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1. Thedefinitionof derivative says
 f(x+h)—1(x)
! —
r)= rlmano h '
In this casewe have

/(1) = lim \/1+h+sf V13 _ im \/h+:]17 V4

(NOTE: v/x+ 3isnot the same as /X + v/3!!) The bestway to evaluatethe above limit is usingthe conjugate
radical:

im \/h+4—\/4_1\/h+4+\/71:"m h+9)-(4) _ h
h—0 h VhT4+v4 n-oh(vh+4++v4 h-0h(vX+h+3+/x+3
Cancellingthe hsin the numeratomanddenominatoandthenletting h approacltO gives
im 1 B 1 11
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You canchecktheresultusingthe power rule andthe chainrule.
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2. Ontheonehandwe have

lim f(x)= lim e“ 1= 2*1_¢
X——2 X——2

Ontheotherhandwe have f(—2) = €. Since Iim2 f(x) # f(—2), thefunction f(x) is not continuousatx = —2.

X——
3. (a) Factoring,

. X*+3x—10 im =245 . x+5 7
x—=2  X—4  x-2(X—2)(x+2) x—2x+2 4

(b) Dividing throughby the highestpower of x occurringin the expressiorwe have

- X —4x+3 - (X2 —4x+3)/x2 lim 1-4/x+3/x¢ 1-0+0 1
xo0 Bx246  x—o (5x24+6)/x2  xoo 546/  54+0 5

4. (@) By theproductrule andthechainrule,

d

f/(x) = (%(XZH)?'/Z) (2x—3) + (@ +1)%? (&

(2x3))
= g(xz—l— 1)1/2 (%(XZ—I- 1)) (ZX— 3) + (XZ—I— 1)3/2<2>

= 3x(x% +1)%?(2x— 3) + 2(x%+ 1)%/2.



(b) By thequotientrule,

)= (42 4+ 1) (B3t +2)— (3t +2)F(42+1)  (42+1)(3)— (3t+2)(8t)
g = (42 +1)2 N (42+1)2
Simplificationis possiblebut is notreally helpful for this question.

(c) By thesumandconstanmultiplerules,

.d ., d, d 5
)/_Z&e“r&e —&In(1+x ).

Thefirst termis the derivative of anexponential. The secondermis the derivative of a constant(e?® is a

constant)sois zero. Thelasttermis thederivative of alogarithmwith thechainrule. Altogether
1 d 2x

(14X =2e— —.

1+4+x2 dx( +x) 1+x2

(d) By thechainrule,thefirst derivativeis

y = 28

f/(x) = e?<2+1%((x2 +1) = 2xe“H1,
To find the secondderivative, we mustapplythe productrule andthenthechainrule asabove:
£(x) = 26+1 ¢ 2x:%(ex2+l = 26%+1 4 2x@®Hlox = (24 4x%)eC L,

5. To find the equationof thetangentine we needto find a point on theline andthe slopeof theline. Thepointis
given: (xo,¥o) = (1,3). Theslopemis thederivative of thefunctionatxo, i.e.,

_ f/ 15 -1/2 1.5 ~1/2 1 1
m=f'(x0) =500 +8) 7" 20 =5(1"+8) 7" 2(1) = 73
Thepoint-slopeform of theline is
y-3=2(x~1)

Simplificationis possiblebut is not necessary

6. Thecritical points of the function (alsocalledthe stationarypoints) arethe x-valueswhere f’(x) = 0. Taking
thederivative we have
f/(x) = e+ (1—x)-2e* = (1— 2x)e*.
Simplificationreally is necessarn this question.Now we solve the equationf’(x) = O:
1
f'(xX)=0 = (1 -2X)e¥=0 = 1-2x=0 = x= >
Theonly critical pointis atx = 1/2. Notethatin the above we usedthe factthate® is never zero,sowe can
divide the equatiorby thatterm.
7. Wefind critical pointsasin the previousproblem:
f/(x) =3 —6x=0 — 3(x—2)x=0 — x=0,2.

Todeterminghenatureof theextremepointwe usethesecondlerivativetest: f” (x) =6x—6sof”(0) = -6 < 0,
relative maximumatx = 0; f”(2) = 6(2) — 6 = 12— 6 = 6 > 0, relatve minimumatx = 2. To locatethe points
on the graphwe find the corresponding-values:whenx = 0, y = f(0) = 0° — 3(0)? + 4 = 4, sothe relative
maximumis at the point (0,4) onthe graph.Whenx =2,y = f(2) =23 - 3(2)2+4=8—-12+4=0, sothe
relative minimumis atthe point (2,0).

Inflection pointsarewheref”(x) = 0, i.e.,6x— 6 =0, i.e.,x = 1. Thecorresponding-valueis aty = f(1) =
13— 3(1)2 + 4 = 2, sotheinflection pointon thegraphis (1,2).

