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(a) By theproductrule, therulesfor differentiatinge* andsin—*, andthechainrule,
1

V1- (32

(b) By thequotientrule andtherule for differentiatingtar 2,

y = esin1(3x) + & 3

_0-1-1/(14x?)
~ (tamr1x)2

y

Alternatively you canwrite y = (tarm1x)~1. Note thatthe —1 insidethe bracket meanssomethingcom-
pletelydifferentfrom the —1 outsidethe braclet: insidethebracletit indicatesaninversefunction,outside
thebracletit is anexponentof —1. Thenby thechainrule,

y = —1(tan 1x)~2. (;j—xtan_lx: —(tan‘lx)_zm
whichis the sameasthefirst answer
(c) Logarithmicdifferentiationis helpful here.Takingthelogarithmof bothsidesof the definitionof y,

Iny = In(x+ sinx)* = xIn(x+ sinx)
usingtheoneof thelaws of logarithms.Differentiatingbothsides,

d Iny = Exln(x+sinx)'
ax YT dx ’
differentiatingthe left handsideimplicitly anddifferentiatingthe right handside usingthe productrule

andchainrules,

y = In(x+ sinx) + x- ; . g(x+ sinx) = In(X+ sinx) + x- — - (14 cox).
X+ sinx dx X+ sinx
Solvingfor y',
== i - - = i X i - -
)/_y(ln(x+smx)+x X sinx (1+cos<)> (X+sinx) (In(x+smx)+x X sinx (1+cos><)>.

(a) Solution 1. Thelimit is of the form c —c. Try to changeit into alimit of the form 0/0 by finding a
commondenominatoandaddingfractions:

Ltim (2ot ) —jim (222 X\ = jim £ 21X
Cxo0\ X &—1) xs0\x(e—1) x(e—1)) x>0 xeX—x
Thelatterlimit aboveis of theform 0/0 sowe canapply L'H 6pital’s rule:

L = lim &
T xs0eXxef—1




Thelimit is still of theform 0/0 sowe canapplyL’H dpital’s rule againto obtain

L = lim L _1
T xo0 e 44 xeX T 2]

Solution 2 TheMaclaurinseriesfor € is € = 1+ x+x2/2+x3/6+---, sowe have

L — lim &—1-x - 1+ X4+x2/24X3/6+---—1—X - X2 /24 x3/64---
S x=0 X=X x50 X+X4+X3/24X4/64--—X  x=0 XR4+X3/24 -

NI

(b) Thelimit is of theform /0 sowe canapplyL’H dpital's rule to obtain

L= tim 22X VX iy X
T oxo0t eX T oot e/X(=1/x2)  xoot el/X’

Thelimit is now of theform 0/ soL = 0.

3. (a) Solution 1. Thefunctionis definedfor all x > 0, soin orderto show thatit is one-to-onave just needto
shaw thatit is monotong(strictly increasingor decreasingjvhich we cando usingthefirst derivative.

_ d 1 X

£(x) = €@ X, = xtanix = @7 X, [ tarlx .
) dx + 1+x2

Thefirst factorof theaboveis anexponential soit is alwayspositive. Thesecondactoris alwayspositive

becausall of tan1x, x, and 1+ x? are positive for positive valuesof x. It follows thatthe functionis

monotone.(It doesnt matterthat the derivative of the functionis 0 at the endpointof theinterval x = 0.

Try to usethe meanvaluetheoremto figure outwhy.)

Solution 2. The functionsg(x) = x andh(x) = tan~1(x) arebothincreasingand positive on the interval
[0,), sotheir productis also(if 0 < a< bthen0 < tan(a) < tarr(b), andmultiplying thetwo inequal-
ities togetherwe obtainatar'(a) < btarr!(b)). Sincethefunctionse® andxtarr(x) areincreasingit
followsthattheir compositionis alsoincreasingwhy?).

(b) Sincethefunctionis one-to-onet hasaninversef~1. By theformulafor differentiatingtheinverseof a
function,

I |
(Y0 = prrrany

wheneerit is defined.We workedout f’(x) above. We needto figure out f ~1(1) which we oftendo just
by guessing: f(0) = >0 = &® = 1 50 f~1(1) = 0. Substitutingthatinto ' we have f'(f=1(1)) =
f/(0) = 0. Therefore( f ~1)’(1) doesnotexist. (To be precisethe derivative of f~* at1 would not exist no
matterwhatthe valueof f’(0) becausehe function f~* is not definedon bothsidesof 1. However, even
the one-sidedderivative of f—1 from above at 1 doesnot exist. To be even more precise the one-sided

derivative is 4+, but to really shav that properlyyou shouldprobablyusethe definition of a one-sided
derivative.)

