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1. ThedifferentialequationP
���

t ��� kP
�
t � hassolutionP

�
t ��� P0ekt . In thiscasek � 0� 03sowehaveP

�
t ��� P0e0 	 03t .

Furthermore,we have P0 � P
�
0 � sowe have P

�
t �
� 2� 5e0 	 03t . At this point, it would be a goodideato verify

thatthefunctionP
�
t ��� 2� 5e0 	 03t satisfiesboththedifferentialequationP

���
t ��� 0� 03P

�
t � andtheinitial condition

P
�
0 �
� 2� 5.

If that formula holdsover the time interval in question,we have the populationin the year2000 is P
�
0 ���

2� 5e0 	 03� 0� � 2� 5e0 � 2� 5 � 1 � 2� 5; the populationin the year2003 is P
�
3 ��� 2� 5e0 	 03� 3� � 2� 5e0 	 09 � 2� 75

million; andthepopulationin theyear2006is P
�
6 �
� 2� 5e0 	 03� 6� � 3 million or so.

We coulddo a complicatedcalculationinvolving derivatesandlogarithmsto figureout how fastthepopulation
is growing whenit reaches4 million in size,but it’s easierto usethe differentialequation.We have P

���
t ���

0� 03P
�
t �
� 0� 03

�
4 �
� 0� 12 million, or about120� 000peopleperyear. Notice thatwe didn’t have to figureout

whattherelevantvalueof t is in orderto answerthequestion.

2. Assumingthat thepopulationof theworld grows at a rateproportionalto its sizemeansusinganexponential
model. (In detail, it meansthat populationsatisfiesthe differentialequatonP

���
t ��� kP

�
t � which implies that

P
�
t �
� P0ekt for someP0 andk, andthelatterexpressionfor P

�
t � is themainthing.)

For this problem,let’s sett � 0 to meanJanuary1, 1993,andwe measuretime in years,sot � 1 is January1,
1994,andJanuary1, 1998is t � 5. Thepopulationat t � 0 is 5� 51 (unitsarebillions of people),sowe have
P
�
t ��� 5� 51ekt . Now theonly thing we needto know to determineP

�
t � completelyis thevalueof k, which we

canfind from theotherbit of informationwehave. Weknow thatontheonehandP
�
5 ��� 5� 88,andon theother

P
�
t �
� 5� 51ek � 5. Thatgivesusanequationwhich wesolve for k:

5� 88 � 5� 51ek � 5 �
� 5k � ln
5� 88
5� 51

�
� k � 1
5

ln
5� 88
5� 51

� 0� 0130�

Our modelfor thepopulationof theearthis P
�
t �
� 5� 51e0 	 0130t wheret is thenumberof yearssinceJanuary1,

1993.

Now we canusethe model to answerthe questionsthat weregiven. (a) The populationis 6.5 billion means
6� 5 � P

�
t ��� 5� 51e0 	 0130t; solvingfor t givest � 12� 71,or sometimein lateSeptember2005.(b) Thepopulation

is 8 billion means8 � 5� 51e0 	 0130t which impliest � �
1� 0� 0130� ln � 8� 5� 51��� 28� 68,or sometimein thesecond

half of 2021.(c) Thepopulationis 10billion whent � �
1� 0� 0130� ln � 10� 5� 51��� 45� 8 or sometimein 2038.

3. (a) Assumingcontinuouscompounding,A
�
t �
� 3000e0 	 045t.

(b) Thedifferentialequationis A
���

t �
� 0� 045A
�
t � . YoushouldcheckthattheabovefunctionA

�
t � satisfiesthat

equation.Notethatthedifferentialequationdependson theinterestratebut not on theprincipal.

(c) A
�
0 ��� 3000,theamountof theinitial deposit.NotethatA

�
0 � dependson theprincipalbut not theinterest

rate.

(d) After threeyears,theamountin theaccountis A
�
3 �
� 3000e0 	 045� 3 � 3433� 61.

(e) Thebalancereaches7000when7000 � A
�
t � . Weusetheformulafor A

�
t � andsolvetheresultingequation:

7000 � 3000e0 	 045t which impliest � �
1� 0� 45� ln � 7000� 3000��� 18� 8, i.e.,nearly19yearsinto thefuture.
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(f) Theeasiestway to answerthatquestionis to usethedifferentialequation.Thebalanceis growing ata rate
of A

���
t ��� 0� 045A

�
t ��� 0� 045

�
7000��� 315dollarsperyear. Alternatively, you couldcalculateA

���
18� 8 � :

A
�
t ��� 3000e0 	 045t soA

���
t ��� 3000� 0� 045e0 	 045t � 135e0 	 045t soA

���
18� 8 ��� 135� e0 	 045� 18	 8 � 314� 59. There

is somelossin accuracy dueto roundingt � 18� 8.

4. Supposethat the initial investmentis P. Then A
�
t ��� Pe0 	 04t . The doubling time is when A

�
t ��� 2P, i.e.,

2P � Pe0 	 04t . Solving for t we have 2 � e0 	 04t which implies t � �
1� 0� 04� ln2 � 17� 3, just over 17 years.The

tripling time is whenA
�
t �
� 3P which leadsto t � �

1� 0� 04� ln3 � 27� 5 years.

