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1. (a) Let f(x) = x, g (x) =sin7x. Thenf’(x) = 1, g(x) = —(1/7) cos7x, andthe integrationby partsformula
gives
/xsin?x dx = —}xcos7x+ 1 /cos?x dx= —}xcos7x+ isin7x+C
7 7 7 49 '

You shouldcheckthe answelby differentiating.

(b) Similarto thepreviousanswerlet f(r) =r, d'(r) =€". Thenf'(r) = 1, 9(r) = (1/m)€™, andtheintegra-
tion by partsformulagives

1 1 1 1
/re’Ir dr = —re”r——/eTrr dr = —re"r——ze"r+C.
i i i TE

Again, you shouldchecktheanswerby differentiating.

(c) Following the usualtrick for evaluatingthe integralsof inversetrig functions,introducea factorof 1 and
thenapplyintegrationby partswith f(x) = cos™x, g'(x) = 1, f'(x) = —=1/vV1— 2, g(X) = x

~1 ~1 X
cos ~xdx = xcos x+/7 dx

Now, makingthe substitutionu = 1 — x?, du= —2x dx, xdx = du/(—2),

1/2
/cos‘lxdx:xcos_lx—%/%:xcos‘lx %li% +C=xcosx—(1-x®)Y24C.

As usual,checkby differentiating.

(d) Thisis acasewhereintegrationby partsdoesnt seemto go anywhere;we needto aply it twice andsolve
for therequiredintegral. First, let f(8) = sin(28), g/(8) = €®. Thenf’(8) = 2cog28), g(8) = (1/3)e™®,
and

/e sin(26) do = %ee’esin(ze)— %/e%cos(ze) de. 1)
Let'stry againthistime with f(8) = cog28), g'(8) = €%, f'(8) = —2sin(28), g(8) = (1/3)e*®

/ ®cog20) db = 3e ®cog20) + = /e sin(20) de. 2
Substituting(2) into (1),

/e sin(20) d6:%e3esin(26) ée cogq26) — g/e sin(20) dé.
Solvingfor therequiredintegral,

/e sin(26) do = 9 }e3esin(26) - ge3ecos(26) +C

13\3 9

As usual,you shouldchecktheresultby differentiation.



2. (a) Thepowerof cosx is odd,socorvertasmary cosx to sinx aspossibleandmake the substitutionu = sinx;

3 5
/sinzxcos3xdx=/sinzx(l—sinzx)cosxdx=/(uz—u4) du= %—%+C— %sm x—ésm x+C.

Checkby differentiatingandapplyingtrig identities.

(b) Thepower of sinx is odd,socorvertasmary sinx to cosx aspossibleandmake the substitutionu = cos,
—du=sinxdx:

/sinchoé‘xdx: /(1—co§x)2cosf‘xsinxdx: —/(1— u?)2u® du.

Expandingthe polynomialandintegrating,

5 o7 (0
/sin5xco§‘xdx:—/(1—2u2+u4)u4du: —/(u4—2u6+u ) du_—ug+2%—u§+c

Reversingthe substitution,
. 1 2 1
/S|n5xcos4xdx = —Eco§x+ = cos x— 5 cogx+C.

Checkby differentiatingandapplyingtrig identities.

(c) Letl betheintegralin question.The powersof sinx andcosx arebotheven,sopair off sinesandcosines
andusedoubleangleidentities:

1—cog28) sir?(26)
4

- / Sin?6(sinBcost)? do = / de. = % / (sin?(26) — cog26) sir?(26)) do

Thefirst termcanbeevaluatedby anothemdoubleangleformula:

1. 1 1 1 .
; /S|n2(26) do= E/l— cog49) dB = =B — sin(48) +C
The secondermcanbeevaluatedby the substitutionu = sin(26), du = 2cog26) d6, du/2 = cog26) do

;/cos{ze)sm2 20) d :——/u du=— u +C——%33|n (26) +C

Assemblingtheabove results,

/sm ecoéede——e 6—43|n(46) 83in3(29)+C

As usual,you shouldcheckby differentiatingandapplyingtrig identities.