4. Usuallywhenwe revolve a function of the form y = f(x) aboutthe y-axis we wantto usethe shellmethodto
calculatethe volumeof thesolid of revolution. Thevolumeof acylindrical shellis 2rxy dx wherex is its radius,
y its height,anddx its width. Herey = sinx andthe boundsof integrationarert/4 andr, sothevolumeis

T
V= 21X sinx dx.

/4

In orderto evaluatethe correspondingndefiniteintegral we shouldintegrateby partswith u = x, dv = sinx dx,
du=dx, v= —cosx:

/xsinx dx = —xcosx+/cosx dx = sinX— XCosx.
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(Checkby differentiating.)Substitutingthatinto the expressiorfor V,

. m . ST T 1 m1
V =21 (Sinx— xcosx)| = 2n<(smn— TICOSTT) — (smz ~1 cosz)) =21 (n— 7 + Zﬁ) .

/4
(Numerically | getV ~ 26.6100.)

5. (a) Ontheinterval [1,4] theintegrandis definedandcontinuousecausé is aproductof continuoudunctions,
sotheintegralis proper First evaluatetheindefiniteintegral by partswith u = Inx, dv = /X, du = dx/x,
v=2x%?/3:

/\/T(Inxdx: %xs/zlnx—gfxl/2 dx = %xs/zlnx—gxg/z-l-C.

(Checkby differentiating.)Now we canevaluatethe definiteintegral:

4
_ 2,123 4 123 2.3 4.3, 32 32 4
_3(4 )°In4 9(4 ) 31 In1+91 =3 In2 +-.

4 2 4
_ £\3/2 __}{3/2
/1 \/>_<Inxdx— 3X Inx .

(Numericallyl getananswerof 4.2825.)

(b) We canoften find the integrals of inversefunctionsby multiplying by 1 andintegrating by parts. Set
u=cosix,dv=1du=-1/vV1-x2 v=x

X

V1—x2

We canevaluatethelatterintegral above eitherby thetrig substitutionu = sinx or by the algebraicsubsti-
tutionu = 1—x?, du = —2x dx, —du/2 = x dx:

dx.

/cos‘lxdx=/1-cos‘1xdx=xcos‘1x+/

vi—x2 2] Ju
(Checkby differentiating.)Puttingit all togethey

_%/u—l/z du= —U1/2+C= _(1_X2)1/2+C.

/cos‘lx dx = xcos tx— (1-x3) Y2 +C.

As usual,checkthefinal answeby differentiating.

(c) Thepower of sinis odd, sowe try a substitutionof the form u = coq5t), du = —5sin(5t) dt, —du/5 =
sin(5t) dt:

. 1 s 15 __i
/cosr’(St)sm(St) dt = g/u du=—Z5u"+C= 30cos‘3(5t)-|-C.

Checkby differentiating.

(d) Theintegrandis definedandcontinuousontheinterval [0, 1t/ 3] sotheintegralis proper The power of tan
is oddsowe try to evaluatethe indefiniteintegral by the substitutionu = sed, du = se®tan6 d6:

/taneseéedez/u2 du= %u3+C: %se56+C.

Checkby differentiating.The definiteintegral cannow be evaluated:

3 1 V31 .m o1 7
/0 taneseéede_gseéeo _§se<§§—§se<§0_§.




(e) To reducethe power of x in the denominatormake the substitutionu = x?, du = 2x dx, du/2 = x dx,

(f)

(9)

x*=uZ
X 1 du 1 1
——— _dx== [ —— = Zsin"tu+C=Zsin"}(¥) +C.
/\/l—x“ 2) Vi—-uw? 2 2 o)
Checkby differentiating.
Thisis acasewhereatrig substitutiorreally helps.Let x = 5tan8, dx = 5se6 de:
/ dx _ 5se¢6dd i/cose de
x2\/x2+25 J 25tarf8-5sed 25/ sit0
Now malke the substitutionu = sin8, du = cost d6:
dx 1l gdu_ 1 5 1 .

Notethat(sin6) ! meansl/ sin@ notarcsir. In theright trianglewith tand = x/5wehave O = x, A= 5,
andH = v/x2 + 25, sosind = x/v/x2 + 25. Puttingit all togethemwe get

/ dx _(x2+25)1/2+c
X2\/X2+25 25x )
Checkby differentiating.

