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1. Thedefinitionof derivativesays

f
���

1 ��� lim
h� 0

f
�
x � h �	� f

�
x �

h 

In this casewehave

f
� �

1 ��� lim
h� 0

�
1 � h � 3 � � 1 � 3

h
� lim

h� 0

�
h � 4 � � 4

h 

(NOTE:

�
x � 3 is not the same as

�
x � � 3!!) Thebestway to evaluatetheabove limit is usingtheconjugate

radical:

f
� �

1 ��� lim
h� 0

�
h � 4 � � 4

h

�
h � 4 � � 4�
h � 4 � � 4

� lim
h� 0

�
h � 4 �	� � 4 �

h
� �

h � 4 � � 4
� lim

h� 0

h

h
� �

x � h � 3 � � x � 3 

Cancellingthehs in thenumeratoranddenominatorandthenletting h approach0 gives

f
���

1 ��� lim
h� 0

1�
h � 4 � � 4

� 1�
0 � 4 � � 4

� 1
2 � 2

� 1
4 


Youcanchecktheresultusingthepower rule andthechainrule.

2. On theonehandwehave

lim
x�
� 2

f
�
x ��� lim

x��� 2
ex2 � 1 � e � � 2� 2 � 1 � e3



Ontheotherhandwehave f

� � 2 ��� e2. Since lim
x��� 2

f
�
x ���� f

� � 2 � , thefunction f
�
x � is not continuousatx ��� 2.

3. (a) Factoring,

lim
x� 2

x2 � 3x � 10
x2 � 4

� lim
x� 2

�
x � 2 � � x � 5 ��
x � 2 � � x � 2 � � lim

x� 2

x � 5
x � 2

� 7
4 


(b) Dividing throughby thehighestpowerof x occurringin theexpressionwehave

lim
x� ∞

x2 � 4x � 3
5x2 � 6

� lim
x� ∞

�
x2 � 4x � 3 ��� x2�

5x2 � 6 ��� x2 � lim
x� ∞

1 � 4� x � 3� x2

5 � 6� x2 � 1 � 0 � 0
5 � 0

� 1
5 


4. (a) By theproductrule andthechainrule,

f
���

x ��� d
dx

�
x2 � 1 � 3� 2 �

2x � 3 ��� � x2 � 1 � 3� 2 d
dx

�
2x � 3 �

� 3
2

�
x2 � 1 � 1� 2 d

dx

�
x2 � 1 � �

2x � 3 ��� � x2 � 1 � 3� 2 � 2 �
� 3x

�
x2 � 1 � 3� 2 � 2x � 3 ��� 2

�
x2 � 1 � 3� 2 
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(b) By thequotientrule,

g
� �

t ���
�
4t2 � 1 � d

dt

�
3t � 2 �	� � 3t � 2 � d

dt

�
4t2 � 1 ��

4t2 � 1 � 2 �
�
4t2 � 1 � � 3 �	� � 3t � 2 � � 8t ��

4t2 � 1 � 2 

Simplificationis possiblebut is not really helpful for this question.

(c) By thesumandconstantmultiple rules,

y
� � 2

d
dx

ex � d
dx

e3 � d
dx

ln
�
1 � x2 � 


Thefirst termis thederivative of anexponential.Thesecondterm is thederivative of a constant(e3 is a
constant),sois zero.Thelasttermis thederivativeof a logarithmwith thechainrule. Altogether,

y
� � 2ex � 1

1 � x2

d
dx

�
1 � x2 ��� 2ex � 2x

1 � x2 

(d) By thechainrule, thefirst derivative is

f
� �

x ��� ex2 � 1 d
dx

�
x2 � 1 ��� 2xex2� 1



To find thesecondderivative,we mustapplytheproductrule andthenthechainrule asabove:

f
� � �

x ��� 2ex2� 1 � 2x
d
dx

ex2� 1 � 2ex2� 1 � 2xex2� 12x � �
2 � 4x2 � ex2� 1



5. To find theequationof thetangentline weneedto find a pointon theline andtheslopeof theline. Thepoint is

given:
�
x0 � y0 ��� �

1� 3 � . Theslopem is thederivativeof thefunctionat x0, i.e.,

m � f
���

x0 ��� 1
2

�
x2

0 � 8 � � 1� 2 � 2x0 � 1
2

�
12 � 8 � � 1� 2 � 2 � 1 ��� 1

91� 2 �
1
3 


Thepoint-slopeform of theline is

y � 3 � 1
3

�
x � 1 � 


Simplificationis possiblebut is not necessary.