At 10%thetimesbecomet � �
1� 0� 10� ln2 � 6� 9 yearsto doubleandt � �

1� 0� 10� ln3 � 11� 0 yearsto triple.

5. Assumingcontinuouscompoundingwe have thevalueof the houseis A � Pert . Filling in A � 180� 000,P �
135� 000,andt � 3 years,we havetheequation

180� 000 � 135� 000er � 3� �
� 180� 000
135� 000

� e3r �
� 3r � ln
180
135

�
� r � 1
3

ln
180
135

�

Pressingthecorrectsequenceof buttonson my calculatorgivesr � 9� 6%. (If you’re familiar with theformula
for annualcompounding,youshouldbeableto show thatthecorrespondingratefor annualcompoundingis just
slightly over10%.)

6. Therateof returnfor largecap(Standard& Poor, S&P) stocksis foundby solving

517 � 1er � 65� �
� 65r � ln517 �
� r � 1
65

ln517 � 0� 0961

about9.6%,assumingcontinuouscompounding.For smallcapstockswe have r � ln
�
1277��� 65 � 0� 11, about

11%.Notethatasmalldifferencein theinterestrateover theperiodresultedin a futurevaluewhichwasalmost
double.

(If you’re interestedin financialmath,you might like to try theabove calculationsusingannualcompounding
insteadof continuouscompounding.If weuseannualcompoundinginsteadof continuouscompounding,in the
first casewe get

�
1 � r � 65 � 517 which implies ln

�
1 � r �
� �

1� 65� ln517 which implies r � eln � 517��� 65  1 �
10� 0%, and in the secondcasewe get r � 11� 63%, off by abouthalf a percent. The annualcompounding
numbersaretheonesusuallyquotedwhentalking aboutthestockmarket. Which modeldo you think is better
for thestockmarket,annualcompoundingor continuouscompounding?)

As for your investment,at 9� 6% we have A � 5000e0 	 096� 40� � 233� 000 or so, and at 11% we have A �
5000e0 	 11� 40� � 407� 000. Moral of the story: start investingwhenyou’re young,andtry to squeezean extra
percentagepointor two out of your investment,e.g.,by keepingmanagementfeeslow.

7. WehaveA
�
t ��� 10� 000e0 	 08t. At thebeginningof thesecondyeartheinvestmentisworthA

�
1 �!� 10� 000e0 	 08� 1 �

10� 832� 87. At theendof thesecondyeartheinvestmentis worthA
�
2 �
� 11� 735� 11. Theinterestearnedduring

thesecondyearis A
�
2 �  A

�
1 ��� 902� 24(roundingerrorsmaychangethatvalueslightly).

8. The amountof cesium-137we have is A
�
t �"� A0e # 0 	 023t whereA0 is the initial amountand t is measuredin

years.Notethenegativesign,which is neededbecauseit is acaseof decay, notgrowth. To find thehalf life, we
canapproachtheproblemin two differentways.In thefirst method,weneedto find whenA

�
t ��� A0 � 2, half the

original amount. Thenwe have A0 � 2 � A0e # 0 	 023t which implies t � �  1� 0� 023� ln � 1� 2 ��� �
1� 0� 023� ln2 �

30� 14, about30 years.Note that theactualvalueof A0 is not importantbecauseit cancelsout of theequation
beforewe find t.

Theothermethodis to re-writeA
�
t � in termsof 2x ratherthanex. Wehave2 � eln2 so2x� ln2 � �

eln2 � x� ln2 � ex so
A
�
t �
� A0e # 0 	 023t � A02# 0 	 023t � ln2 � A02 # 0 	 0332t . Half life is when2# 0 	 0332t � 1� 2 � 2# 1, i.e., t � 1� 0� 0332 �

30� 14,about30 years,in agreementwith thepreviousmethod.

9. Again,we coulddo this in two differentways.Thefirst way is to usethefunction2x. We have thattheamount
of carbon-14at time t in yearsis A

�
t ��� A02 # t � 5730. We needA

�
t ��� 0� 34A0, 34% of its original value, in

whichcase0� 34A0 � A02 # t � 5730which implies0� 34 � 2# t � 5730. Takingthenaturallogarithmof bothsidesgives
ln0� 34 � �  t � 5730� ln2 which impliest �  5730

�
ln0� 34��� ln2 �
� 8918years.
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Thesecondway is to usetheexponentialfunctionex, soA
�
t ��� A0e # kt wherek is thedecayconstant.Whenwe

used2x thedecayconstantwaseasyto see,it wasjust 1� 5730,the reciprocalof thehalf life. In this case,we
have to solve for it. We have A

�
5730��� A0 � 2 on the onehandandA0e # k � 5730 on theother. Solving for k we

haveA0 � 2 � A0e # k � 5730whichimplies1� 2 � e # 5730k which impliesk � �  1� 5730� ln � 1� 2 ��� �
1� 5730� ln � 2 ���

0� 00012097(I usedextra decimalpoints,otherwisethe lossof accuracy would betoo great).Now we needto
find t suchthatA

�
t ��� 0� 34A0. On theotherhandwe have A

�
t ��� A0e # 0 	 00012097t; solvingfor t gives0� 34A0 �

A0e # 0 	 00012097t which impliest �  ln
�
0� 34��� 0� 00012097� 8918years.
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