Solution 1. The integral is improperof Type | becausehe domainover which we are integrating is

unboundedrhe function f(x) =

= is definedand continuoudfor all x > 3 (we just have to check
X —

thatx? — 1> 0 ontheinterval [3, ), andit followsthatthesquareootis definedandcontinuousandnever
0, sothereciprocalis definedandcontinuous)sotheintegralis notimproperof Typell. Thereforewe can

calculatethevalueof the definiteintegral if we cancalculate
li 2 d
im [ —— dx.
t—*°°/3 Vxe—1
To evaluatetheindefiniteintegral we make thetrig substitutionx = se®, dx = sed®tan0 d6:
2 2
/ T &= / = secdtand b = /Zsecﬂ d = 2In|sed + tand| +C.
Reversingthe substitutionwith sed = x, tand = v/x2 — 1 we obtain
2
——— dx=2In|x+vx2—-1|+C.
/ Vx2—1 | |

Checkby differentiating.Evaluatingthe definiteintegral,

t 2
——  dx=2In|t+vt2— 1] - 2In|3+3|.
[} o e 2nis VT2 o

Takingthelimit ast — c we havet + v/t2—1 — o soln |t + v/t2 — 1| — « andtheintegralis divergent.
Solution 2. For x large, x> — 1 ~ x* sotheintegrandis approximatel\2/x, theintegral of whichis divergent
on [3,»). Soit seemghatourintegralis divergent. Let’s prove it usingthe comparisortest. We wantto
comparegrom belowv by somemultiple of 1/x; let'stry 2/x. Thenfor x > 1 we have

2
X

2
0< §71<:)O<x2—1<x2

2 —

andthe latter is alwaystrue for x > 3. Sincethe givenintegral is boundedfrom belov by a divergent
integral, the givenintegral mustalsobedivergent.



(h) Solution 1. Theintegrandtendsto infinity asx — 4~ (andis definedandcontinuousfor all othervalues

of x on the domainover which we areintegrating,i.e., [0,4)) sothe integral is improperof Typell. To
evaluatetheintegral we take the limit

dx = lim

41 t 1 q
—_ — dx.
/o VvV4—X t—>°°/o V4 —X

To evaluatetheimproperintegral we make the substitutionu = 4 — x, —du = dx:

/ \/%( dx = —/u-1/2 du=—2u?+C=—-2(4-x)Y?2+C.

Evaluatingthe definiteintegral,

t o1
= dx=-24-t)Y2+ 24— 0)Y2= —2(4—1t)¥2 1 4.
|} a5 0= 2040 42407 = 24—+

Takingthelimit ast — 4 we obtaintheanswer

4 1
dx=lim—2(4—t)Y?+4=—2(4— 421 4=4.
| = ox=im—24-1 (4—4)
In this questionthe comparisortestwould just tell usthattheintegral is convergent,andwe would still
have to evaluatetheintegral aswe did above.

Solution 2.

6. (This problemis ratherdifficult.)

(@) Informally, a, > 5 impliesthata, + 5 > 10 whichimpliesthata,+1 = (an+5)/2 > 5for all n > 1. More

formally, we shouldprove theresultby induction,but let's not worry aboutthat.

(b) By theabove argument,a, > 5 for all n > 1, soaddinga,, to bothsides,a, + 5 < 2a, which impliesthat

ant1 = (an+5)/2< a, for all n > 1, i.e.,thatthe sequencés decreasing.

(c) Thesequencés decreasingndboundedbelow, so by the monotonesequenceheoremthe sequencdas

7. (a) Theseriesis geometricwith a=1 andr =

(b)

alimit. But all we know aboutthe value of the limit from the monotonesequencéheoremis thatit is
5 or larger Numerically experimentingwith a few valuesof a, we have a3 = 10, a, = 7.5, az = 6.25,
a4 = 5.625, and so on, with the differencebetweena, and5 halving at eachstep. To prove that, we
subtract5 from both sidesof the equalityan+1 = (an + 5)/2 to obtainany+1 — 5 = (an — 5)/2. It follows
thata, = 5+ 5/2"1 (which couldbe provenby inductionbut againwe’ll notgothere),sotakingthelimit
asn — oo we obtain5 asthelimit of thesequence.

sin(1t/6)
sin(1t/3)
Therearethreewaysto checkthevalueof r:

Direct evaluation. By the geometryof the equilateraltriangle, the right trianglewith A = /3, 0 =1,
H = 2 givessin(11/6) = 1/2. Similarly we obtainsin(r/3) = v/3/2. Thereforer = 1/v/3 < 1; alsoclearly
r>—1,s0—1<r < 1andtheseriess corvergent.

Calculator approximation. Make sureyour calculatoris in radianmode! The numberthatyour calculator
will give,somethingike 0.5774,is farenoughfrom 1 thatyou canbe confidentthatO < r < 1, andsothe
serieds corvergen.(If r werecloserto 1 youwould have to considemwhethertheamountof accuray that
your calculatorgivesis enoughto tell for surewhether > 1orr < 1.)

Estimation. Sincesin is non-ngative andincreasingon [0,11/2] it follows that0 < sin(11/6) < sin(1/3);
sin(Tt/6)
sin(1t/3)
The seriesis alternatingsowe usethe alternatingseriestest. Let f bethe functionon the interval [0, c0)
definedoby f(x) = 1/(7x+ 3). Thenf is continuousanddifferentiableon its domainand f'(x) = —7(7x+
3)~2 sothefunctionis decreasingFurthermorethe limit of f(x) asx — o is 0 aswe canseeby dividing
through by the highestpower of x in the definition of f. Thosepropertiescarry over to the sequence
1/(7n+ 3): it decreaset 0, soby thealternatingseriestestthe givenseriess corvergent.

