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1. (a) By theproductrule,

y
��� d

dx

�
x2 � 3 � �

2x � 1 � � �
x2 � 3 � d

dx

�
2x � 1 � � 2x

�
2x � 1 � � �

x2 � 3 � � 2 ���

Thereis noneedto simplify, but if youdo,theansweris y
���

6x2 � 2x � 6. Youcancheckyouranswerby
multiplying out theproductandthendifferentiating,if you like.

(b) By theproductrule,

y
� �

2x
�
7x � 1 � 2 � x2 d

dx

�
7x � 1 � 2 �

Theremainingderivativecanbeevaluatedby thegeneralizedpower rule to give

y
� �

2x
�
7x � 1 � 2 � x2 	 2 � 7x � 1 � 	 d

dx

�
7x � 1 � � 2x

�
7x � 1 � 2 � x2 	 2 � 7x � 1 � 	 7�

Again,youcancheckby multiplying y outbeforetakingthederivative if you like.

(c) By thegeneralizedpower rule,

d
dx


��
x � 1 � � 7x � 2 �
� 4 � 4


��
x � 1 � � 7x � 2 �
� 3 d

dx


��
x � 1 � � 7x � 2 �����

Now applyingtheproductrule we have

d
dx


��
x � 1 � � 7x � 2 �
� 4 � 4


��
x � 1 � � 7x � 2 �
� 3 
�� 7x � 2 � � �

x � 1 � 	 7���
Checkingby doingmultiplying theoriginal functionout isn’t really feasiblein thiscase,but youcantry if
you like.

(d) First,we applytheproductrule to obtain

d
dx

x7 � 3x4 � 12x � 1 � 2 � 7x6 � 3x4 � 12x � 1 � 2 � x7 d
dx

�
3x4 � 12x � 1 � 2 �

Now we applythegeneralpower rule to theremainingderivative to obtain

d
dx

x7 � 3x4 � 12x � 1 � 2 � 7x6 � 3x4 � 12x � 1 � 2 � x7 	 2 � 3x4 � 12x � 1 � d
dx

�
3x4 � 12x � 1 ���

Finally, differentiatingthepolynomialwe have

d
dx

x7 � 3x4 � 12x � 1 � 2 � 7x6 � 3x4 � 12x � 1 � 2 � x7 	 2 � 3x4 � 12x � 1 � � 12x3 � 12���
Again, it is not really feasibleto checkthe answerby multiplying everythingout, but you cantry if you
like.
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2. (a) By thequotientrule,

y
��� �

x2 � 2x � 2 � d
dx

�
x2 � 2x � 1 ��� �

x2 � 2x � 1 � d
dx

�
x2 � 2x � 2 ��

x2 � 2x � 2 � 2
� �

x2 � 2x � 2 � � 2x � 2 ��� �
x2 � 2x � 1 � � 2x � 2 ��

x2 � 2x � 2 � 2 �
If we wereusing the derivative for anotherpurpose,suchas graphingy asa function of x, we should
simplify thenumeratorof theaboveexpression.However, sincewe just neededto find thederivative,we
shouldprobablyleave it aloneat this point.

(b) By thesumrule we candifferentiateeachsummandseparately, sowe applythequotientrule twice,once
to eachterm:

y
��� �

x � 1 � d
dx1 � 1 d

dx

�
x � 1 ��

x � 1 � 2 � �
x � 1 � d

dx1 � 1 d
dx

�
x � 1 ��

x � 1 � 2
� � 1�

x � 1 � 2 �
� 1�

x � 1 � 2 �

In this problemwecancheckour answerby rewriting thefunctionasy
� �

x � 1 ��� 1 � �
x � 1 ��� 1 andusing

thegeneralproductrule.

(c) By thequotientrule thederivative is

y
��� �

x2 � 1 � 2 	 2x � x2 	 2 � x2 � 1 � � 2x ��
x2 � 1 � 4 �

Simplification is possiblebut isn’t necessaryfor this question. You cancheckyour answerby writing
y
�

x2 � x2 � 1 � � 2 andusingtheproductrule andthegeneralpower rule.

