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1. (a) By theproductrule, therulesfor differentiatingex andsin
� 1, andthechainrule,

y
���

ex sin
� 1 � 3x ��� ex 1�

1 	 � 3x � 2 
 3
(b) By thequotientrule andtherule for differentiatingtan

� 1,

y
��� 0 	 1 
 1 � � 1 � x2�� tan� 1 x � 2 �

Alternatively you canwrite y
� � tan

� 1 x � � 1. Note that the 	 1 insidethebracket meanssomethingcom-
pletelydifferentfrom the 	 1 outsidethebracket: insidethebracketit indicatesaninversefunction,outside
thebracket it is anexponentof 	 1. Thenby thechainrule,

y
��� 	 1 � tan

� 1 x � � 2 
 d
dx

tan
� 1 x

� 	 � tan
� 1x � � 2 1

1 � x2

which is thesameasthefirst answer.

(c) Logarithmicdifferentiationis helpful here.Takingthelogarithmof bothsidesof thedefinitionof y,

lny
�

ln � x � sinx � x � x ln � x � sinx �
usingtheoneof thelawsof logarithms.Differentiatingbothsides,

d
dx

lny
� d

dx
x ln � x � sinx � ;

differentiatingthe left handsideimplicitly anddifferentiatingthe right handsideusingthe productrule
andchainrules,

y
�

y

�
ln � x � sinx ��� x 
 1

x � sinx 
 d
dx
� x � sinx � � ln � x � sinx ��� x 
 1

x � sinx 
 � 1 � cosx � �
Solvingfor y

�
,

y
�
�

y � ln � x � sinx ��� x 
 1
x � sinx 
 � 1 � cosx ��� � � x � sinx � x � ln � x � sinx ��� x 
 1

x � sinx 
 � 1 � cosx ��� �
2. (a) Solution 1. The limit is of the form ∞ 	 ∞. Try to changeit into a limit of the form 0 � 0 by finding a

commondenominatorandaddingfractions:

L
�

lim
x � 0

� 1
x
	 1

ex 	 1
� �

lim
x � 0

� ex 	 1
x � ex 	 1� 	 x

x � ex 	 1� � �
lim
x � 0

ex 	 1 	 x
xex 	 x �

Thelatterlimit above is of theform 0 � 0 sowecanapplyL’Hôpital’s rule:

L
�

lim
x � 0

ex 	 1
ex � xex 	 1 �

1



Thelimit is still of theform 0� 0 sowe canapplyL’Hôpital’s rule againto obtain

L
�

lim
x � 0

ex

ex � ex � xex

� 1
2 �

Solution 2 TheMaclaurinseriesfor ex is ex
�

1 � x � x2 � 2 � x3 � 6 � 
�
�
 , sowehave

L
�

lim
x � 0

ex 	 1 	 x
xex 	 x

�
lim
x � 0

1 � x � x2 � 2 � x3 � 6 � 
�
�
 	 1 	 x
x � x2 � x3 � 2 � x4 � 6 � 
�
�
 	 x

�
lim
x � 0

x2 � 2 � x3 � 6 � 
�
�

x2 � x3 � 2 � 
�
�
 � 1

2 �
(b) Thelimit is of theform ∞ � ∞ sowe canapplyL’Hôpital’s rule to obtain

L
�

lim
x � 0� 1 	 lnx

e1� x �
lim

x � 0� 	 1� x
e1� x � 	 1 � x2 � � lim

x � 0� x

e1� x �
Thelimit is now of theform 0� ∞ soL

�
0.

3. (a) Solution 1. Thefunction is definedfor all x � 0, so in orderto show that it is one-to-onewe just needto
show thatit is monotone(strictly increasingor decreasing)whichwe cando usingthefirst derivative.

f
� � x � � ex tan� 1x 
 d

dx
x tan

� 1x
�

ex tan� 1 x 
 � tan
� 1 x � x

1 � x2 � �
Thefirst factorof theaboveis anexponential,soit is alwayspositive. Thesecondfactoris alwayspositive
becauseall of tan

� 1 x, x, and1 � x2 arepositive for positive valuesof x. It follows that the function is
monotone.(It doesn’t matterthat thederivative of the function is 0 at theendpointof the interval x

�
0.

