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1. (a) Make thesubstitutionx � 4secθ, dx � 4secθ tanθ dθ:���
x2 � 16

x4 dx � ���
16sec2 θ � 16

44sec4 θ
4secθ tanθ dθ � �

4tanθ
44sec3 θ

tanθ dθ � 1
64

�
sin2 θcosθ dθ �

Now makingthetransformationu � sinθ, du � cosθ dθ,

1
64

�
sin2 θcosθ dθ � 1

64

�
u2 du � 1

64
u3

3 � C � 1
192

sin3 θ � C �
By theright trianglewith sides � A � O � H 	 � � 4 � � x2 � 16� x 	 , sinθ � �

x2 � 16
 x, soputtingit all together���
x2 � 16

x4 dx � � x2 � 16	 3� 2
192x3 � C �

Checkby differentiating.

(b) It’s probablyeasierto make analgebraicsubstitionhere;try it. However, thetrig substitutionalsoworks.
Let x � 3sinθ, dx � 3cosθ dθ. Then�

x�
9 � x2

dx � �
3sinθ�

9 � 9sin2 θ
3cosθ dθ � �

3sinθ dθ � � 3cosθ � C �
Usingtheidentitysin2 θ � cos2 θ � 1 or theappropriateright triangle,�

x�
9 � x2

dx � � 3
�

1 � sin2 θ � C � � 3 
 1 � � x 
 3	 2 � C � � � 9 � x2 � C �
Checkby differentiating.Thedefiniteintegral is now��� 5

0

x�
9 � x2

dx � �
9 � � 9 � 5 � 3 � 2 � 1 �

(c) Let x � asinθ, dx � acosθ dθ. Then�
x2� a2 � x2 	 5� 2 dx � �

a2sin2 θ
a5cos5 θ

acosθ dθ � 1
a2

�
tan2 θsec2 θ dθ �

Now makingthesubstitutionu � tanθ, du � sec2 θ dθ,

1
a2

�
tan2 θsec2 θ dθ � 1

a2

�
u2 du � 1

a2

u3

3 � C � tan3 θ
3a2 � C �

By usinga right trianglewith theappropriatesides,�
x2� a2 � x2 	 5� 2 dx � 1

3a2

x3� a2 � x2 	 3� 2 � C �
Checkby differentiating.
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(d) Let x � a tanθ, dx � asec2 θ dθ. Then�
x2� a2 � x2 	 5� 2 dx � �

a2 tan2 θ
a5sec5 θ

asec2 θ dθ � 1
a2

�
sin2 θcosθ dθ �

Sincethepowerof cosis odd,make thesubstitutionu � sinθ, du � cosθ dθ:

1
a2

�
sin2 θcosθ dθ � 1

a2

�
u2 du � 1

a2

u3

3 � C

Reversingthesubstitutionsusingtheappropriateright triangle,�
x2� a2 � x2 	 5� 2 dx � 1

a2

sin3 θ
3 � C � 1

3a2

x3� a2 � x2 	 3� 2 � C �
Checkby differentiating.

2. (a) Let 4x � 3secθ, 4dx � 3secθ tanθ dθ. Then�
dx�

16x2 � 9
� 3

4

�
secθ tanθ dθ�

9sec2 θ � 9
� 1

4

�
secθdθ � 1

4
ln � secθ � tanθ � � C �

Reversingthesubstitution,tanθ � �
sec2 θ � 1 � �

16x2 � 9
 3 and�
dx�

16x2 � 9
� 1

4
ln � 4x 
 3 � �

16x2 � 9
 3 � � C � 1
4

ln � 4x � �
16x2 � 9 � � C

where � � 1 
 4	 ln3 hasbeenabsorbedinto C. Checkby differentiating.

