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1. (a) By thesum,constantmultiple,andchainrules,

d
dx

�
1 � 4x � e � 2x ��� d

dx
1 � d

dx
4x � d

dx
e � 2x � 4 � e � 2x d

dx

���
2x ��� 4

�
2e � 2x 	

(b) By thechainrule,

d
dx

�
e � 3x � 2x � 4 � 4

�
e � 3x � 2x � 3 d

dx

�
e � 3x � 2x �
� 4

�
e � 3x � 2x � 3 ��� 3e � 3x � 2 ���

wherethechainrulewasappliedagainin thelaststep.

(c) Hereit helpsif youfirst simplify thefunctionusingrulesfor exponentials,i.e.

et � e2t � e � 2t ��� ete2t � ete � 2t � et 
 2t � et � 2t � e3t � e � t 	
Differentiatingby thechainrule,

d
dt

�
e3t � e � t ��� e3t d

dt
3t
�

e � t d
dt

���
t ��� 3e3t � e � t 	

(d) by thequotientrule,

d
dx

4x2

x2 � e2x
� �

x2 � e2x ��� 8x
�

4x2 � � 2x � 2e2x ��
x2 � e2x � 2 	

2. (a) Takingthenaturallogarithmof bothsides,

ln
�
e1 � 3x ��� ln4 ��� 1

�
3x � ln4 ��� 3x � ln4

�
1 ��� x � 1

3

�
ln4

�
1 ��	

(b) Exponentiatingbothsides,

elnx2 � e9 ��� x2 � e9 ��� x � �
e9 � 1� 2 � e9� 2 	

(c) Squaringbothsidesandthentakingthenaturallogarithm,

�
e � x � 2 � ex ��� e2 � x � ex ��� 2 � x � x 	

squaringagainwe get 4x � x2 which implies x � 0 or x � 4. Eitherof thosesolutionsworks,ascanbe
seenby substitutinginto theoriginalequation.

(d) First simplifying by laws for exponents,we have
�
ex � 2 � e2 � 3x � e2x � e2 � 3x � e2x
 2 � 3x � e2 � x. Now the

equationcanbesolvedby takinglogarithms:

ln
�
e2 � x ��� ln4 ��� 2

�
x � ln4 ��� x � 2

�
ln4	
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3. (a) Recallthatthechainrule for logarithmscanbesummarizedby

d
dx

lnu � 1
u

du
dx

	
Applying thatrule,wehave

d
dx

ln
�
ex � e � x ��� 1

ex
�

e � x

d
dx

�
ex � e � x ��� ex � e � x

ex
�

e � x
	

(b) Applying thechainrule,

d
dx

�
1 � lnx � 3 � 3

�
1 � lnx � 2 d

dx

�
1 � lnx ��� 3

�
1 � lnx � 2 1

x
	

(c) By thequotientrule,

d
dx

1
lnx

� lnx � d
dx 1

�
1 d

dx lnx�
lnx � 2 � 1� x�

lnx � 2 � 1
x
�
lnx � 2 	

(d) By thechainrule,

d
dx
� ln2x � d

dx

�
ln2x � 1� 2 � 1

2

�
ln2x � � 1� 2 d

dx
ln2x � 1

2

�
ln2x � � 1� 2 1

2x
d
dx

2x � 1
2x

�
ln2x � � 1� 2 	

4. (a) By therule ln
�
xy ��� ln

�
x � � ln

�
y � wehave

ln � � x � 1 � � 2x
�

1 � � 4 � 3x ����� ln
�
x � 1 � � ln � � 2x

�
1 � � 4 � 3x ����� ln

�
x � 1 � � ln

�
2x
�

1 � � ln
�
4
�

3x ��	
(It’ sOK to skipdirectly to thelaststep.)Now differentiatingby thechainrule,

d
dx

ln � � x � 1 � � 2x
�

1 � � 4 � 3x ����� 1
x � 1

d
dx

�
x � 1 � � 1

2x
�

1
d
dx

�
2x
�

1 � � 1
4
�

3x
3

dx

�
4
�

3x ��� 1
x � 1

� 2
2x
�

1

� 3
4
�

3x
	

(b) By reasoningsimilar to thepreviousquestion,andtherule ln
�
xn ��� n ln

�
x � , we have

d
dx

ln � � 1 � x � 3 � 2 � x � � 3 � x � 2��� d
dx

�
3ln

�
1 � x � � ln

�
2 � x � � 2ln

�
3 � x ����	

By thechainrulewe have theaboveequalto

3
1

1 � x
d
dx

�
1 � x � � 1

2 � x
d
dx

�
2 � x � � 2

1
3 � x

d
dx

�
3 � x � � 3

1 � x
� 1

2 � x
� 2

3 � x
	

(c) This is just a morecomplicatedversionof theprevious. Recallthe rule ln
�
x � y ��� ln