(d) By thequotientrule thederivative is

y
��� �

x � 3 � � x � 4 ��� �
x � 2 � d

dx


��
x � 3 � � x � 4 �
��

x � 3 � 2 � x � 4 � 2
� �

x � 3 � � x � 4 ��� �
x � 2 � 
�� x � 4 � � �

x � 3����
x � 3 � 2 � x � 4 � 2

wherethe productrule wasusedin the last step. Again, you cancheckthe resultby writing y
� �

x �
2 � 
�� x � 3 � � x � 4 ��� � 1 andusingtheproductruleandthegeneralpowerrule,or (better)by usinglogarithmic
differentiationif you know thatprocess.

3. (a) By thechainrule,

y
� �

10
�
x4 � x2 � 9 	 d

dx

�
x4 � x2 � � 10

�
x4 � x2 � 9 	 � 4x3 � 2x ���

(b) First,write y
� �

x2 � 1 � 1� 2. Thenby thechainrule,

y
��� 1

2

�
x2 � 1 ��� 1� 2 	 d

dx

�
x2 � 1 � � 1

2

�
x2 � 1 ��� 1� 2 	 2x �

Simplificationis possiblebut isn’t necessary.

(c) Wecouldusethequotientrulehere,but it is probablyfasterto write y
� �

1 � x2 � � 1 andusethechainrule:

y
��� � � 1 � x2 ��� 2 	 d

dx

�
1 � x2 � � � � 1 � x2 ��� 2 	 � � 2x ���

You cancheckby comparingwith whatyou wouldhaveobtainedby thequotientrule.

(d) First we applytheproductrule to obtain

y
� �

3x2 � x3 � 2 � 4 � x3 	 d
dx

�
x3 � 2 � 4 �

Now we applythegeneralpower rule to obtain

y
� �

3x2 � x3 � 2 � 4 � x3 	 4 � x3 � 2 � 3 	 d
dx

�
x3 � 2 � � 3x2 � x3 � 2 � 4 � x3 	 4 � x3 � 2 � 3 	 3x2 �
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4. By thequotientrule, thederivative is

y
� � �

x � 1 � d
dx

�
x � 1 ��� �

x � 1 � d
dx

�
x � 1 ��

x � 1 � 2
� �

x � 1 ��� �
x � 1 ��

x � 1 � 2
� � 2�

x � 1 � 2 �
At thepoint

�
2� 3 � we have x

�
2 so y

� � � 2� � 2 � 1 � 2 � � 2. Thepoint-slopeform of the tangentline is then
y � 3

� � 2
�
x � 2 � . Theequationof thetangentline canbesimplifiedto y

� � 2x � 7.

5. Thefunctioncanbewrittenas

y
� x�

2 � x2 � 1� 2

sothederivative is

y
��� �

2 � x2 � 1� 2 	 1 � x 	 1
2

�
2 � x2 � � 1� 2 � � 2x ��

2 � x2 �
� �

2 � x2 � 1� 2 � x2 � 2 � x2 � � 1� 2

2 � x2 �
Whenx

�
1 we have

y
��� �

2 � 1 � 1� 2 � 12 � 2 � 1 � � 1� 2

2 � 1

� 1 � 1
1

�
2�

Thepoint-slopeform of thetangentline is y � 1
�

2
�
x � 1 � .