(d) Thepower of sed is evensoconvertse to tan (leaving se@ in the integrand)andmake the substitution
u = tant, du = sect dt:

3 5
/tanztseé‘tdt:/tar?t(l+tar?t)se8tdt=/u2(1+u2)du= %+%+C= %tar?t+étar15t+C.

As usual,checkby differentiatingandapplyingtrig identities.

3. It's probablybestto evaluatethe indefiniteintegralsfirst, becausehenyou cancheckyour resultsby differen-
tiating. However, just for the sale of varietyandfor the sale of applyingatechniquehatwe have learnedthat
may be usefulin somecircumstanced, have solvedthe problemsin this sectionusingthe integrationby parts
rule for definiteintegrals. You shouldchecktheseresultsby evaluatingthe indefinite integralsfirst andthen
evaluatingthe definiteintegrals.



(a) Let f(t) =t, d'(t) = cos4t. Thenf’(t) = 1 andg(t) = (1/4)sin4t and

T

—}/nsin4t dt =0+ icos4t
o 4Jo B 16

T
=0.

n 1 .
/ tcosAt dt = ~tsin4t
0 4 0

(b) Let f(x) =Inx, ¢'(t) = x~3; thenf’(x) = 1/x, g(X) = x~2/(—2), andtheintegrationby partsformulagives

2Inx Inx|?> 1 /2 . 1 1 .2 1 1 1
/lex_ —ﬁl—ké/lx = —g2— 37| =—gh2— o4z
(c) Let f(x) =x2+4,d (x) = €; thenf’(x) = 2x, g(x) = €, and
4 4 4 4
/(x2+4)e?‘dx=(x2+4)ex —/ 2xe?‘dx=20e4—5e—2/ xe* dx. (3)
1 1 J1 1

We needto integrateby partsagain.Letting f (x) = x, ¢'(x) = €%, we have f'(x) = 1, g(x) = €*, and

4 4 4
/xexdx:xex —/ edx=4e"—e—e*+e=23¢e" (4)
1 1 1

Substituting(4) into (3) gives
4
/ (@ + 4)€ dx = 206" — 5e— 2(3¢") = 14e* — Be.
1
(d) Let f(t) =t, g (t) = 2'; thenf'(t) = 1,9(t) = (1/In2)2!, and

/8t2t dt = ! t2!
0 " In2

8 1 8, 211 1 B 211 8 1
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4. (a) Firstevaluatetheindefiniteintegral. The obviousthingto try is the substitutionu = /%, du = dx/(2/x),
2u du = dx. After the substitutiorwe integrateby parts:

/cosﬁdx=/2ucow du = —2usinu+ 2cosu+ C = 2cosy/X — 2y/Xsiny/x+C.

(Checkby differentiating.)Now, evaluatingthe definiteintegral,

/ﬁ cosy/x dt = 2cogm/4) — 2nt/4sin(nt/4) — 2cog (11/2)Y4) + 2(11/2) Y4 sin((T/2)Y/4).

V12
(b) As above,letu = /X, 2udu = dx andintegrateby parts:
/e\ﬁ‘ dx = 2/ueu du = 2ue" — 26" + C = 2/xeV* — 2eV* + C.

(Checkby differentiating.)Evaluatingthe definiteintegral,

9
=66 — 263 — 4% + 26? = 4e® — 2¢°.

9
/ eV dx = 2y/xeV* — 2eVX
4 4

(c) Letl bethedesiredntegral. Thepower of tanis oddsochangeasmary tanto secaspossibleandsubstitute
u=sedm:

I :/(seée—l)seéesecﬂtane dez/u“—u2 du= %u5—%u3+C: %seée—%seée+C.

As usual,checkby differentiatingandapplyingtrig identities.



(d) Thefunctioncotx behavesliketanx in trig identitiesanddifferentiationformulas.Thestratayy is to change
cof into termsof cs@ usingthe Pythagoreaidentity cox+ 1 = cs@x:

/cot“xdx: /cotzxcotzx dx:/cotzxcsczx—cotzx dx. (5)

Thefirstintegralin theright sideof (5) canbe evaluatedby the substitutionu = cotx, —du = cs&@x dx:

3
/c012x03(,2xdx=—/u2 du= —% +C=—%cot3x+C.