(b) Herethealgebraicsubstitutionmaywork betterthana trig substitution.Let u � 4 � 9x2, du � � 18x dx.
Then �

x
�

4 � 9x2 dx � �
u1� 2 du� 18

� � 1
18

u3� 2
3 
 2 � C � � 1

27
� 4 � 9x2 	 3� 2 � C �

(Checkby differentiating.)Evaluatingthedefiniteintegral,� 2� 3
0

x
�

4 � 9x2 dx � 1
27

0 
 4 � 9 � 0	 2 � 1
27

2
3 � 4 � 9 � 2

3 � 2 � � 0 � 0 � 0 �
(c) Make thetrig substitution2x � tanθ, 2dx � sec2 θ dθ, we have� �

4x2 � 1 dx � � �
sec2 θsec2 θ dθ � �

sec3 θ dθ �
By example8 on page523of thetextbook,� �

4x2 � 1 dx � 1
2
� secx tanx � ln � secx � tanx � 	 � C � x

�
4x2 � 1 � 1

2
ln � � 4x2 � 1 � 2x � � C �

Checkby differentiating.Now thedefiniteintegral is� 1

0

�
4x2 � 1 dx � 1

�
5 � 1

2
ln � � 5 � 2 � � 0 � 1

2
ln � � 1 � 0 � � �

5 � 1
2

ln � 2 � �
5	��

(d) Let ax � bsecθ, a dx � bsecθ tanθ dθ. Then�
dx� a2x2 � b2 	 5� 2 � b

a

�
secθ tanθ dθ

b5 tan5 θ
� 1

ab4

�
cos3 θ
sin4 θ

dθ � 1
ab4

�
cot3 θcscθ dθ �
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Sincethepower of cot is oddwe shouldconvertasmany cot to cscaspossibleandmake thesubstitution
u � cscθ, du � � cotθcscθ dθ:�

dx� a2x2 � b2 	 5� 2 � 1
ab4

� � csc2 θ � 1	 cotθcscθ dθ � � 1
ab4

� � u2 � 1	 du � � 1
ab4 � u3

3
� u � � C �

Reversingthesubstitutionsusinga � A � O � H 	 � � b ��� a2x2 � b2 	 1� 2 � ax 	 right triangle,�
dx� a2x2 � b2 	 5� 2 � � 1

ab4 � csc3 θ
3

� cscθ � � C � � 1
ab4 � a3x3

3 � a2x2 � b2 	 3� 2 � ax� a2x2 � b2 	 1� 2 � � C �
Checkby differentiating.

3. Theseproblemsrequirecompletingthesquare.

(a) Write x2 � 2x � 2 � x2 � 2x � 1 � 1 � � x � 1	 2 � 1. Then making the substitutionx � 1 � tanθ, dx �
sec2 θ dθ,�

dx� x2 � 2x � 2	 4 � �
sec2 θ dθ

sec8 θ
� �

cos6 θ dθ �
By thehint,�

dx� x2 � 2x � 2	 4 � 1
6

sinθcos5 θ � 5
24

sinθcos3 θ � 15
48

sinθcosθ � 15
48

θ � C �
Reversingthesubstitutionby a � 1 � x � 1 � � x2 � 2x � 2	 right triangle,sinθ � � x � 1	�
 � x2 � 2x � 2, cosθ �
1
 � x2 � 2x � 2, and�

dx� x2 � 2x � 2	 4 � 1
6

x � 1� x2 � 2x � 2	 3 � 5
24

x � 1� x2 � 2x � 2	 2 � 15
48

x � 1
x2 � 2x � 2 � 15

48
tan� 1 � x � 1	 � C �

(b) Completingthe square,t2 � 6t � 1 � t2 � 6t � 9 � 8 � � t � 3	 2 � 8. Making the substitutiont � 3 �
2
�

2secθ, dt � 2
�

2secθ tanθ dθ,�
3 dt�

t2 � 6t � 1
� �

6
�

2secθ tanθ dθ
2
�

2tanθ
� �

3secθ dθ � 3ln � secθ � tanθ � � C �
Reversingthesubstitution,secθ � � t � 3	�
�� 2 � 2	 , tanθ � � � t � 3	 2 
 8 � 1 � �

t2 � 6t � 1
�� 2 � 2	 ,�
3 dt�

t2 � 6t � 1
� 3ln �����

t � 3

2
�

2 � �
t2 � 6t � 1

2
�

2
����� � C � 3ln � t � 3 � �

t2 � 6t � 1 � � C

by thelaw of logarithmsln � a 
 b � � lna � lnb, absorbingtheconstant� ln2
�

2 into C. (Checkby differen-
tiating.)

