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1. ThedifferentialequatiorP’(t) = kP(t) hassolutionP(t) = Poe. In thiscasek = 0.03sowe have P(t) = Poe® %%,

3.

Furthermorewe have Py = P(0) sowe have P(t) = 2.5*02, At this point, it would be a goodideato verify
thatthefunctionP(t) = 2.5e%0 satisfieshoththedifferentialequatiorP’ (t) = 0.03P(t) andtheinitial condition
P(0) = 2.5.

If that formula holds over the time interval in question,we have the populationin the year2000is P(0) =
2.5e%030) — 2 5% = 2.5 x 1 = 2.5; the populationin the year 2003is P(3) = 2.5e%033) = 2.5¢009 — 2 75
million; andthe populationin theyear2006is P(6) = 2.5¢93(6) = 3 million or so.

We coulddo a complicatedcalculationinvolving derivatesandlogarithmsto figure out how fastthe population
is growing whenit reachest million in size,but it's easierto usethe differentialequation. We have P'(t) =
0.03P(t) = 0.03(4) = 0.12 million, or about120,000 peopleperyear Noticethatwe didn’t have to figure out
whattherelevantvalueoft is in orderto answeithe question.

. Assumingthat the populationof the world grows at a rate proportionalto its size meansusingan exponential

model. (In detail, it meansthat populationsatisfiesthe differentialequatonP’(t) = kP(t) which implies that
P(t) = Pye for someP, andk, andthelatterexpressiorfor P(t) is themainthing.)

For this problem,let’s sett = 0 to meanJanuaryl, 1993,andwe measurdime in years,sot = 1 is Januaryl,
1994,andJanuaryl, 1998ist = 5. The populationatt = 0 is 5.51 (units arebillions of people),sowe have
P(t) = 5.51¢. Now the only thing we needto know to determineP(t) completelyis the value of k, which we
canfind from the otherbit of informationwe have. We know thatonthe onehandP(5) = 5.88,andon theother
P(t) = 5.51€¥5. Thatgivesusanequatiorwhich we solve for k:

5.88— 55165 — Bk —In <5-88> 1 (5_88

Our modelfor the populationof the earthis P(t) = 5.516%932 wheret is the numberof yearssinceJanuaryl,
1993.

Now we canusethe modelto answerthe questionghat weregiven. (a) The populationis 6.5 billion means
6.5=P(t) = 5.516°913%; solvingfor t givest = 12.71,or sometimen late SeptembeR005. (b) Thepopulation
is 8 billion means8 = 5.516%932 whichimpliest = (1/0.0130)In(8/5.51) = 28.68, or sometimen thesecond
half of 2021.(c) Thepopulationis 10 billion whent = (1/0.0130)In(10/5.51) = 45.8 or sometiman 2038.

(@) AssumingcontinuouscompoundingA(t) = 3000e>043,

(b) Thedifferentialequationis A'(t) = 0.045A(t). You shouldcheckthattheabove functionA(t) satisfieghat
equation.Notethatthedifferentialequationdepend®n theinterestratebut not on the principal.

(c) A(0) = 3000,theamountof theinitial deposit.NotethatA(0) depend®n the principalbut nottheinterest
rate.

(d) After threeyears theamountin theaccounts A(3) = 3000”0453 = 343361.

(e) Thebalancaeache§000when7000= A(t). We usetheformulafor A(t) andsolvetheresultingequation:
7000= 3000>%4% whichimpliest = (1/0.45)In(7000/3000) = 18.8, i.e., nearly19yearsinto thefuture.



(H Theeasiestvayto answethatquestions to usethedifferentialequation.Thebalances growing atarate
of A'(t) = 0.045A(t) = 0.0457000 = 315dollarsperyear Alternatively, you could calculateA’(18.8):
A(t) = 30002043 5o A/(t) = 3000- 0.045e2043 = 135¢%043 50 A/(18.8) = 135. 0945188 — 31459, There
is somelossin accurag dueto roundingt = 18.8.

4. Supposethat the initial investmentis P. ThenA(t) = Pe®%%. The doubling time is when A(t) = 2P, i.e.,
2P = Pe®0%, Solving for t we have 2 = €*%% which impliest = (1/0.04)In2 = 17.3, just over 17 years. The
tripling time is whenA(t) = 3P whichleadstot = (1/0.04) In3 = 27.5 years.

At 10%thetimesbecome = (1/0.10)In2 = 6.9 yearsto doubleandt = (1/0.10)In3 = 11.0 yearsto triple.