Try to usethemeanvaluetheoremto figureoutwhy.)

Solution 2. The functionsg � x � � x andh � x � � tan
� 1 � x � areboth increasingandpositive on the interval�

0 � ∞ � , sotheirproductis also(if 0 � a � b then0 � tan
� 1 � a ��� tan

� 1 � b � , andmultiplying thetwo inequal-
ities togetherwe obtaina tan

� 1 � a ��� b tan
� 1 � b � ). Sincethe functionsex andx tan

� 1 � x � areincreasing,it
follows thattheir compositionis alsoincreasing(why?).

(b) Sincethefunction is one-to-oneit hasan inversef
� 1. By theformulafor differentiatingthe inverseof a

function,� f � 1 � � � 1� � 1
f
� � f � 1 � 1���

whenever it is defined.We workedout f
� � x � above. We needto figureout f

� 1 � 1� which we oftendo just
by guessing: f � 0� � e0 � tan� 1 0

�
e0
�

1 so f
� 1 � 1� � 0. Substitutingthat into f

�
we have f

� � f � 1 � 1��� �
f
� � 0� � 0. Therefore� f � 1 � � � 1� doesnotexist. (To beprecise,thederivativeof f

� 1 at1 wouldnotexist no
matterwhatthevalueof f

� � 0� becausethefunction f
� 1 is not definedon bothsidesof 1. However, even

the one-sidedderivative of f
� 1 from above at 1 doesnot exist. To be even moreprecise,the one-sided

derivative is � ∞, but to really show that properlyyou shouldprobablyusethe definition of a one-sided
derivative.)

4. Usuallywhenwe revolve a functionof the form y
�

f � x � aboutthey-axiswe want to usetheshellmethodto
calculatethevolumeof thesolidof revolution. Thevolumeof acylindrical shellis 2πxy dx wherex is its radius,
y its height,anddx its width. Herey

�
sinx andtheboundsof integrationareπ � 4 andπ, sothevolumeis

V
�! π

π � 42πxsinx dx �
In orderto evaluatethecorrespondingindefiniteintegral we shouldintegrateby partswith u

�
x, dv

�
sinx dx,

du
�

dx, v
� 	 cosx: 

xsinx dx
� 	 xcosx �  cosx dx

�
sinx 	 xcosx �

2



(Checkby differentiating.)Substitutingthatinto theexpressionfor V ,

V
�

2π � sinx 	 xcosx ��""""
π

π � 4 � 2π # � sinπ 	 πcosπ �$	%# sin
π
4
	 π

4
cos

π
4 &'& � 2π � π 	 1(

2
� π

4
1(
2
� �

(Numerically, I getV ) 26� 6100.)

5. (a) Ontheinterval
�
1 � 4* theintegrandis definedandcontinuousbecauseit is aproductof continuousfunctions,

sotheintegral is proper. First evaluatetheindefiniteintegral by partswith u
�

lnx, dv
� (

x, du
�

dx � x,
v
�

2x3� 2 � 3: +(
x lnx dx

� 2
3

x3� 2 lnx 	 2
3

 
x1� 2 dx

� 2
3

x3� 2 lnx 	 4
9

x3� 2 � C �
(Checkby differentiating.)Now wecanevaluatethedefiniteintegral: 4

1

(
x lnx dx

� 2
3

x3� 2 lnx 	 4
9

x3� 2 """"
4

1

� 2
3
� 41� 2 � 3 ln4 	 4

9
� 41� 2 � 3 	 2

3
13� 2 ln1 � 4

9
13� 2 � 32

3
ln2 	 32

9
� 4

9 �
(NumericallyI getananswerof 4 � 2825.)