(c) As with thepreviousproblem,completethesquareto obtaint2 � 6t � 1 � � t � 3	 2 � 8, but this timemake
thealgebraicsubstitutionu � � t � 3	 2 � 8, du � 2 � t � 3	 dt:�

t � 3�
t2 � 6t � 1

dt � �
du

2u1� 2 � 1
2

u1� 2
1 
 2 � C � �

t2 � 6t � 1 � C �
Checkby differentiating.

(d) Adding theprevioustwo results,�
t�

t2 � 6t � 1
dt � �

t � 3�
t2 � 6t � 1

dt � � 3�
t2 � 6t � 1

dt � �
t2 � 6t � 1 � 3ln � t � 3 � �

t2 � 6t � 1 � � C �
As usual,checkby differentiating.
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4. (a) For largex, theintegrandis approximatelyx 
 x2 � 1 
 x, andwe know that � ∞
a � 1
 x 	 dx is divergent,sothe

givenintegral is likely divergent.To make surewe usethecomparisontest,boundingtheintegrandfrom
below by somemultipleof 1
 x:

1 � x � x2 � 2x2

for x largeenough(specificallyfor x biggerthanthelargestrootof thequadraticequation1 � x � x2 � 2x2),
so

1
2x

� x
1 � x � x2

for x largeenough.However,

1
2

� ∞

1

1
x

dx

diverges,soit followsthat� ∞

1

x
1 � x � x2 dx

divergesaswell by thecomparisontest.Changingthelowerboundof integrationfrom 1 to 0 doesn’t make
any differencein thedivergenceof animproperintegral,sothegivenintegraldiverges.

Alternatively, theintegralmaybeevaluatedexplicitly usingtechniquessimilar to thoseof 3(d)above.

(b) Theintegrandis approximately1
 t2 for larget soweshouldexpectit to converge.However, wealsoneed
to checkwhetherthereis any typeII “improperness”sincethedenominatorof theintegrandmayvanishat
somepoint. Factoringthedenominator, t2 � 4t � 3 � � t � 1	�� t � 3	 , sothedenominatorvanishesat t � � 1
andt � � 3; thosepointsareoutsideof the interval over which we areintegrating,namely � 0 � ∞ 	 , sowe
don’t needto worry abouttheintegrandgoinginfinte in thedomainof integration.

Sincet2 � t2 � 4t � 3 for t � 0,

1
t2 � 4t � 3

� 1
t2

for t largeenough;since � ∞
1 � 1 
 t2 	 dt converges,thegivenintegralconvergesby thecomparisontest.

In orderto evaluatetheintegral,completethesquarein thedenominatorandmakethesubstitutiont � 2 �
secθ, dt � secθ tanθ dθ to obtain�

1
t2 � 4t � 3

dt � �
secθ tanθ

tan2 θ
dθ � �

cscθ dθ � ln � cscθ � cotθ � � C

by thehint. Reversingthesubstitutionby the � A � O � H 	 � � 1 � � t2 � 4t � 3 � t � 2	 right triangle,�
1

t2 � 4t � 3
dt � ln ����

t � 2�
t2 � 4t � 3

� 1�
t2 � 4t � 3 ���� � C � ln � t � 1 � � 1

2
ln � t2 � 4t � 3 � � C �

Checkby differentiating.To evaluatethedefiniteimproperintegral,� ∞

0

dt
t2 � 4t � 3

� lim
M  ∞

� M

0

dt
t2 � 4t � 3

� lim
M  ∞

ln ����
M � 1�

M2 � 4M � 3 ���� � ln ����
0 � 1

0 � 0 � 3 ���� � ln3

wherethelimit wasobtainedby dividing throughby M in thefractioninsidethelogarithm.

Sincethelimit exists,thecomparisontestwasn’t reallynecessary, but in generalit’sagoodideato quickly
checktheintegralusingthecomparisontestbeforeputtingtoo muchof aneffort into evaluatingit.
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(c) The integrandblows up as x approaches2 from below, so the integral is improperof type II. In this
particularcaseit’s probablyeasierto evaluatethe integral, but further down I’ ll explain how to usethe
comparisontest to check for convergencein this case. To evaluatethe integral, let x � 2sinθ, dx �
2cosθ dθ to obtain�

dx�
4 � x2

� �
2cosθ dθ

2cosθ
� θ � C � sin� 1 ! x

2 " � C �
Therefore� 2

0

dx�
4 � x2

� lim
a  2 # � a

0

dx�
4 � x2

� lim
a  2 # sin� 1 ! a

2 " � sin� 1 � 0	 � π
2

andtheintegral is convergentto thevalueπ 
 2.

