/2 + X2(27 X2)—1/2
B (2—x2) B 2—x2 '
Whenx =1 we have
J— 2-1Y24+122-1) Y2 141
2—-1 1
The point-slopeform of thetangentineisy — 1= 2(x— 1).

y:

2.

. Tofind theinflection points,we needto find the secondderivative. By the quotientrule, thefirst derivativeis

J— C+1) L1182 +1) _ =
(x241)? (x2+1)%

Applying the quotientrule a secondime, the secondderivative is

J— (R +1)2&(=2x) — (=20 & (2 +1)2 _ 208+ 17+ 2x-2(x* 1) - 2x
(+1)4 (x41)4
Simplifying by takinga commonfactorof x2 + 1 from the numeratoranddenominatowe have

J = —20¢+1)+8x%  6x*—2

(x241)3 (x24+1)%

Inflection pointscanbefound by settingthe secondierivative equalto O:

y/:O:>

2 _
Ex :O:>6x272:O:>x2:}:>x:i

2
(@ +1)3 3 V3
Whenx = 1/v/3, we have y = 1/((1/v/3)? + 1) = 1/(4/3) = 3/4, and similarly whenx = —1/1/3, so the
inflectionpointsare(1/+v/3,3/4) and(—1/v/3,3/4).

. We re-writethefunctionin power notationas
y= (% — 6x+ 10)Y/2.

To find stationarypoints,we take thefirst derivative, by thechainrule:

15 100 o 15 _1/2 X—3
= (R -6x+10) V2 (x2 —6x+10)= Z(x®* —6x+10) Y42x—6) = ——2 = |
y 2( ) dx( ) 2( ) ( ) VX2 —6x+10

Settingthefirst derivative equalto 0 we have

-3
y:o:> X7:0:> X—3=0 = x=3.

VX2 —6x+10

Whenx = 3 we havey = /32— 6(3) + 10= /1 = 1, sothe stationarypoint on the graphof the functionis
(3,1).



8.

9.

By thequotientrule, thederivativeis
J— (Xx+1)2-4—4x-2(x+1)  4(x+1)—8x —4x+4
B (x+1)4 o (x+1)3 (x+1)¥
By the quotientrule againwe have
J = (x+1)% —4— (=4x+4)-3(x+1)*  —4(x+1)—(-1x+12) 816
(x+1)8 (x+1)4 (x+1)4
Thesstationarypointsarewhere
—4x+-4
=0 ———=0 —4x+4=0 =1
y = CESIE = —4X+ = X

The only stationarypointis atx = 1, andy”(1) = (8 — 16)(1+ 1)* < 0 sothe pointis alocal maximum. The
locationof the maximumon thegraphis (1,y(1)) = (1,4/2%) = (1,1).
Theinflection pointsarefoundby setting
Voo X210 e 1620 — x=2
(x+1)%
We havey” < 0 to theleft of theinflectionpointandy” > 0 to theright of theinflection point.

Sincey is undefinedor x = —1, thereis alikely a verticalasymptotex = —1. Sincey becomesrery smallfor
large valuesof x (try it with a calculatorif you don’t believe me), thereis a horizontalasymptotey = 0. See
Figurel for thegraph.

Figurel: Graphof 4x/(x+1)%,x > —1

(a) Themaminal profit perunit produceds
dP _ (100+x%)(200) — (200x)(2x) _ —200¢* + 20000
dx (100-+x?)2 (1004 x2)?

wherethe numeratohasbeensimplified. (Note thatthe stationarypoint for P asa function of x occurs
whenx = 10; it probablydoesnt make sensdo increasproductionbeyond 10 units.)




(b) Tofind thetimerateof changeof theprofit, we candoit in two differentways. Thehardway is to express
P asafunctionof timelike this:
200x 2004+ 2t)
P = =
100+x2 100+ (4+2t)2

andthendifferentiate The easyway is to usethe chainrule

dP dP dx

dt  dx dt’
By part (a), we alreadyknow the first multiplicand in the above, and the secondis easily calculated:
dx/dt = 2. Thereforewe canconcludethat

dP _ —200¢* 420000
dt — (100+x22 7

Sincewe likely wantto know dP/dt asafunctionof t, notx, we now substitutex = 4+ 2t to obtain

dP 2004+ 2t)2+ 20000
dt  ~ (1004 (4+ 2t)?)2

It maybeinterestingo do the problembothwaysandcompare.
(c) Thechangein profit with respecto timewhent = 8 is

dP _,~200(4+2(8))>+20000_, ~200(20)*+20000_, 80000+ 2000 _, 60000 _ 12 _ o
dt ~ ° (100+ (4+2(8))»2  °  (100+202)2 50°  ©250000 25

Profitsarenow actuallydeclining; they probablyshouldhave stoppedaddingproductionafter 3 weeks.
(How did I getthatnumber?)

10. To shaw thatthetotal costfunctionis increasinge find the derivative:

X+ 100)(100x+ 1000D) — (50x?+- 10000x)
(x+100)2

C'(x) = (

We canconcludethatC(x) is increasingf we canshow thatC'(x) > 0. To do so,we shouldsimplify C'(x):

1002+ 20000+ 1000000 — 50x* — 10000« _ 50x? 4 20000k -+ 1000000
N (x+100)2 N (x+ 100)2

C'(x)

For x > 0, boththe numeratomnddenominatoof theabove fractionareclearly positive, soC’(x) is positive, so
C(x) is increasing.In conclusionwe seethatasthe level of productionincreasesthe total costof production
increases.

To shaw thatthe averagecostis decreasingwe first needan expressiorfor the averagecost,i.e. thetotal cost
C(x) dividedby the numberx of casegproduced We canwrite

A = Cg(x) _BX(x+ zoo))( /(x+100

Usingalittle algebrato simplify, we have

(%)= 5(x+200)  5x+ 1000
"~ x4+100 ~ x+100°

We canconcludethat A(x) is decreasingf we canshaw thatA'(x) < 0. To do so,we calculate

(x+100)(5) — (5x+1000)(1)  5x+500—5x—1000  —500

A(x) = (x+100)2 T (x+1002 (x+10072




For ary valueof x, thenumeratorof the above expressions negative while the denominatois positive. There-
fore A'(x) < 0 for all x, andso A(x) is adecreasindunctionof x. |.e., the averagecostper caseof production

decreaseasthelevel of productionincreases.

It is interestingto getsomeestimategor the averagecostof production.For smallx, we have x+ 200is approx-
imatelyequalto 200,x+ 100is approximatelyequalto 100,s0A(x) is approximatelyequalto 5(200)/100= 10
dollarsper case. For large valuesof x, muchlargerthan200, we have x+ 200is approximatelyx, x4+ 100is
approximatelyx, so A(x) is approximatelysx/x = 5 dollarsper case. You might wantto graphA(x) to verify
thoseconclusionslt is alsointerestingto graphC(x) andfind the slantasymptoteo the graph;whatwould you
guesghatthe slantasymptoteshouldbe, giventhat A(x) = C(x)/x is approximatelyequalto 5 for largex?