�
x � � ln

�
y � ; thenwe

have

ln � x5e4x � 3x � 1 � 1� 2 � � 1 � x2 ����� ln
�
x5 � � ln

�
e4x � � ln

�
3x � 1 � 1� 2 � ln

�
1
�

x2 ��� 5lnx � 4x � 1
2

ln
�
3x � 1 � � ln

�
1
�

x2 ��	
Differentiatingusingthechainrule,we havethederivativeof theaboveequalto

5
1
x
� 4 � 1

2
1

3x � 1
d
dx

�
3x � 1 � � 1

1
�

x2

d
dx

�
1
�

x2 ��� 5
x
� 4 � 3

2
�
3x � 1 � �

2x
1
�

x2
	

5. (a) Differentiatingby theproductrule,we have

y � �
1
�

x � e2x

y! � �
e2x � �

1
�

x � 2e2x

y! ! � �
2e2x � 2e2x � �

1
�

x � 4e2x 	
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Stationarypointsarewherey! � 0 which implies
�

e2x � �
1
�

x � 2e2x � 0 ��� ���
1 � 2

�
2x � e2x � 0	"��� �

1
�

2x � e2x � 0	
The above equationholdsonly if 1

�
2x � 0 or e2x � 0; the latter is impossible(the graphof e2x never

touchesthex-axis),sowe musthave x � 1� 2, which is theonly stationarypoint. To determinethenature
of thestationarypointwe plug thatvalueinto thesecondderivativeto obtain

y! ! 1
2

� �
2e2 # 1� 2$ � 2e2 # 1� 2$ � �

1
�%�

1� 2 ��� 4e2 # 1� 2$ � �
4e � 2e � �

2e & 0	

Sincethesecondderivative is negative,thestationarypoint is a localmaximum.

(b) Wecouldusethequotientrule,but it’seasierto write y � �
4x
�

1 � e � x� 2 andusetheproductrule. Thenthe
answerto this questionis similar to theprevious.

(c) We have

y � e � x � 3x

y! � �
e � x � 3

y! ! � e � x 	
Stationarypointswhere

�
e � x � 3 � 0 which impliese � x � 3,

�
x � ln3, x � �

ln3. Substitutingthatvalue
into y! ! wehavey! ! ��� ln3 ��� e � # � ln3$ � eln3 � 3 ' 0, sothestationarypoint is a localminimum.

(d) By thequotientrule wehave

y � x
lnx � x

y! �
�
lnx � x � � x

�
1� x � 1 ��

lnx � x � 2 � lnx � x
�

1
�

x�
lnx � x � 2 � lnx

�
1�

lnx � x � 2
y! ! �

�
lnx � x � 2 � 1� x � �(�

lnx
�

1 � 2 � lnx � x � � 1� x � 1 ��
lnx � x � 3 	

I tookmorecarethanusualto simplify thefirst derivativebecausethefirst derivativewasusedto calculate
thesecondderivative,andwill beusedto find thestationarypoints.Thestationarypointsarewherey! � 0
which implies

�
lnx

�
1 � � � lnx � x � 2 � 0 which implies lnx

�
1 � 0 which implies lnx � 1 which implies

x � elnx � e1 � e. At thatvalueof x we have y! ! � e ��� ���
lne � e � 2 � 1� e � �%�

lne
�

1 � X � � � lne � e � 3, whereI
don’t carewhatX is becauseI realizedthatlne

�
1 � 0. Continuingevaluationof thatexpressionwehave

y! ! � e ��� �
1 � e � 2 � 1� e � � � 1 � e � 3 ' 0, sothestationarypoint is a localminimum.

6. Therateof changeof thevalueof thecomputeris

v! � t ��� d
dt

2000e � 0 ) 35t � 2000e � 0 ) 35t d
dt

���
0	 35t � � 2000

���
0	 35� e � 0 ) 35t � �

700e � 0 ) 35t 	

Therateof changeof thevalueof thecomputerwhent � 3 is v! � 3 ��� �
700e � 0 ) 35* 3 � �

700e � 1 ) 05. My calculator
tellsmethatis about

�
244	 96,i.e.,after3 yearsthecomputeris losingvalueata rateof about$245dollarsper

year.