6. Thecritical pointsof the function (alsocalledthe stationarypoints)arethe x-valueswhere f
� �

x � � 0. Taking
thederivativewe have

f
���

x ���!� e2x � � 1 � x � � 2e2x � �
1 � 2x � e2x



Simplificationreally is necessaryin thisquestion.Now we solve theequationf

� �
x ��� 0:

f
� �

x ��� 0 ��" �
1 � 2x � e2x � 0 ��" 1 � 2x � 0 ��" x � 1

2 

Theonly critical point is at x � 1� 2. Note that in theabove we usedthe fact thate2x is never zero,sowe can
divide theequationby thatterm.

7. We find critical pointsasin thepreviousproblem:

f
���

x ��� 3x2 � 6x � 0 ��" 3
�
x � 2 � x � 0 ��" x � 0� 2


Todeterminethenatureof theextremepointweusethesecondderivativetest: f
� � �

x ��� 6x � 6so f
� � �

0 �#�$� 6 % 0,
relativemaximumatx � 0; f

� � �
2 ��� 6

�
2 �&� 6 � 12 � 6 � 6 ' 0, relativeminimumatx � 2. To locatethepoints

on the graphwe find the correspondingy-values:whenx � 0, y � f
�
0 ��� 03 � 3

�
0 � 2 � 4 � 4, so the relative

maximumis at thepoint
�
0� 4 � on thegraph.Whenx � 2, y � f

�
2 ��� 23 � 3

�
2 � 2 � 4 � 8 � 12 � 4 � 0, so the

relativeminimumis at thepoint
�
2� 0 � .

Inflectionpointsarewhere f
� � �

x � � 0, i.e., 6x � 6 � 0, i.e., x � 1. Thecorrespondingy-valueis at y � f
�
1 ���

13 � 3
�
1 � 2 � 4 � 2, sotheinflectionpointon thegraphis

�
1� 2 � .

Assemblingall theaboveinformationgives[INSERT GRAPHHERE]
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8. It helpsto draw asketch.Let thesidesof thegardenparallelto thefencebeof lengthx feet,andthesidesof the
gardenperpendicularto thefencebeof lengthy feet.Theconstraintis thattheareaof thegardenis 120square
feet,sowehavexy � 120.Theobjectis to minimizethecostof thegardenwhichisC � 15y � 15x � 15y � 10x �
30y � 25x. We canwrite the objective in termsof a singlevariableby using the constraintto eliminateone
variable.We havey � 120� x so

C
�
x ��� 30

120
x

� 25x � 3600x � 1 � 25x 

To minimize,we take thefirst derivativeto obtain

C
���

x ���!� 3600x � 2 � 25

TheminimumshouldoccurwhereC

� �
x � � 0, i.e., � 3600x � 2 � 25 � 0, i.e., 3600x � 2 � 25, i.e., 144 � x2, i.e.,

x �!( 12. Sinceanegativevaluefor x doesn’t makesensewethrow it awayandconcludethatx � 12 is theonly
stationary(critical) point for thefunction. Testingthenatureof thepoint bethesecondderivative testwe have
C
� � �

x ��� 7200x � 3 soC
� � �

12�)� 7200
�
12� � 3 ' 0 andthestationarypoint is a (local) minimum.

Finally, to figureoutthedimensionsof thegarden,weusetheconstraintto obtainy � 120� x � 120� 12 � 10. The
gardenshouldbe12feetlongin thedirectionparallelto thefence,and10feetlongin thedirectionperpendicular
to thefence.

