MATH 103 ProblemSet7 SolutionsDRAFT

EdwardDoolittle
April 20,2007

(a) By thesum,constanimultiple,andchainrules,

d —2X\ d d d —2X 72xd o —2X
&(1+4x+e )_&1+&4x+&e =4+¢€ &( 2X) =4-—2e .

(b) By thechainrule,

%((e*‘q’x —2x)* = 4(e" ¥ — 2x)

s d

5 (€729 =4(e—22°(-3e ¥~ 2),

wherethe chainrule wasappliedagainin thelaststep.
(c) Hereit helpsif youfirst simplify thefunctionusingrulesfor exponentialsj.e.

de@—e)=de? —de2=dt2_d2_-¢gt_¢e"
Differentiatingby thechainrule,

—(e*-et) = ea%é’st - e*t%(—t) =3t +et.

(d) bythequotientrule,

d 4E (P 4e¥)-8x—4x% (2x+2¢%)
dxx2+e> (x2+e)2 '

(a) Takingthenaturallogarithmof bothsides,
In(e"¥*) =In4 = 1-3x=In4 = 3x=In4—1 = x= %(In4—1).

(b) Exponentiatingothsides,
o =) = x=(9)Y2=¢2

(c) Squaringbothsidesandthentakingthe naturallogarithm,
(VP =g — V=& = 2\x=x.

squaringagainwe get4x = x> which implies x = 0 or x = 4. Eitherof thosesolutionsworks, ascanbe
seerby substitutinginto the original equation.

(d) First simplifying by laws for exponentswe have ()2 &~ = . @~ = e"2-% — &% Now the
equationcanbe solvedby takinglogarithms:

In(€#*)=In4d = 2—x=In4 = x=2—1In4



3. (a) Recallthatthe chainrule for logarithmscanbe summarizedy
d U 1 du
dx udx’

Applying thatrule, we have

d w1 d Ly e te

(b) Applying thechainrule,

d 14+ :3(1+|nx)2)—1(

£(1+Inx)3:3(1+lnx)2&(

dx
(c) By thequotientrule,

d 1 Inx-&1-18Inx  1/x 1

dxinx (Inx)2 T (Inx)2 ~ x(Inx)2’

(d) By thechainrule,

d 12 _ 121 d
(In2x)*“ = o dx

129
ix (In2x)~ Ix In2x =

d B 1 1 1 “12
ax In2x = > E(In2x) 2X—5((|n2X) .

4. (a) By theruleln(xy) = In(x) +In(y) we have
In[(x+1)(2x—1)(4—3x)] = In(x+ 1) +In[(2x— 1)(4 — 3x)] = In(x+ 1) + In(2x— 1) + In(4 — 3X).
(It sOK to skip directly to thelaststep.)Now differentiatingby thechainrule,

d 1 d 1 3 1 2 3
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a In[(x+1)(2x—1)(4—3x)] =
dx
(b) By reasoningsimilarto the previousquestionandtheruleIn(x") = nin(x), we have
%(In[(1+x)3(2+x)(3+x)2] = %( (3IN(L+x) +In(2+x) 4+ 2In(3+x)).

By the chainrule we have theabove equalto

1 d 1 d 1 d 3 1 2
31+x$<(1Jr X)+ 2+ xdx xet )+23+x&(3+x>_1+x+2+x+3+x‘

(c) Thisis justa morecomplicatedversionof the previous. Recalltherule In(x/y) = In(x) — In(y); thenwe
have

INXCe™(3x+1)Y2/(1—x3)] = In(x®) +In(e™) +In(3x+1)/2 — In(1—x?) = 5Inx+4x+2In(3x+ 1) —In(1—x?).

Differentiatingusingthe chainrule, we have the derivative of the above equalto

1 1 1 d 1 d 5 3 2x
B 44— —(3x+1l) (1 XD =2+4 .
x 4133 +1dx( X+1) 1—x2dx( x) x " Jr2(3x—|—1)+1—x2

5. (a) Differentiatingby the productrule, we have
= (1—x)eX
3/ = &4 (1 x)2e*
y' = —2e® - 2%+ (1 x)4e*.



(b)
(©

(d)

Stationarypointsarewherey = 0 whichimplies
€+ (1-%26% =0 = (-1+2-2Xe*=0. = (1-2x)e*=0.

The above equationholdsonly if 1 —2x = 0 or €* = 0; the latteris impossible(the graphof e never
touchesthe x-axis), sowe musthave x = 1/2, which is the only stationarypoint. To determinethe nature
of thestationarypointwe plug thatvalueinto the secondierivative to obtain

1
y’ (E) = —2e?Y2) _ 2212 1 (1 (1/2))4?V/?) = —4e+ 2e= —2e < 0.
Sincethe seconderivative is negative, the stationarypointis alocal maximum.

We couldusethequotientrule, but it's easietto write y = (4x— 1)e*/2 andusetheproductrule. Thenthe
answetto this questionis similar to the previous.

We have
y=¢€*+3x
y=—-e*+3
y' =eX

Stationarypointswhere—e *+3 = 0whichimpliese * = 3, —x = In 3, x = — In 3. Substitutinghatvalue
into y’ we havey” (—In3) = e (-3 — g3 — 3> 0, sothestationarypointis alocal minimum.