Thesecondntegralin theright sideof (5) canbe evaluatedby againapplyingthe Pythagoreaidentity:
—/coszx dx = / —cséx+ 1dx = cotx+x+C.

Assemblingourresults,
/cot“x dx = —% cot X+ cotx+ x+C.

(Checkby differentiationandapplicationof trig identities.)Evaluatingthe definiteintegral,

/2 -

_T_T_|_1'_1_
wa 2 3 4

Wi N

/2 1
/ cot'xdx= — = cotx+ cotx+ X
/4 3

=

5. (a) Multiply theintegrandby the ‘conjugatetrig function’ (1+ sinx)/(1+ sinx):

/ dx _/ 1 1+sinxdx_ 1+ sinx OI)(_/14—5inxdx
l1—sinx J 1—sinx 14sinx ~ J 1—siéx coZx

Theintegral cannow bewrittenin termsof secx andtanx:

dx
1—sinx

= / seéx+ secxtanx dx = tanx + secx+ C.

Alternatively, you canwrite theansweras

dx 1+ sinx
/ _ +C.
1—sinx COSX

Checkby differentiating.

(b) Thepower of tanB is even,andthe power of sed is odd,sothereis no simplesubstitution.Integrationby
partsis necessarn this case put you canreducethe amountof work requiredby changingall thetan® to
sed,

/tarf‘esecs 46 = /(seée— 1)?sed do = /seée— 25680+ sed db,

and applyinga known reductionformula, namelyformula 77 from the integral tablesat the back of the
textbook:

/seé‘u du= iltanuseé“zw— E%i/seé“zu du (6)

Recallfrom thelecturesthat

/ sedd d6 = In|tand + sedd| + C. (7)



By reductionformula(6) andformula(7),

/seée o = %tanesedﬂ— % /seoe 6= %tan9+ % In [tan8 + sedd| +C. )
By reductionformula(6) andformula(8),

/seée de = %tanesec°’6+ Z/seée de = %tanese@EH— gtane+ g In|tan® + sed| + C.
Assemblingthe above results,

/tarf‘eseda de = %taneseée— gtan6+ In|tan6 + sed| +C.

Evaluatingthe definiteintegral,
/4
| tartosecrdo = %(1)(\@)3— (1) +In(1+27) = % 2 +In(1+V2).
0

6. We're goingto endup in somedifficulty with notationfurtherdown theline, sol recommendhangingf to g
in the statemenof the problem;now we needto provethat

gb)
/ g~(y) dy = bg(b) —ag(a +/9 )
g(a)

Thisis onecasewhereit’s very helpful to usethe definiteintegral forms of the substitutiorrule

/g u / t(g (10)

andtheintegrationby partsrule
b
- / #(x)g(x) dx. (11)
a

b
[ 1099 09 ax=

Let’'s work on the left handside of (9). First usethe substitutionrule (10) with f = g~1, followed by the
cancellatiorequationg‘l(g( X)) =X

b
/ Yy)dy= /g dx—/ xg' (x) dx
g(a) a

Now applyingtheintegrationby partsrule (11) with f(x) = x, f'(x) = 1,

bxg’(x) dx = - bg(x) dx
I I

Puttingit all together

[ 67 ) dy = bo(o) ~a(a) — [ o3 0x
0 a ’

asrequired.Without the definiteintegral forms of the substitutionandintegrationby partsrules,the problemis
rathermessy

Theresultis illustratedin Figuresl and2, which alsoprovide an alternateargumentfor theresult. Figure?2 is
justFigurel flippedalongtheline y = x. We calculatethe areasof variousregionsin thediagramsRegion A is
justarectanglesoits areais af (a). Region B is theregion underthecurvey = f(x), soits areais f;’ f(x) dx.

RegionC in Figure2 is justtheregion underthecurve x = f~1(y) soits areais fff((at;) f~1(y) dy. Thesumof the
threeareasA, B, andC is arectangleheareaof whichis bf (b). Therefore

/ o|x+/f ® t-1(y) dy = bi (b)

which is equivalentto the requiredresult. (Question:what happensf f(x) is negative for somevaluesof x?
Whathappensf a is negative?)
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Figure2: Graphof f~(y), f(a) <y < f(b)