(b) We can often find the integralsof inversefunctionsby multiplying by 1 and integratingby parts. Set
u
�

cos
� 1 x, dv

�
1, du

� 	 1� ( 1 	 x2, v
�

x: 
cos

� 1 x dx
�  

1 
 cos
� 1 x dx

�
xcos

� 1 x �  x(
1 	 x2

dx �
We canevaluatethelatterintegralaboveeitherby thetrig substitutionu

�
sinx or by thealgebraicsubsti-

tution u
�

1 	 x2, du
� 	 2x dx, 	 du � 2 � x dx: x(

1 	 x2
dx

� 	 1
2

 du(
u

� 	 1
2

 
u
� 1� 2 du

� 	 u1� 2 � C
� 	 � 1 	 x2 � 1� 2 � C �

(Checkby differentiating.)Puttingit all together, 
cos

� 1 x dx
�

xcos
� 1 x 	 � 1 	 x2 � 1� 2 � C �

As usual,checkthefinal answerby differentiating.

(c) Thepower of sin is odd,sowe try a substitutionof the form u
�

cos� 5t � , du
� 	 5sin� 5t � dt, 	 du � 5 �

sin� 5t � dt: 
cos5 � 5t � sin� 5t � dt

� 	 1
5

 
u5 du

� 	 1
30

u6 � C
� 	 1

30
cos6 � 5t ��� C �

Checkby differentiating.

(d) Theintegrandis definedandcontinuouson theinterval
�
0 � π � 3* sotheintegral is proper. Thepowerof tan

is oddsowe try to evaluatetheindefiniteintegralby thesubstitutionu
�

secθ, du
�

secθ tanθ dθ: 
tanθsec3 θ dθ

�! 
u2 du

� 1
3

u3 � C
� 1

3
sec3 θ � C �

Checkby differentiating.Thedefiniteintegralcannow beevaluated: π � 3
0

tanθsec3 θ dθ
� 1

3
sec3 θ """"

π � 3
0

� 1
3

sec3
π
3
	 1

3
sec30

� 7
3 �

3



(e) To reducethe power of x in the denominator, make the substitutionu
�

x2, du
�

2x dx, du � 2 � x dx,
x4
�

u2: x(
1 	 x4

dx
� 1

2

 du(
1 	 u2

� 1
2

sin
� 1u � C

� 1
2

sin
� 1 � x2 ��� C �

Checkby differentiating.

(f) This is acasewherea trig substitutionreallyhelps.Let x
�

5tanθ, dx
�

5sec2 θ dθ: dx

x2
(

x2 � 25

�! 5sec2 θ dθ
25tan2 θ 
 5secθ

� 1
25

 cosθ dθ
sin2 θ �

Now make thesubstitutionu
�

sinθ, du
�

cosθ dθ: dx

x2
(

x2 � 25

� 1
25

 du
u2

� 	 1
75

u
� 3 � C

� 	 1
25
� sinθ � � 1 � C �

Notethat � sinθ � � 1 means1 � sinθ notarcsinθ. In theright trianglewith tanθ
�

x � 5 wehaveO
�

x, A
�

5,
andH

� (
x2 � 25, sosinθ

�
x � ( x2 � 25. Puttingit all togetherweget dx

x2
(

x2 � 25

� 	 � x2 � 25� 1� 2
25x

� C �
Checkby differentiating.

(g) Solution 1. The integral is improperof Type I becausethe domainover which we are integrating is

unboundedThe function f � x � � 2(
x2 	 1

is definedandcontinuousfor all x � 3 (we just have to check

thatx2 	 1 , 0 ontheinterval
�
3 � ∞ � , andit followsthatthesquareroot is definedandcontinuousandnever