6. To find theinflectionpoints,we needto find thesecondderivative. By thequotientrule, thefirst derivative is

y
� � �

x2 � 1 � d
dx1 � 1 d

dx

�
x2 � 1 ��

x2 � 1 � 2
� � 2x�

x2 � 1 � 2 �
Applying thequotientrule a secondtime, thesecondderivative is

y
� ��� �

x2 � 1 � 2 d
dx

� � 2x ��� � � 2x � d
dx

�
x2 � 1 � 2�

x2 � 1 � 4
� � 2

�
x2 � 1 � 2 � 2x 	 2 � x2 � 1 � 	 2x�

x2 � 1 � 4 �
Simplifying by takinga commonfactorof x2 � 1 from thenumeratoranddenominatorwehave

y
� � � � 2

�
x2 � 1 � � 8x2�
x2 � 1 � 3

� 6x2 � 2�
x2 � 1 � 3 �

Inflectionpointscanbefoundby settingthesecondderivativeequalto 0:

y
� ���

0
��� 6x2 � 2�

x2 � 1 � 3
�

0
���

6x2 � 2
�

0
���

x2 � 1
3

���
x
��� 1�

3
�

When x
�

1� � 3, we have y
�

1� ��� 1� � 3� 2 � 1 � � 1� � 4� 3 � � 3� 4, and similarly when x
� � 1� � 3, so the

inflectionpointsare
�
1� � 3� 3� 4 � and

� � 1� � 3� 3� 4 � .
7. We re-writethefunctionin powernotationas

y
� �

x2 � 6x � 10� 1� 2 �
To find stationarypoints,we take thefirst derivative,by thechainrule:

y
��� 1

2

�
x2 � 6x � 10��� 1� 2 d

dx

�
x2 � 6x � 10� � 1

2

�
x2 � 6x � 10��� 1� 2 � 2x � 6 � � x � 3�

x2 � 6x � 10
�

Settingthefirst derivativeequalto 0 we have

y
� �

0
��� x � 3�

x2 � 6x � 10

�
0
���

x � 3
�

0
���

x
�

3�
Whenx

�
3 we have y

�
32 � 6

�
3 � � 10

� �
1
�

1, so the stationarypoint on the graphof the function is�
3� 1 � .
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8. By thequotientrule, thederivative is

y
� � �

x � 1 � 2 	 4 � 4x 	 2 � x � 1 ��
x � 1 � 4

� 4
�
x � 1 ��� 8x�

x � 1 � 3
� � 4x � 4�

x � 1 � 3 �
By thequotientrule againwe have

y
� ��� �

x � 1 � 3 	 � 4 � � � 4x � 4 � 	 3 � x � 1 � 2�
x � 1 � 6

� � 4
�
x � 1 ��� � � 12x � 12��

x � 1 � 4
� 8x � 16�

x � 1 � 4 �
Thestationarypointsarewhere

y
� �

0
��� � 4x � 4�

x � 1 � 3
�

0
��� � 4x � 4

�
0
���

x
�

1�
Theonly stationarypoint is at x

�
1, andy

� � �
1 � � �

8 � 16� � 1 � 1 � 4 � 0 so thepoint is a local maximum. The
locationof themaximumon thegraphis

�
1� y � 1 ��� � �

1� 4� 22 � � �
1� 1 � .

Theinflectionpointsarefoundby setting

y
� ���

0
��� 8x � 16�

x � 1 � 4
�

0
���

8x � 16
�

0
���

x
�

2�
We havey

� � � 0 to theleft of theinflectionpoint andy
� � �

0 to theright of theinflectionpoint.

Sincey is undefinedfor x
� � 1, thereis a likely a verticalasymptotex

� � 1. Sincey becomesvery small for
largevaluesof x (try it with a calculatorif you don’t believe me), thereis a horizontalasymptotey

�
0. See

Figure1 for thegraph.

! " ! # $ % & '

(
)
'
&
%
$
#
!
"
!