, Sothe seriescornvergesif andonly if —1<r < 1.

dividing throughby sin(1;/3) we have 0 <




(c) For n large,the highestpowersof n dominatethe numeratorand denominatorso the termsare approxi-
matelyn®/n® = 1/n. Sincethe harmonicserieswith terms1/n diverges,we expectthat the given series
diverges,which we attemptto shav by the comparisortest. We try to comparefrom belov by 1/n. For
n> 2wehave

1 _n*—n®=n

S<———en-nr-n<rP-n"-rPentn
n-nP—n2—n

which, unfortunatelyis falsefor largen. Let’stry comparingwith 0.5/n instead:

05 n*—n®=n
<7

S anrP-—nr—n<2n”’-2n*-2n s 2n*+n°<n’+n

whichis truefor n largeenough(becauséimp_,(n°+n)/(2n*+ n?) = « sothevalueof fractionmustbe
greatethanl for n largeenough).Thereforethegivenseriess boundedelow for largen by thedivergent
serieswith terms0.5/n, sothe givenseriess divergentby the comparisortest.

You couldalsousethelimit comparisortest,but it amountso essentiallythe samething.

(d) Thislookslike acandidatdor theratio test. The termsof the seriesarepositive sowe don't needto take
absolutevalues.We have

\/ yyrt VD 2 ]
Iim (n+ 1Y = (n+ 2 = |lim (n+1) —_}Ilm n+l=o
Nesoo an n_)oo \/_/zn n_m Vol 201 noe n 2 2noo

sotheseriess divergentby theratio test.
You could have alsousedthe testfor divergence put it is a little tricky to shaw thatthe limit of termsof
theseriesis not0. Try it!

(e) Thislookslikeajob for theintegraltest.In thefollowing indefiniteintegral, make the substitutioru = In x,
du = dx/x to obtain

1 —e _ 1 —e+1 _ 1 —e+l
/(Inx) dx = /u du= US4 C= —— ()~ 4C

It followsthattheintegral

m# = |i 1 1 _ 1 1—e_i 1-e
/3x(Inx)*"’-dx_t“—>n<1»1—e(|nx)e—l 1—e(|n3) _e—1(|n3)

is corvergent(thelimit is 0 because— 1 > 0 sothe denominatoof the fractionin thelimit tendsto ).
Thereforeby theintegral testthe givenseriess corvergent.

8. (This problemis ratherdifficult, andusesmaterialthatwasnot coveredthoroughlyin this term’s course.)The

givenseriescanberewritten f(x) = —x- ﬁlzﬂ) which canbe expandednto a geometricseries:
ﬁlz)@) +(28) + (23)% + (2x2)3+...+(2x2)k_|_... DS SN P V. S
S0
f(x) = —x—23C -4 —8x" — ... = 2K+ _

By theratio testthe seriesis corvergentwhen

ant+1

= lim [2¢| = 2¢,
an

n—oo

1> lim

n—oo

i.e.,whenx? < 1, i.e.,when—1/v/2 < x < 1/v/2. Theseriesis divergentwhenx? > 3, i.e., whenx < —1/v/2
orx > 1/+/2. Theradiusof corvergences 1/v/2.



To find theinterval of corvergencewe mustalsotestthe endpointsWhenx = 1/+/2 the seriesbecomes

1 11 1)? 1 1\* 1
fl— | =——— — .2 — _...__.2k.<_> —e=——(14+14+1+---
() vzl (5 V2! :

which diverges.Similarly f(—1/+/2) diverges.Thereforetheinterval of corvergences (—1/+/2,1/+/2).

You could have also found a Taylor seriesfor f centeredat any point a wherethe function is defined(i.e.,
arywherebut a = +1/+/2) but the calculationswould be somavhatmoredifficult.

9. Calculatingderivativesof f(x) = In(1+ x) we have

EvaIuatingeachof thederivativesat 0 we have

©©0)=In(1+0)=0

Do) =@1+0"=1
@0)=(-n1+07?=-1
(0)=( D=2 +X)_3=2

f9(0) = (~1)(=2)-++ (~(n= D)(L+X) ™" = (~1)"(n— 1!

O o

o o0

f0o) 1

TR TR

£2(0) 11

20 T2 2

£(3(0) _ 21

31 3 3

£ (0) a(n—1)! a1
n! == n! =D n

Thereforethe Maclaurinseriesfor f(x) =In(1+X) is

f(x) :O+x—%x2+%x3+---+(—1)”%x”+---

from which thefirst threenonzeratermscanbe readoff.