5. Assumingcontinuouscompoundingwve have the value of the houseis A = Pet. Filling in A= 180,000,P =
135,000,andt = 3 years,we have theequation

180,000 180 1 /180
_ r(3) ) — a3 — - = — —
180,000= 135,000’ ® — 135,000 e — 3r=lIn (135> =T 3 In (135> .

Pressinghe correctsequencef buttonson my calculatorgivesr = 9.6%. (If you're familiar with the formula
for annualcompoundingyou shouldbeableto shav thatthe correspondingatefor annualcompoundings just
slightly over 10%.)

6. Therateof returnfor largecap(Standard Poor, S&P) stocksis foundby solving
517=1€% — 65r=In517 = r = 6is|n517: 0.0961

about9.6%,assumingcontinuouscompounding For smallcapstockswe haver = In(1277)/65= 0.11, about
11%. Notethata smalldifferencen theinterestrateoverthe periodresultedn afuturevaluewhichwasalmost
double.

(If you'reinterestedn financialmath,you might like to try the above calculationsusingannualcompounding
insteadof continuouscompoundinglf we useannualcompoundingnsteadof continuouscompoundingin the
first casewe get (1+ )% = 517 which impliesIn(1+-r) = (1/65)In517 which impliesr = n(517/65_ 1 —
10.0%, andin the secondcasewe getr = 11.63%, off by abouthalf a percent. The annualcompounding
numbersarethe onesusuallyquotedwhentalking aboutthe stockmarket. Which modeldo you think is better
for the stockmarket, annualcompoundingr continuouscompounding?)

As for your investment,at 9.6% we have A = 5000e*9640) — 233 000 or so, and at 11% we have A =
5000e>11(40) — 407,000. Moral of the story: startinvestingwhenyou’re young, andtry to squeezean extra
percentag@ointor two out of yourinvestmentg.g.,by keepingmanagemerfeeslow.

7. WehaveA(t) = 10,000e*%2, At thebeginningof thesecond/eartheinvestments worth A(1) = 10,000e>081 =
10,832.87. At theendof thesecondyeartheinvestments worth A(2) = 11,735.11. Theinterestearnedduring
thesecondyearis A(2) — A(1) = 90224 (roundingerrorsmay changethatvalueslightly).

8. The amountof cesium-137ve have is A(t) = Aje~ %022 whereAy is the initial amountandt is measuredn
years.Notethe nggative sign,whichis needeecausét is a caseof decaynotgrowth. To find the half life, we
canapproactthe problemin two differentways. In thefirst method we needto find whenA(t) = Ag/2, half the
original amount. Thenwe have Ag/2 = Age~%922 which impliest = (—1/0.023)In(1/2) = (1/0.023)In2 =
30.14, about30 years. Note thatthe actualvalueof Ag is notimportantbecausét cancelsout of the equation
beforewefindt.

Theothermethods to re-writeA(t) in termsof 2 ratherthane’. Wehave 2 = "2 s02%/"2 = (d"2)¥/In2 — g 5o
At) = Age 0023 — p;2-0023/In2 _ 700332 Hgf jife is when2 00332 — 1/2 —2-1 je., t =1/0.0332=
30.14,about30years,n agreementvith the previous method.

9. Again,we coulddo thisin two differentways. Thefirst way is to usethefunction2X. We have thatthe amount
of carbon-14at time t in yearsis A(t) = Ag2 /5730 We needA(t) = 0.34A0, 34% of its original value,in
which case0.34Aq = A2 1/5730whichimplies0.34 = 2-1/5730, Takingthenaturallogarithmof bothsidesgives
In0.34= (—t/5730) In2 whichimpliest = —573(Q(In0.34) /In2) = 8918years.



Thesecondway is to usethe exponentialfunctione®, soA(t) = Aje™ wherek is the decayconstantWhenwe
used2* the decayconstantaseasyto see,it wasjust 1/5730,the reciprocalof the half life. In this case we
have to solve for it. We have A(5730) = Ag/2 on the onehandand Age 5730 on the other Solving for k we
have Ag/2 = Age ¥5730whichimplies1/2 = e 573% whichimpliesk = (- 1/5730)In(1/2) = (1/5730 In(2) =
0.00012097(1 usedextra decimalpoints,otherwisethe lossof accurag would betoo great). Now we needto
find t suchthatA(t) = 0.34A,. Onthe otherhandwe have A(t) = Age~0001209T; splvingfor t gives0.34Ag =
Age~0-0001209% \whjch impliest = —In(0.34)/0.00012097= 8918years.



