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1. (a) Makethesubstitutionx = 4sed, dx = 4sedtand dé:

(b)

(©

/\/x2 16 _/\/163e@e 16 4tane

4sedtand do = / tand do = 6—14 / Sir20cosd do.

Now makingthetransformatioru = sin8, du = cosB db,

1/ 1, 1l 1
6—4/S|n26)cos€)d6_&r/u du—@§+c EZSIn 8+C.

By theright trianglewith sides(A,O,H) = (4,v/x2 — 16,x), sinB = v/x2 — 16/x, soputtingit all together

/\/x2—16 dx— (X2 —16)%/2
= S

1923 +C.

Checkby differentiating.

It's probablyeasierto make analgebraicsubstitionhere;try it. However, thetrig substitutionalsoworks.
Letx= 3sinB, dx=3cos0 dB. Then

/357m630059 dez/3sin6 46 = —3cos+C.

X
— = dx=
/\/9—x2 X vV 9—9sirt0

Usingtheidentity sif0+ cof0 = 1orthe appropriateight triangle,
X
— = dx=—-3V1-si0+C=—3y/1—(x/3)2 —v9-x2+C.
/\/9—x2 /3

Checkby differentiating.The definiteintegral is now
V5 x
0 V92

Letx = asinB, dx = acos0 db. Then

2 2
/ﬁ dx:/a asind  wdo— L /tarFese@ede

az —x2 096

dx_\/§—\/9—5:3—2:1.

Now makingthe substitutionu = tan, du = se@0 de,

1 17, 148 tar’ 0
 [tarfesedede = [Wdu= 5T +o= S C
By usingaright trianglewith the appropriatesides,
X2 1 x3
/ (a2 —x2)5/2 dx = 332 (a2 —x2)3/2 +C.

Checkby differentiating.



(d) Letx = atan®, dx = ase@0 d6. Then

X2 a’tar’ 8 11
/m = [ oeg25e¢8d0= 5 [ sittcosd do.

Sincethe power of cosis odd, make the substitutionu = sin8, du = cosB dé:

—/sm29c059d9— —/u du=~ ‘; +C
Reversingthe substitutionsisingthe appropriateight triangle,
X2 1 sir@ 1 x3
/7 X=——7—+4+C=-—=5-—5—-5=5+C.
(az + X2)5/2 a2 3 3a2 (a2 + X2)3/2
Checkby differentiating.

2. (a) Let4x = 3sed, 4dx = 3sedtanb d6. Then

/ . _/ sed®dtanb de
J16@—9 4) J9se@p—-9

Reversingthe substitutiontand = v/se@8 — 1= +/16x2—9/3 and

In|4x/3—+/16x2—9/3|+C= = In|4x—\/16x2 9+C

/ eddd = In|secﬂ+tan6| +C.

/\/W 4

where—(1/4) In3 hasbeenabsorbednto C. Checkby differentiating.

(b) Herethe algebraicsubstitutionmaywork betterthana trig substitution.Let u = 4 — 9x2, du = —18x dx.
Then

du 1 u3/2 1
VAa— 9l d :/ 2 W e S a—ad)¥24C
/X X dx= Ut e = ~fg37s TC =~ 55 (4= 97 4

(Checkby differentiating.)Evaluatingthe definiteintegral,

/2/3xx/mdx——0m—2_17§< 9@) IR

(c) Make thetrig substitution2x = tan8, 2dx = se¢ 8 d@, we have

/\/4x2—+1dx= /@se@e 6= /seée de.

By example8 on page523of thetextbook,
/ VA2 +1dx= secxtanx+ In|secx+tanx|) + C = xv/4x2 + 1+ In [V 4x2 + 1+ 2x| +C.

Checkby differentiating.Now the definiteintegralis
1
| Vae+tox= 15+ 5 1n[v5+2/ 0 ZIn|v+0| = v5+ 3 In(2+V5).
0

(d) Letax = bsed, adx=bsed®tand d6. Then

dx b rse®tan®fdd 1 [ cosH 1
/ (a2x2 /

— b2)5/2 “a) tafo a?/ sinfe ab4/001360506 de.



Sincethe power of cotis oddwe shouldcornvertasmary cotto cscaspossibleandmake the substitution
u=csd, du= —cotBcscO dé:

dx 1 1 1 [é
/7(a2x2—b2)5/2 ab4/(cs@6 1)cotBcscd dd = — W/( 1) du=— ab4( u) +C.

Reversingthe substitutionsusinga (A,O,H) = (b, (a?x? — b?)%/?, ax) right triangle,

dx csCH Cesg) i L a3 ax c
/ (a2 — b2)5/2 ab4 3 = 322 —?)32 (a2 —?)1/2 +e

Checkby differentiating.