9. Thedemandfunction p � f
�
x � passesthroughthepoint

�
p � x ��� �

50� 200� . We arealsotold that if x increases
by 1 thenp mustdecreaseby 2, sotheslopeof thedemandfunctionis rise/run �*� 2� 1 �*� 2. Thepoint slope
form of thelineardemandfunctionis

p � 50 �*� 2
�
x � 200�+��" p � 450 � 2x 


(It is helpful to solve for p in this question.)Therevenuefunctionis then

R
�
x ��� x � p � x

�
450 � 2x �,� 450x � 2x2



Thecostfunctionis

C
�
x ��� 5000 � 36x �

i.e., thefixedcostplusthecostperpersonmultipliedby thenumberof people.Theprofit functionis then

P
�
x ��� R

�
x �	� C

�
x ��� 450x � 2x2 � � 5000 � 36x �-� 414x � 2x2 � 5000


Profit is maximizedwhenP
� �

x � � 414 � 4x � 0 which implies x � 103
 50. Checkingthat that is a maximum
ratherthana minimum,we have P

� � �
103
 50���.� 4 % 0, soa local maximum.Thetour operatorshouldcharge

$103.50perseatto maximizeprofit.

10. The purchasevalue of the computeris v
�
0 �/� 2000e � 0 0 35� 0� � 2000e0 � 2000 � 1 � 2000 dollars. Half the

purchasevalueis then1000dollars.Thevalueof thecomputeris 1000dollarswhenv
�
t ��� 1000which implies

1000 � 2000e � 0 0 35t which impliese � 0 0 35t � 0
 5. Takingthelogarithmof bothsideswe have � 0
 35t � ln
�
0
 5 �which impliest � ln

�
0
 5 ���

� � 0
 35�,� 1
 9804,or verycloseto 2 years.

This problemis hardto do withouta sketch.I’ ll work on it tonightwhenI’m atmy homecomputer.

11. (a) By thesumandconstantmultiple rulesfor integrals,
1

2
x
� 8x3 � 6ex dx � 2

1
1
x

dx � 8
1

x3 dx � 6
1

ex dx 

Recallthatto find theintegralof apowerof x, youadd1 to thepoweranddivideby thenew power, except
if thepower of x is � 1, in which casetheansweris thenaturallogarithm.Also recall that theintegral of
ex is justex again.Sotheansweris

2lnx � 8
x4

4
� 6ex � C � 2lnx � 2x4 � 6ex � C

wherethesimplificationin thelaststepwasnotnecessary, but theconstantC is necessary.

3



(b) By theFundamentalTheoremof Calculus,wehave

1 ln3

0
9e � 3x dx �

1
9e � 3x dx

ln3

0 

Evaluatingtheindefiniteintegral,

1
9e � 3x dx � 9

1
e � 3x dx � 9

e � 3x

� 3
� C �!� 3e � 3x � C 


You shouldchecktheaboveresultby differentiating� 3e � 3x � C. Youshouldget9e � 3x. Therefore

1 ln3

0
9e � 3x dx �2� 3e � 3x

ln3

0
� � � 3e � 3 � ln3� �	� � � 3e � 3 � 0� ���*� 33� 3 � � � 3

�
1 �3���*� 1

9
� 3 � 26

9 

(c) This is an exampleof integration by substitution. Let u � 1 � x4. Then du � dx � 4x3 which implies

du � 4 � x3 dx. Making thesubstitutionwe have

1
x3

1 � x4 dx �
1

1
u

du
4
� 1

4
lnu � C 


Now reversingthesubstitutionwe have

1
4

lnu � C � 1
4

ln
�
1 � x4 ��� C �

theanswerto thequestion.

(d) This is a moredifficult exampleof integrationby substitution.This time, let u � 1 � ex, the expression
underthesquarerootsign.Thendu � ex dx sowe canwrite

1
ex
�

1 � ex dx
1 �

1 � ex ex dx �
1

u1� 2 du � u3� 2
3� 2 � C � 2

3

�
1 � ex � 3� 2 � C 


You shouldcheckby differentiatingtheaboveexpression;youshouldgettheintegrandof thequestion.
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