By the quotientrule we have

X

y= InX+Xx

y = (Inx+x) —x(1/x+1) Inx+x—1-x  Inx—1
B (INx+x)2 — (Inx+x2  (Inx+x)2

J = (INX+x)%(1/x) — (Inx— 1)2(Inx+ x) (1/x+ 1)

(Inx+x)3

| took morecarethanusualto simplify thefirst derivative becausehefirst derivative wasusedto calculate
the secondderivative, andwill beusedto find the stationarypoints. The stationarypointsarewherey’ = 0
whichimplies (Inx— 1) /(Inx+x)? = 0 which impliesInx— 1 = 0 which impliesInx = 1 which implies
x = d"* = ¢! = e. At thatvalueof x we havey’(e) = ((Ine+¢e)?(1/e) — (Ine— 1)X)/(Ine+ )3, wherel
don't carewhatX is becausé realizedthatine— 1 = 0. Continuingevaluationof thatexpressionwe have
y'(e) = (L+e)?(1/e)/(1+€)® > 0, sothestationarypoint s alocal minimum.

6. Therateof changeof thevalueof the computelis

7.

V(t) = %20003—‘135t = 200&-0-33%(—0.33) = 2000 —0.35)e 3% = —700e703%.

Therateof changeof thevalueof thecomputemwhent = 3is v/ (3) = —700e™%3%3 = —700e~1%. My calculator
tells methatis about—244.96, i.e., after 3 yearsthe computeiis losing valueat a rateof about$245dollarsper
year

(@) If we havey = e4(3x— 4)8, thenby therulesfor logarithmswe have

Iny = In[€"(3x— 4)8 = In€* + In(3x— 4)8 = x+ 8In(3x — 4).

Differentiatingboth sidesof the above equationusingthe chainrule we have

1d 1 d

yad T e a4
1 24
—yv=1 .
yy +3x—4



Solvingfor y we have

y —Y<1+ %) =& (34" <1+ 3x2j4> '

(b) As above,we have

Iny = 3Inx+4In(x— 3) — 4In(x+4).
Differentiatingbothsideswe have
y 3 4 4

y X X—3 x+4
Solvingfor y we have

y_x3(x—3)4 3.4 4

 (x+4)* \x x-3 x+4)°

(c) We alreadyknow how to differentiatethis functionwithoutlogarithmicdifferentiation.Recallthatwe can
write

y =10 = (o)X = gIn10x —, y/ _ glin 10)"%((In 10)x = €'"10%(In 10) = (In10)10".

We shouldgetthe sameresultby logarithmicdifferentiation.We have

y=10" = Iny=In(10°) =xIn10 = %: IN10 = y = (In10)y = (In10)10".

Which methoddo you think is easier?

(d) We coulddifferentiatethis functionby a methodsimilar to thefirst methodin the previousanswer Onthe
otherhand,by logarithmicdifferentiation by the productrule we have
1 y Inx 1
:1/x _ = S 2 —1\2 :1/x A
y=x/* = Iny XInx:>y X “Inx+ (X)) = y =x ( x2+x2>'

8. We have P(x) = R(x) — C(x) = 300In(x+ 1) — 2x. Differentiating,P' (x) = 300/ (x+ 1) — 2. Stationarypoints
arewhere300/(x+ 1) — 2= 0; solvingfor x gives300= 2(x+ 1) = 2x+ 2 whichimplies298= 2x or x = 149.
To checkthe natureof the stationarypoint we usethe secondderivative test: P”(x) = —300/ (x+ 1)? is always
negative, so the function is always concare down, so the stationarypoint mustbe a maximum. In summary
profitis maximizewhenx = 149.

9. Recallthat revenueis price times numberof units produced/soldso R(x) = px = (45/Inx)x. Simplifying
slightly we have R(x) = 45x/ Inx. Thenby the quotientrule themamginal revenueis

Inx)45—45x/x  45Inx—45
(Inx)2  (Inx)2

Whenx = 20, the maginal revenueis R (20) = (45In20— 45)/(In20)? = 10.0071.

To find whetherrevenueis ever maximized,we first needto find levels of productionat which the mamginal
revenueis 0: R (x) = 0 implies (45Inx— 45)/(Inx)2 = 0 implies45Inx — 45 = 0 impliesinx = 1 impliesx = ¢,
Euler'sconstant.To determinghenatureof thestationarypoint, we coulddifferentiateagainandusethesecond
derivative test. However, the calculationsaretedious,solet’s just try to usethefirst derivative test. Recallthat
Inx is increasingso45Inx — 45is increasing lt followsthat45Inx — 45is positive whenx > e, negative when
x < e. Thedenominatoof R (x) is alwayspositive, soit follows thatR(x) decreaset x = e andthenincreases
thereafterBy thefirst derivative test,thereis a globalminimumatx = e.

Furthermorerevenueis never maximizedbecausenaminal revenueis always positive to the right of x = g,
i.e.,we canalwaysincreaseaevenueby increasingoroduction.Sucha situationis unrealisticin practice,soour
modelis unreasonabléor x largerthansomevalue. To find that valuewe shouldinvestigatethe assumptions
thatwentinto the modelandseewhich of thembreaksdown for large x.

R(X) = (