Assemblingall theabove informationgives[INSERT GRAPHHERE]



8. It helpsto draw asketch.Let the sidesof the garderparallelto thefencebe of lengthx feet,andthe sidesof the
gardenperpendiculato thefencebe of lengthy feet. The constraintis thatthe areaof the gardenis 120square
feet,sowehavexy = 120. Theobjectis to minimizethecostof thegardenwhichis C = 15y+ 15x+ 15y + 10x=
30y + 25x. We canwrite the objective in termsof a single variableby usingthe constraintto eliminateone
variable.We havey = 120/x so

120
C(x) = 30—~ +25x= 3600« 1+ 25x.

To minimize,we take thefirst derivative to obtain
C'(x) = —3600« 2+ 25.

The minimumshouldoccurwhereC'(x) = 0, i.e., =360k 2+ 25= 0, i.e., 3600 2 = 25, i.e., 144= X, i.e.,
X = +12. Sincea negative valuefor x doesnt make senseave throw it away andconcludethatx = 12is theonly
stationary(critical) point for the function. Testingthe natureof the point be the secondderivative testwe have
C"(x) = 72003 s0C”(12) = 7200(12)~3 > 0 andthe stationarypointis a (local) minimum.

Finally, to figureoutthedimension®f thegardenwe usetheconstrainto obtainy = 120/x= 120/12=10. The
gardershouldbel12feetlongin thedirectionparallelto thefence,and10feetlongin thedirectionperpendicular
tothefence.

9. Thedemandunction p = f(x) passeshroughthe point (p,x) = (50,200). We arealsotold thatif x increases
by 1 thenp mustdecreaséy 2, sothe slopeof thedemandunctionis rise/run= —2/1 = —2. Thepoint slope
form of thelineardemandunctionis

p—50=—2(x—200) = p=450—2x.
(It is helpfulto solve for pin this question.)Therevenuefunctionis then
R(X) = X- p = X(450— 2x) = 450x — 22,
Thecostfunctionis
C(x) = 5000+ 36x,
i.e.,thefixedcostplusthe costperpersonmultiplied by the numberof people.The profit functionis then
P(x) = R(X) — C(X) = 450k — 2x* — (5000+ 36x) = 414x — 2x*> — 5000

Profitis maximizedwhenP’(x) = 414— 4x = 0 which implies x = 10350. Checkingthatthatis a maximum
ratherthana minimum, we have P”(10350) = —4 < 0, soalocal maximum. The tour operatorshouldchage
$103.50perseatto maximizeprofit.

10. The purchasevalue of the computeris v(0) = 2000350 = 2000 = 2000- 1 = 2000 dollars. Half the
purchasevalueis then1000dollars. Thevalueof thecomputeris 1000dollarswhenv(t) = 1000whichimplies
1000= 2000=~%3% whichimpliese~%3% = 0.5. Takingthe logarithmof both sideswe have —0.35t = In(0.5)
whichimpliest = In(0.5)/(—0.35) = 1.9804,0r very closeto 2 years.

atmy homecomputer

11. (a) By thesumandconstanmultiple rulesfor integrals,

/<§+8x36e"> dx:Z/)—l(dx+8/x3dx76/ede.

Recallthatto find theintegral of apower of x, you add1 to the poweranddivide by thenew power, except
if the power of x is —1, in which casethe answeris the naturallogarithm. Also recall thatthe integral of
€’ is juste* again.Sotheanswelis

2Inx+ 8§ — 68"+ C = 2Inx+2x*— 66+ C

wherethe simplificationin thelaststepwasnot necessarybut the constant is necessary



(b) By theFundamentalheoremof Calculuswe have

In3 In3

9e Xdx = /9e*3x dx

0 0

Evaluatingtheindefiniteintegral,

— 3X
/9e’3xdx:9/e’3x dx=9% ~+C=-3%4C

You shouldcheckthe above resultby differentiating—3e~3* + C. You shouldget9e—3*. Therefore

= (—3e730n%)y _ (—3e73(0)) = _3373_ (—3(1)) = -3t3=75

In3 3 3
9e X dx= — 3

0 0

(c) This is an example of integration by substitution. Let u = 1+ x*. Thendu/dx = 4x3 which implies
du/4 = x3 dx. Making the substitutionwe have

x3 1du 1
X ogx= [T Zhusc
Trd & /u4 gyt

Now reversingthe substitutionwe have
1 1
znu+C= zl|n(1+x“) +C,

theanswerto thequestion.

(d) Thisis a moredifficult exampleof integrationby substitution. This time, let u = 1 + €%, the expression
underthe squareroot sign. Thendu = €* dx sowe canwrite

/e"\/1+—e><dx/\/1+—e><e"dx—/ul/zdu—ﬁ/2

_2 3/2
372 +C= 3(1+e") +C.

You shouldcheckby differentiatingthe above expressionyou shouldgettheintegrandof the question.