0, sothereciprocalis definedandcontinuous),sotheintegral is not improperof TypeII. Thereforewecan
calculatethevalueof thedefiniteintegral if we cancalculate

lim
t � ∞

 t

3

2(
x2 	 1

dx �
To evaluatetheindefiniteintegral wemake thetrig substitutionx

�
secθ, dx

�
secθ tanθ dθ: 2(

x2 	 1
dx

�  2
tanθ

secθ tanθ dθ
�  

2secθ dθ
�

2ln - secθ � tanθ -.� C �
Reversingthesubstitutionwith secθ

�
x, tanθ

� (
x2 	 1 we obtain 2(

x2 	 1
dx

�
2ln - x � �

x2 	 1 -.� C �
Checkby differentiating.Evaluatingthedefiniteintegral, t

3

2(
x2 	 1

dx
�

2ln - t � �
t2 	 1 -/	 2ln - 3 � ( 8 - �

Takingthelimit ast 0 ∞ wehave t � (
t2 	 1 0 ∞ soln - t � (

t2 	 1 -
0 ∞ andtheintegral is divergent.
Solution 2. For x large,x2 	 1 ) x2 sotheintegrandis approximately2� x, theintegralof whichis divergent
on

�
3 � ∞ � . Soit seemsthatour integral is divergent.Let’s prove it usingthecomparisontest. We wantto

comparefrom below by somemultiple of 1� x; let’s try 2� x. Thenfor x , 1 we have

0 � 2
x
� 2(

x2 	 1 1 0 � x2 	 1 � x2

and the latter is always true for x � 3. Sincethe given integral is boundedfrom below by a divergent
integral, thegivenintegralmustalsobedivergent.

4



(h) Solution 1. Theintegrandtendsto infinity asx 0 4
�

(andis definedandcontinuousfor all othervalues
of x on the domainover which we areintegrating,i.e.,

�
0 � 4� ) so the integral is improperof Type II. To

evaluatetheintegralwe take thelimit 4

0

1(
4 	 x

dx
�

lim
t � ∞

 t

0

1(
4 	 x

dx �
To evaluatetheimproperintegralwe make thesubstitutionu

�
4 	 x, 	 du

�
dx: 1(

4 	 x
dx

� 	  u
� 1� 2 du

� 	 2u1� 2 � C
� 	 2 � 4 	 x � 1� 2 � C �

Evaluatingthedefiniteintegral, t

0

1(
4 	 x

dx
� 	 2 � 4 	 t � 1� 2 � 2 � 4 	 0� 1� 2 � 	 2 � 4 	 t � 1� 2 � 4 �

Takingthelimit ast 0 4 we obtaintheanswer 4

0

1(
4 	 x

dx
�

lim
t � 4

	 2 � 4 	 t � 1� 2 � 4
� 	 2 � 4 	 4� 1� 2 � 4

�
4 �

In this questionthe comparisontestwould just tell us that the integral is convergent,andwe would still
have to evaluatetheintegralaswedid above.
Solution 2.

6. (Thisproblemis ratherdifficult.)

(a) Informally, an , 5 impliesthatan � 5 , 10 which impliesthatan 2 1
� � an � 5��� 2 , 5 for all n � 1. More

formally, we shouldprovetheresultby induction,but let’snot worry aboutthat.

(b) By theabove argument,an , 5 for all n � 1, soaddingan to bothsides,an � 5 � 2an which impliesthat
an 2 1

� � an � 5�/� 2 � an for all n � 1, i.e., thatthesequenceis decreasing.

(c) Thesequenceis decreasingandboundedbelow, soby themonotonesequencetheoremthesequencehas
a limit. But all we know aboutthe valueof the limit from the monotonesequencetheoremis that it is
5 or larger. Numericallyexperimentingwith a few valuesof an we have a1

�
10, a2

�
7 � 5, a3

�
6 � 25,

a4
�

5 � 625, and so on, with the differencebetweenan and5 halving at eachstep. To prove that, we
subtract5 from bothsidesof theequalityan 2 1

� � an � 5��� 2 to obtainan 2 1 	 5
� � an 	 5��� 2. It follows

thatan
�

5 � 5 � 2n � 1 (whichcouldbeprovenby inductionbut againwe’ll notgothere),sotakingthelimit
asn 0 ∞ we obtain5 asthelimit of thesequence.

7. (a) Theseriesis geometricwith a
�

1 andr
� sin� π � 6�

sin� π � 3� , so theseriesconvergesif andonly if 	 1 � r � 1.