3. Theseproblemsrequirecompletingthesquare.

(@) Write X2 4+ 2x+ 2 = x> + 2x+ 1+ 1 = (x+ 1)+ 1. Thenmakingthe substitutionx+ 1 = tang, dx =

sec0de,
dx se¢0do
= = [ cogade.
/(x2+2x+ 2)4 / secB /CO
By thehint,
dx 1 5 . 15 . 15
/m = ésmecos'59+ 2—43|n900339+ g SinBcosd+ 726+ C.
Reversingthesubstitutiorby a (1,x+ 1, VX2 4+ 2x+ 2) right triangle,sin® = (x+1) /v/X2 + 2x+ 2, cosf =
1/v/x%+2x+2,and
/ dx _1 X+1 +i X+1 +15 X+1 +E’tan (x+1)+C
(C+2x+2)4  6(x2+2x+2)3  24(X2+2x+2)2  48x2+2x+2 48 '

(b) Completingthe squaret> — 6t +1 = t> — 6t + 9— 8 = (t — 3)> — 8. Making the substitutiont — 3 =
2v/2sed, dt = 2v/2se®tand d,

3dt 6v/2sedtand do
= = [ 3sed db = 3In|sed +tanb|+C.
ViZ—6t+1 / 2v/2tan@ / | |
Reversingthe substitutionse® = (t — 3)/(2v/2), tan® = /(t — 3)2/8 — 1= vt2— 6t + 1/(2V/2),
3dt - ViZ—6t+1
=3lIn + +C=3Injt—-3+vt?—6t+1/+C
ViZ—6t+1 2V2 2V2 | |
by thelaw of logarithmsin|a/b| = Ina— Inb, absorbinghe constant-In2y/2 into C. (Checkby differen-

tiating.)
(c) Aswith the previousproblem,completethe squareto obtaint® — 6t + 1 = (t — 3)? — 8, but this time make
thealgebraicsubstitutionu = (t — 3)% — 8, du = 2(t — 3) dt:

1u1/2
/2u1/2 ~——+C=+t2-6t+1+C.

\/ —er1C 21/2

Checkby differentiating.
(d) Addingtheprevioustwo results,

dt = v/t2—6t+ 1+ 3In|t —3+/t2—6t+ 1| +C.

t t—3 3
7dt:/ dt+/
/\/t2—6t+1 VitZ—6t+1 ViZ—6t+1

As usual,checkby differentiating.



4. (a) For largex, theintegrandis approximatelyx/x? = 1/x, andwe know that [;’(1/x) dx is divergent,sothe

(b)

givenintegral is likely divergent. To make surewe usethe comparisortest,boundingthe integrandfrom
belov by somemultiple of 1/x:

14+ x4+ X2 < 2%

for x largeenough(specificallyfor x biggerthanthelargestrootof thequadraticequationl + x+ x% = 2x?),
S0

1 X

2X < 1+ x+x2

for x largeenough However,

1 /1
= —d
2/1 X X

diverges,soit followsthat

/m X dx
1 14+x4+x2

divergesaswell by thecomparisortest. Changinghelower boundof integrationfrom 1 to 0 doesnt make
ary differencen the divergenceof animproperintegral, sothe givenintegral diverges.

Alternatively, theintegral may be evaluatedexplicitly usingtechniquesimilarto thoseof 3(d) above.
Theintegrandis approximatelyl/t? for larget sowe shouldexpectit to corverge. However, we alsoneed
to checkwhetherthereis ary typell “improperness’sincethedenominatoof theintegrandmayvanishat
somepoint. Factoringthe denominatart? + 4t + 3 = (t + 1) (t + 3), sothedenominatovanishesatt = —1
andt = —3; thosepointsareoutsideof the interval over which we areintegrating, namely[0, ), sowe
don't needto worry abouttheintegrandgoinginfinte in the domainof integration.

Sincet? < t? 4+ 4t +3fort >0,
1 1
t2+4t+3 " t?
for t largeenoughssince [;°(1/t2) dt corverges thegivenintegral corvergesby the comparisortest.

In orderto evaluatetheintegral, completethe squardan the denominatomandmake the substitutiornt + 2 =
sed, dt = sedtanb d6 to obtain

/ sedtand

N de=/csoede:|n|csce—cote|+c

/ 1
t24+4t+3
by the hint. Reversingthe substitutionby the (A,O,H) = (1,v/t2+ 4t + 3,t + 2) right triangle,

/ 1 dt—n‘ t+2 1
t?+4t+3 2+ at+3 V2443

Checkby differentiating.To evaluatethe definiteimproperintegral,
/mi— lim /ML— im |-ty [ 0L g
0 1244t+3 M-owfo t24+4t+3 Moo |/M2+4M+3 0+0+3|

wherethelimit wasobtainedby dividing throughby M in thefractioninsidethelogarithm.

