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1. (a) Exponentiatingbothsidesof theequation,thenadding2 to bothsides,thentakingthenaturallogarithmof
bothsides,

ex � 2 � e3

ex � e3 � 2

x � ln
�
e3 � 2�

which is 2 � 8951to four decimalplaces.

(b) Usethecancellationequationsf � 1 � f � x ��� � x and f
�
f � 1 � y � � y to simplify thegivenequation.Youcould

usea calculatorfor the right handsides,but sinceyour calculatorlikely doesn’t have a cot button you
might getstuckat the laststep.Soinstead,you shouldfind theexactvalueof theright handsideat each
stepby geometry. Takingcos � 1 of bothsides,

cos� 1 � cos
�
tan� 1 � sin

�
cot� 1 x ������� � cos� 1 � 1	

2 

tan� 1 � sin

�
cot� 1 x ��� � π

4

by thegeometryof the1 � 1 � 	 2 right triangle.Now takingtan of bothsides,

tan
�
tan� 1 � sin

�
cot� 1 x ����� � tan � π

4 

sin

�
cot� 1 x � � 1

againby thegeometryof the1 � 1 � 	 2 right triangle,andtakingsin� 1 of bothsides,

sin� 1 � sin
�
cot� 1 x ��� � sin� 1 � 1�

cot� 1 x � π
2

by thegeometryof thedegenerate0 � 1 � 1 right triangle.Now takingcot of bothsides,

cot
�
cot� 1 x � � cot

� π
2
�

x � cos
�
π � 2�

sin
�
π � 2� � 0

againby the geometryof the degenerate0 � 1 � 1 right triangle. (Question: is x � 0 the only solution?
Anotherquestion:if you usea calculator, doesit matterwhatanglemode(degree,radian,gradient)it is
in?)

2. (a) It is easiestto simplify thelogarithmbeforedifferentiating:

f
�
x � � log10x � log10

�
x � 1� � lnx

ln10
� ln

�
x � 1�

ln10
so

f � � x � � 1
ln10

� 1
x
� 1

x � 1 
 �
1



(b) By therule for thederivativeof tan� 1 andthechainrule,

g � � x � � 1
1 � x2 � 1

1 � �
1 � x � 2 � � 1

x2
� 1

1 � x2
� 1

x2 � 1
� 0 �

(Question:doesthis meanthatg is constant?Careful!)

3. Takingthelogarithmof bothsidesandapplyinga law of logarithms,

lny � ln
�
lnx � cosx � cosx ln lnx �

By implicit differentiation,andtheproductandchainrulesappliedto theleft handside,

y �
y
� � sinx ln lnx � cosx

1
lnx � 1x �

Multiplying bothsidesby y � �
lnx � cosx,

y � � �
lnx � cosx � � sinx ln lnx � cosx

x lnx 
 �
4. (a) By thesubstitutionu � lnx, du � �

1� x � dx,�
dx

x lnx
� �

du
u

� ln � u ��� C � ln � lnx ��� C �
(b) Theindefiniteintegral is easyif you havememorizedthederivativesof theinversetrig functions:�

4
t2 � 1

dt � 4tan� 1t � C �
(Alternatively, youcouldusethetrig substitutiont � tanθ.) Now thedefiniteintegral canbeevaluated:� 1

0

4
t2 � 1

dt � 4tan� 1 t ����
1

0

� 4tan� 11 � 4tan� 10 � 4
π
4
� π �

To four decimalplaces,Archimedes’constantis 3 � 1416.

5. (a) Sinceln1 � 0 andsinπ � 1 � 0 thelimit is of theform 0 � 0. By L’Hôpital’s rule,

lim
x � 1

lnx
sinπx

� lim
x � 1

1 � x
πcosπx

� 1� 1
πcosπ

� � 1
π
�

(b) The limit is of the form 00 so we first apply the logarithmfunction to turn the limit into a product. Let

L � lim
x � 0� xx2

. Thenbecausethe naturallogarithmfunction is continuouswe canbring it insidethe limit

andwehave
lnL � ln lim

x � 0� xx2 � lim
x � 0� lnxx2 � lim

x � 0� x2 lnx �
applyinga law of logarithmsin thelaststep.Thelimit is now of theform 0 � ∞, sowe moveonefunction
into thedenominator;x2 is thesimplerchoice,andwehave

lnL � lim
x � 0� lnx

1� x2 �
Thatlimit is of theform ∞ � ∞ sowe canapplyL’Hôpital’s rule:

lnL � lim
x � 0� 1� x� 2� x3

� lim
x � 0� � x2

2
� 0 �

Solvingfor L, L � eL � e0 � 1.
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6. First, it’s a goodideato checkthat
�
0 � 2� is actuallya point on thecurve:

�
2 � 0� e � 0 � 2 � 1 � 2 so

�
0 � 2� really

is apoint on thecurve. Differentiatingby theproductandchainrules,

y � � �
1� e � x � �

2 � x � e � x � � 1� � � � 1 � x � e � x �
Theslopeof thetangentline at x � 0 is m � y � � 0� � � � 1 � 0� e � 0 � � 1. Thereforeanequationof thetangent
line in point slopeform is �

y � y0 � � m
�
x � x0 � ��� �

y � 2� � � � 1� � x � 0���
There’sno needto simplify theequation.

7. Theeasiestway to do this integral is by thesubstitutionu � 1 � secθ, du � secθ tanθ dθ,�
secθ tanθ
1 � secθ

dθ � �
du
u

� ln � u ��� C � ln � 1 � secθ ��� C �
Alternatively, you can write secθ � 1� cosθ, tanθ � sinθ � cosθ, clear fractions,and make the substitution
u � cosθ. You would thenhave to apply partial fractions(easy, but we haven’t learnedit) or completethe
squarein thedenominatorandapplyanothertrig substitution.

8. Let F
�
t � � � t

1

es

s
ds. Thenwe haveto differentiatethefunctionF

� 	
x � sowe applythechainrule:

d
dx

F
� 	

x � � F � � 	 x � 1
2

x � 1� 2 �
We find F � � t � by theFundamentalTheoremof Calculus:

d
dt

� t

1

es

s
ds � et

t
�

Puttingit all together,
d
dx

��� x

1

es

s
ds � e

� x	
x

1
2

x � 1� 2 �
Simplificationof theaboveresultis possible,but not necessary.
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