Figure1: Graphof 4x � � x � 1 � 2, x
� � 1

9. (a) Themarginalprofit perunit producedis

dP
dx

� �
100 � x2 � � 200��� �

200x � � 2x ��
100 � x2 � 2

� � 200x2 � 20000�
100 � x2 � 2

wherethe numeratorhasbeensimplified. (Note that the stationarypoint for P asa function of x occurs
whenx

�
10; it probablydoesn’t makesenseto increasproductionbeyond10units.)
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(b) To find thetimerateof changeof theprofit, wecando it in two differentways.Thehardway is to express
P asa functionof time like this:

P
� 200x

100 � x2

� 200
�
4 � 2t �

100 � �
4 � 2t � 2

andthendifferentiate.Theeasyway is to usethechainrule

dP
dt

� dP
dx

	 dx
dt

�
By part (a), we alreadyknow the first multiplicand in the above, and the secondis easily calculated:
dx � dt

�
2. Thereforewecanconcludethat

dP
dt

� � 200x2 � 20000�
100 � x2 � 2 	 2�

Sincewe likely wantto know dP � dt asa functionof t, not x, wenow substitutex
�

4 � 2t to obtain

dP
dt

�
2
� 200

�
4 � 2t � 2 � 20000�

100 � �
4 � 2t � 2� 2 �

It maybeinterestingto do theproblembothwaysandcompare.

(c) Thechangein profit with respectto timewhent
�

8 is

dP
dt

�
2
� 200

�
4 � 2

�
8 �*� 2 � 20000�

100 � �
4 � 2

�
8 ��� 2 � 2

�
2
� 200

�
20� 2 � 20000�

100 � 202 � 2
�

2
� 80000� 20000

5002

�
2
� 60000
250000

� � 12
25

� � 0� 48�
Profitsarenow actuallydeclining; they probablyshouldhave stoppedaddingproductionafter 3 weeks.
(How did I getthatnumber?)

10. To show thatthetotal costfunctionis increasing,wefind thederivative:

C
� �

x � �
�
x � 100� � 100x � 10000 ��� �

50x2 � 10000x ��
x � 100� 2 �

We canconcludethatC
�
x � is increasingif wecanshow thatC

� �
x � � 0. To doso,weshouldsimplify C

� �
x � :

C
� �

x � � 100x2 � 20000x � 1000000 � 50x2 � 10000x�
x � 100� 2

� 50x2 � 20000x � 1000000�
x � 100� 2 �

For x
�

0, boththenumeratoranddenominatorof theabovefractionareclearlypositive,soC
� �

x � is positive,so
C
�
x � is increasing.In conclusion,we seethatasthe level of productionincreases,the total costof production

increases.

To show that theaveragecostis decreasing,we first needanexpressionfor theaveragecost,i.e. thetotal cost
C
�
x � dividedby thenumberx of casesproduced.We canwrite

A
�
x � � C

�
x �

x

� 5x
�
x � 200��� � x � 100�

x
�

Usinga little algebrato simplify, wehave

A
�
x � � 5

�
x � 200�

x � 100

� 5x � 1000
x � 100

�
We canconcludethatA

�
x � is decreasingif we canshow thatA

� �
x � � 0. To do so,we calculate

A
� �

x � �
�
x � 100� � 5 ��� �

5x � 1000� � 1 ��
x � 100� 2

� 5x � 500 � 5x � 1000�
x � 100� 2

� � 500�
x � 100� 2 �
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For any valueof x, thenumeratorof theaboveexpressionis negativewhile thedenominatoris positive. There-
fore A

� �
x � � 0 for all x, andsoA

�
x � is a decreasingfunctionof x. I.e., theaveragecostpercaseof production

decreasesasthelevel of productionincreases.

It is interestingto getsomeestimatesfor theaveragecostof production.For smallx, wehavex � 200is approx-
imatelyequalto 200,x � 100is approximatelyequalto 100,soA

�
x � is approximatelyequalto 5

�
200��� 100

�
10

dollarsper case.For large valuesof x, muchlarger than200,we have x � 200 is approximatelyx, x � 100 is
approximatelyx, so A

�
x � is approximately5x � x

�
5 dollarspercase.You might want to graphA

�
x � to verify

thoseconclusions.It is alsointerestingto graphC
�
x � andfind theslantasymptoteto thegraph;whatwouldyou

guessthattheslantasymptoteshouldbe,giventhatA
�
x � � C

�
x ��� x is approximatelyequalto 5 for largex?
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