Sincethelimit exists,thecomparisortestwasnt really necessarybut in generait’sagoodideato quickly
checktheintegral usingthe comparisortestbeforeputtingtoo muchof aneffort into evaluatingit.

1
‘+C:In|t+1|—§In|t2+4t+3|+C.



(c) The integrandblows up as x approache® from below, so the integral is improper of type Il. In this
particularcaseit’s probablyeasierto evaluatethe integral, but further down I'll explain how to usethe
comparisontestto checkfor corvergencein this case. To evaluatethe integral, let x = 2sin@, dx =

2co0s0 dO to obtain
dx 2cos0 do X
= =0+C=sint(Z)+C.
/\/4—x2 / 2cosH + sin (2)+
Therefore
2 dx a  dx a i
= lim = lim sin"! (=) —sin(0) = =
/0 VA—x2 as2-Jo VJA—x2 a-s2- (2) ©) 2

andtheintegralis corvergentto thevaluert/2.

It is possibleto checkfor convergenceusingthe comparisortest,but it is alittle moredifficult thanin the
othercasesve've studied. The ideais to factorout the part that goesto infinity from the integrandand
shaw thattherestis approximatelyconstant:

111
VA2 2+xV/2—X

Nearthe singularpoint x = 2 thefirst factoris approximatelyl//2+x = 1/1/4 = 1/2, while the second
factoris of the orderu=/2 whereu = 2 — x. Let's make that changeof variablesso that the improper
integral becomes

2 2
/ (4—u)~Y2y~1/? du</ u¥2du
0 0

becausé4 — u)~1/2 < 1 ontheinterval [0,2]. Thelatterintegral is convergentby the“ p-test” becausé¢he
power of u is greaterthan—1; by the comparisortestthe givenintegral is cornvergent. This still leavesus
with the problemof evaluatingthe integral, which we thentake careof asin thefirst partof this solutions.

(d) In this caseit isn’'t hardto checkusingthe comparisortest. The integrandblows up nearz = 2, sothe
integral is improperof typell atz= 2;theintegral really means

3 a 3
/ (z-2)YRdz= tm [ (z-2Y2dz+ lim [ (z-2)"3dz N
0 a—2-Jo b—2t+Jb

For thelatterintegralwe let u = z— 2 which leadsto comparisorwith fol u~Y3 whichis corvergentby the

p-test. Similar reasoningappliesto [$(z— 2)~%/2 dz with the changeof variablesy = 2 —z.

Now thatwe know thattheintegral is convergent,we canevaluateit asif it werenotimproper Making
thechangeof variablesu = z— 2,

2/3
/(z— 23 dz= /u_1/3 du= i+C: §(z— 223 4+C
2/3 2
sothedefiniteintegralis

3 3 3 3. 3
__~2\—1/3 — Z(a_ 2/3_ 2 2/3: e 23
/0 (z-2) V3 dz=5(3-2)%°~5(0-2%° = (1)~ 5V

Alternatively, we couldhave evaluatedthelimits in (1) to obtainthe sameresult.

5. Takingthelimit throughouthe givenformula,

n. (o1
—lim | xX"e®dx;
at—w Jo

. t 1 1
lim [ x"e®dx= lim —t"e® — —Q"e*0 —
t—o Jo t—oo a a



thesecondimit aboveis 0 by the hint sothe formulabecomes

/x“eaxdx=—ﬂ/ X" 1e® dx
0 a

0

whichis actuallysimplerthanthe correspondindormulaon afinite interval. It follows that

2 —3X 1 ,—3x 0,—3x —3X
e ¥dx= > e dx= 23 el =g =€ ==
/0 X X 3/0 X X 33/0 X X 9 3 0 27

(Question:this improperintegral cangive us a generalizatiorof the factorialfunctionto any nonneyative real
number;how?)

. Make the substitutionu = cost, du = — sint dt to obtain

sint dt _/ —du
Vifcogt J Vi+w?
At this pointa secondrig substitutionis calledfor. Let u = tan8, du = se@8 d#, to obtain

—du —sec0dd
/m_/ o _—/secﬂde_—ln|secﬂ+tan9|+c.

Reversingthe substitutions,

sint dt
———— =—In|u+v1+u+C= —In|cost + v/1+cogt| +C.
V1+cogt | | | |

Checkby differentiating.To evaluatethe definiteintegral,

2 gint dt
> = In|0+VI+0+In|1+vI+1=In(1+V2).
0 1+ cot | [+In] | =In( )