Therearethreewaysto checkthevalueof r:
Direct evaluation. By the geometryof the equilateraltriangle, the right trianglewith A

� (
3, O

�
1,

H
�

2 givessin� π � 6� � 1� 2. Similarly weobtainsin� π � 3� � (
3� 2. Thereforer

�
1� ( 3 � 1; alsoclearly

r ,!	 1, so 	 1 � r � 1 andtheseriesis convergent.
Calculator approximation. Makesureyour calculatoris in radianmode!Thenumberthatyour calculator
will give,somethinglike0 � 5774,is farenoughfrom 1 thatyoucanbeconfidentthat0 � r � 1, andsothe
seriesis convergen.(If r werecloserto 1 youwouldhaveto considerwhethertheamountof accuracy that
yourcalculatorgivesis enoughto tell for surewhetherr , 1 or r � 1.)
Estimation. Sincesin is non-negativeandincreasingon

�
0 � π � 2* it follows that0 � sin� π � 6�3� sin� π � 3� ;

dividing throughby sin� π � 3� we have0 � sin� π � 6�
sin� π � 3� � 1.

(b) Theseriesis alternatingsowe usethealternatingseriestest. Let f be the functionon the interval
�
0 � ∞ �

definedby f � x � � 1 � � 7x � 3� . Then f is continuousanddifferentiableon its domainand f
� � x � � 	 7 � 7x �

3� � 2 sothefunctionis decreasing.Furthermorethelimit of f � x � asx 0 ∞ is 0 aswe canseeby dividing
throughby the highestpower of x in the definition of f . Thosepropertiescarry over to the sequence
1� � 7n � 3� : it decreasesto 0, soby thealternatingseriestestthegivenseriesis convergent.

5



(c) For n large, the highestpowersof n dominatethe numeratoranddenominator, so the termsareapproxi-
matelyn4 � n5

�
1 � n. Sincetheharmonicserieswith terms1� n diverges,we expectthat thegivenseries

diverges,which we attemptto show by thecomparisontest. We try to comparefrom below by 1� n. For
n � 2 we have

1
n
� n4 	 n3 	 n

n5 	 n2 	 n 1 n5 	 n2 	 n � n5 	 n4 	 n2 1 n4 � n

which,unfortunately, is falsefor largen. Let’s try comparingwith 0 � 5 � n instead:

0 � 5
n

� n4 	 n3 	 n
n5 	 n2 	 n 1 n5 	 n2 	 n � 2n5 	 2n4 	 2n2 1 2n4 � n2 � n5 � n

which is truefor n largeenough(becauselimn � ∞
� n5 � n ��� � 2n4 � n2 � � ∞ sothevalueof fractionmustbe

greaterthan1 for n largeenough).Thereforethegivenseriesis boundedbelow for largen by thedivergent
serieswith terms0 � 5� n, sothegivenseriesis divergentby thecomparisontest.
You couldalsousethelimit comparisontest,but it amountsto essentiallythesamething.

(d) This looks like a candidatefor theratio test.Thetermsof theseriesarepositive sowe don’t needto take
absolutevalues.We have

lim
n � ∞

an 2 1

an

�
lim
n � ∞

� � n � 1� ! � 2n 2 1(
n! � 2n

�
lim
n � ∞

� � n � 1� !(
n!

2n

2n 2 1

�
lim
n � ∞ 4 � n � 1� !

n!
1
2

� 1
2

lim
n � ∞

(
n � 1

�
∞

sotheseriesis divergentby theratio test.
You couldhave alsousedthetestfor divergence,but it is a little tricky to show that the limit of termsof
theseriesis not 0. Try it!

(e) This lookslikeajob for theintegraltest.In thefollowing indefiniteintegral,makethesubstitutionu
�

lnx,
du

�
dx � x to obtain 1

x � lnx � e dx
�! 

u
� e du

� 1	 e � 1
u
� e 2 1 � C

� 1	 e � 1
� lnx � � e 2 1 � C �

It followsthattheintegral ∞

3

1
x � lnx � e dx

�
lim
t � ∞

1
1 	 e

1� lnx � e � 1 	 1
1 	 e

� ln3� 1 � e
� 1

e 	 1
� ln3� 1 � e

is convergent(thelimit is 0 becausee 	 1 , 0 sothedenominatorof thefractionin thelimit tendsto ∞).
Thereforeby theintegral testthegivenseriesis convergent.