7. (a) If we havey � ex � 3x
�

4 � 8, thenby therulesfor logarithmswehave

lny � ln � ex � 3x
�

4 � 8��� lnex � ln
�
3x
�

4 � 8 � x � 8ln
�
3x
�

4 ��	
Differentiatingbothsidesof theaboveequationusingthechainrule we have

1
y

d
dx

y � 1 � 8
1

3x
�

4
d
dx

�
3x
�

4 �
1
y

y! � 1 � 24
3x
�

4
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Solvingfor y! wehave

y! � y 1 � 24
3x
�

4
� ex � 3x

�
4 � 8 1 � 24

3x
�

4
	

(b) As above,we have

lny � 3lnx � 4ln
�
x
�

3 � � 4ln
�
x � 4 ��	

Differentiatingbothsides,we have

y!
y
� 3

x
� 4

x
�

3

� 4
x � 4

	
Solvingfor y! wehave

y! � x3 � x � 3 � 4�
x � 4 � 4

3
x
� 4

x
�

3

� 4
x � 4

	
(c) We alreadyknow how to differentiatethis functionwithout logarithmicdifferentiation.Recallthatwecan

write

y � 10x � �
eln10 � x � e # ln10$ x ��� y! � e # ln10$ x d

dx

�
ln10� x � e # ln10$ x � ln10�
� �

ln10� 10x 	
We shouldgetthesameresultby logarithmicdifferentiation.We have

y � 10x ��� lny � ln
�
10x ��� x ln10 ��� y!

y
� ln10 ��� y! � �

ln10� y � �
ln10� 10x 	

Whichmethoddo you think is easier?

(d) We coulddifferentiatethis functionby amethodsimilar to thefirst methodin thepreviousanswer. On the
otherhand,by logarithmicdifferentiation,by theproductrule we have

y � x1� x ��� lny � 1
x

lnx ��� y!
y
� �

x � 2 lnx � �
x � 1 � 2 ��� y! � x1� x � lnx

x2 � 1
x2

	

8. We have P
�
x ��� R

�
x � � C

�
x ��� 300ln

�
x � 1 � � 2x. Dif ferentiating,P! � x ��� 300� � x � 1 � � 2. Stationarypoints

arewhere300� � x � 1 � � 2 � 0; solvingfor x gives300 � 2
�
x � 1 �
� 2x � 2 which implies298 � 2x or x � 149.

To checkthenatureof thestationarypoint we usethesecondderivative test:P! ! � x ��� �
300� � x � 1 � 2 is always

negative, so the function is alwaysconcave down, so the stationarypoint mustbe a maximum. In summary,
profit is maximizewhenx � 149.

9. Recall that revenueis price times numberof units produced/sold,so R
�
x �+� px � �

45� lnx � x. Simplifying
slightly we haveR

�
x ��� 45x � lnx. Thenby thequotientrule themarginal revenueis

R! � x ���
�
lnx � 45

�
45x � x�

lnx � 2 � 45lnx
�

45�
lnx � 2 	

Whenx � 20, themarginal revenueis R! � 20��� �
45ln20

�
45� � � ln20� 2 � 10	 0071.

To find whetherrevenueis ever maximized,we first needto find levels of productionat which the marginal
revenueis 0: R! � x ��� 0 implies

�
45lnx

�
45� � � lnx � 2 � 0 implies45lnx

�
45 � 0 implieslnx � 1 impliesx � e,

Euler’sconstant.To determinethenatureof thestationarypoint,wecoulddifferentiateagainandusethesecond
derivative test.However, thecalculationsaretedious,solet’s just try to usethefirst derivative test.Recallthat
lnx is increasing,so45lnx

�
45 is increasing.It follows that45lnx

�
45 is positive whenx ' e, negativewhen

x & e. Thedenominatorof R! � x � is alwayspositive,soit follows thatR
�
x � decreasesto x � e andthenincreases

thereafter. By thefirst derivative test,thereis a globalminimumat x � e.

Furthermore,revenueis never maximizedbecausemarginal revenueis alwayspositive to the right of x � e,
i.e.,we canalwaysincreaserevenueby increasingproduction.Sucha situationis unrealisticin practice,soour
modelis unreasonablefor x larger thansomevalue. To find that valuewe shouldinvestigatetheassumptions
thatwentinto themodelandseewhich of thembreaksdown for largex.

4