It is possibleto checkfor convergenceusingthecomparisontest,but it is a little moredifficult thanin the
othercaseswe’ve studied.The ideais to factorout the part thatgoesto infinity from the integrandand
show thattherestis approximatelyconstant:

1�
4 � x2

� 1� 2 � x

1� 2 � x
�

Nearthesingularpoint x � 2 thefirst factoris approximately1
 � 2 � x � 1
 � 4 � 1 
 2, while thesecond
factor is of the orderu � 1� 2 whereu � 2 � x. Let’s make that changeof variablesso that the improper
integralbecomes� 2

0
� 4 � u 	�� 1� 2u � 1� 2 du � � 2

0
u � 1� 2 du

because� 4 � u 	 � 1� 2 � 1 on theinterval � 0 � 2$ . Thelatterintegral is convergentby the“ p-test” becausethe
power of u is greaterthan � 1; by thecomparisontestthegivenintegral is convergent.This still leavesus
with theproblemof evaluatingtheintegral,which we thentakecareof asin thefirst partof thissolutions.

(d) In this caseit isn’t hardto checkusingthe comparisontest. The integrandblows up nearz � 2, so the
integral is improperof typeII at z � 2; theintegral really means� 3

0
� z � 2	 � 1� 3 dz � lim

a  2 # � a

0
� z � 2	 � 1� 3 dz � lim

b  2% � 3

b
� z � 2	 � 1� 3 dz � (1)

For thelatterintegralwe let u � z � 2 which leadsto comparisonwith � 1
0 u � 1� 3 which is convergentby the

p-test.Similar reasoningappliesto � a
0 � z � 2	 � 1� 3 dz with thechangeof variablesv � 2 � z.

Now thatwe know that the integral is convergent,we canevaluateit asif it werenot improper. Making
thechangeof variablesu � z � 2,� � z � 2	 � 1� 3 dz � �

u � 1� 3 du � u2� 3
2
 3 � C � 3

2
� z � 2	 2� 3 � C

sothedefiniteintegral is� 3

0
� z � 2	 � 1� 3 dz � 3

2
� 3 � 2	 2� 3 � 3

2
� 0 � 2	 2� 3 � 3

2
� 1	 � 3

2
3� 4 �

Alternatively, we couldhaveevaluatedthelimits in (1) to obtainthesameresult.

5. Takingthelimit throughoutthegivenformula,

lim
t  ∞

� t

0
xneax dx � lim

t  ∞

1
a

tneat � 1
a

0nea & 0 � n
a

lim
t  ∞

� t

0
xn � 1eax dx;
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thesecondlimit aboveis 0 by thehint sotheformulabecomes� ∞

0
xneax dx � � n

a

� ∞

0
xn � 1eax dx

which is actuallysimplerthanthecorrespondingformulaon afinite interval. It follows that� ∞

0
x2e � 3x dx � 2

3

� ∞

0
x1e � 3x dx � 2

3
1
3

� ∞

0
x0e � 3x dx � 2

9
1� 3

e � 3x ����
∞

0

� 2
27
�

(Question:this improperintegral cangive usa generalizationof thefactorialfunction to any nonnegative real
number;how?)

6. Make thesubstitutionu � cost, du � � sint dt to obtain�
sint dt�
1 � cos2 t

� � � du�
1 � u2

�
At this pointa secondtrig substitutionis calledfor. Let u � tanθ, du � sec2 θ dθ, to obtain� � du�

1 � u2
� � � sec2 θ dθ

secθ
� � � secθ dθ � � ln � secθ � tanθ � � C �

Reversingthesubstitutions,�
sint dt�
1 � cos2 t

� � ln � u � �
1 � u2 � � C � � ln � cost � �

1 � cos2 t � � C �
Checkby differentiating.To evaluatethedefiniteintegral,� π � 2

0

sint dt�
1 � cos2 t

� � ln � 0 � �
1 � 0 � � ln � 1 � �

1 � 1 � � ln � 1 � �
2	'�
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