8. (This problemis ratherdifficult, andusesmaterialthatwasnot coveredthoroughlyin this term’s course.)The

givenseriescanberewritten f � x � � 	 x 
 1
1 	 � 2x2 � whichcanbeexpandedinto a geometricseries:

1
1 	 � 2x2 � � 1 � � 2x2 ��� � 2x2 � 2 � � 2x2 � 3 � 
�
�
 � � 2x2 � k � 
�
�
 � 1 � 2x2 � 4x4 � 8x6 � 
�
�
 � 2kx2k � 
�
�


so

f � x � � 	 x 	 2x3 	 4x5 	 8x7 	 
�
�
 	 2kx2k 2 1 	 
�
�
 �
By theratio testtheseriesis convergentwhen

1 , lim
n � ∞

"""" an 2 1

an
""""
�

lim
n � ∞ "" 2x2 "" � 2x2 �

i.e.,whenx2 � 1
2, i.e.,when 	 1� ( 2 � x � 1� ( 2. Theseriesis divergentwhenx2 , 1

2, i.e.,whenx �5	 1 � ( 2
or x , 1 � ( 2. Theradiusof convergenceis 1� ( 2.

6



To find theinterval of convergencewe mustalsotesttheendpoints.Whenx
�

1 � ( 2 theseriesbecomes

f � 1(
2
� � 	 1(

2
	 1(

2 
 2 
 � 1(
2
� 2 	 
�
�
 	 1(

2 
 2k 
 � 1(
2
� 2k 	 
�
�
 � 	 1(

2
� 1 � 1 � 1 � 
�
�
 �

whichdiverges.Similarly f � 	 1 � ( 2� diverges.Thereforetheinterval of convergenceis � 	 1 � ( 2 � 1� ( 2� .
You could have also found a Taylor seriesfor f centeredat any point a wherethe function is defined(i.e.,
anywherebut a

�56
1� ( 2) but thecalculationswould besomewhatmoredifficult.

9. Calculatingderivativesof f � x � � ln � 1 � x � we have

f 7 08/� x � � ln � 1 � x �
f 7 18/� x � � � 1 � x � � 1

f 7 28/� x � � � 	 1� � 1 � x � � 2

f 7 38 � x � � � 	 1� � 	 2� � 1 � x � � 3
�
�

f 7 n 8 � x � � � 	 1� � 	 2� 
�
�
 � 	 � n 	 1��� � 1 � x � � n
�
�
 �

Evaluatingeachof thederivativesat0 we have

f 7 08/� 0� � ln � 1 � 0� � 0

f 7 18 � 0� � � 1 � 0� � 1 � 1

f 7 28/� 0� � � 	 1� � 1 � 0� � 2
� 	 1

f 7 38/� 0� � � 	 1� � 	 2� � 1 � x � � 3 � 2
�
�

f 7 n 8 � 0� � � 	 1� � 	 2� 
�
�
 � 	 � n 	 1��� � 1 � x � � n

� � 	 1� n � n 	 1� !
�
�
 �
Dividing thenth termby n!,

f 7 08 � 0�
0!

� 0
0!

�
0

f 7 18 � 0�
1!

� 1
1!

�
1

f 7 28 � 0�
2!

� 	 1
2!

� 	 1
2

f 7 38 � 0�
3!

� 2
3!

� 1
3
�
�


f 7 n 8 � 0�
n!

� � 	 1� n � n 	 1� !
n!

� � 	 1� n 1
n
�
�
 �

ThereforetheMaclaurinseriesfor f � x � � ln � 1 � x � is

f � x � � 0 � x 	 1
2

x2 � 1
3

x3 � 
�
�
 � � 	 1� n 1
n

xn � 
�
�

from which thefirst threenonzerotermscanbereadoff.
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