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1. YoucanstartcountingatO (if it makessensepr at 1, eitheris fine.
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bo=2,b; = 2(1—x), bp = 2(1—x)?, b3 = 2(1—x)3, bs = 2(1 — x)*, bs = 2(1— x)°

2. Thereare an infinite numberof formulasthat answereachquestion. | have chosentwo which | feel arethe
simplest.Herewe will starthumberingtermsof thesequenceatn = 1.
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3. (a) Thetermscanbere-writtenasgeometrionith r = 12 sothesequenceivergesto «o: a, = —
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whereeachof the limits exceptthe lastis of the form co /e (which you mustcheckotherwiseyou cannot
applyL'Hdpital'srule). Sincee < 3, thelastlimit tendsto 0/ = 0, andthereforethe sequenceorverges
to 0.

4. (a) Forn>1,

(b)

1 1

=1/ <(n+9-1/2) = a1 <ns @

so the sequenceés decreasing.(What happensvhenn = 0? How canyou explain thatin light of the
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above?) FurthermorefForn>1,1/2>n—-(1/2), so0< m < 2, sothe sequencés bounded
belov by 0 andabove by 2.

Roughly speakingonewould expectthatby, is decreasindgecausehe denominatois of ordern? which
increasedasterthanthe numeratowhich is of ordern. However, we shouldcheckthe first few terms,
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which may behae in anexceptionalmanner:bg =0, b; = =, by = > by = 13 by = 9 (useyour
calculatorif you have trouble comparingfractions). Thereforethe sequencencreasedor a time, then
decreasesoit is neitheruniformly increasinghor decreasing.

(On the otherhand, we are usually interestedonly in what happendor ‘largen’. Try to show thatthe
sequencés decreasindor largen.)

As for boundednessye have (by completingthesquare)
2n

1 1\* 1
——>k>0 2-2-n+4<0 -= ——4
r12+4> >0 =—n kn+ <0 —= (n k) <k2



whichis possibleonly for k < 1/2 sincetheright sideof thelatterinequalityabove is nonneative. There-
fore the sequencés boundedabove by 1/2 (you shouldcheckthat statement)and s clearly bounded
below by 0, soit is bounded.

(If the above agumentseemsstrangeandbackwardsto you, you areright: | have showvn the ‘analysis’
phaseof the agumentratherthanthe proof, which | have asledyou to provide. In placeof the analysis
you couldhave donesomenumericalexperimentationbut no matterhow you arrive atthe proposedipper
boundof 1/2, you shouldcheckthatit really is anupperbound.Anotherway you could have handledthe
problemis by minimizing andmaximizingthefunction f (x) = )(22%1 ontheinterval x > 0.)

5. Sincel did not specifythatwe shouldstartatn = 0 or n = 1, eitheris fine. Let's startatn = 0 sinceit’s easier

(a) Usingthefactthats, =ap+ a1 + ---+ an = Sh—1 + an, N > 1 to simplify our calculations,

s=a=1
SS=%+ap=1-5=-4
—stap= 4t 2=l
S=S1+a= =3
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S=%+tx=5- " ="%
Cera 74+625_329
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(b) Withoutary simplificationatall we canwrite
sgs=bp=2
S1=%+b1=24+2(1-x)

S=s+by=2+2(1-X) +2(1-x)?
S=%+bg=2+2(1—x) +2(1—x)2+2(1—x)*
S=s3+bs=242(1-x)+2(1-%x)24+2(1—x)3+2(1—x)*

X

It is possibleto simplify the above expressionsandalthoughthatis not necessargor this problem,it will
be helpful laterwhenwe considerTaylor series:
$1=242(1—X) +---+21—x)" 1+ 2(1—x)"
(1=X)s$ =2(1=X) +2(1=x)%+ -+ 2(1 = x)"+2(1 —x)"*
1-Xs—s=2(1—-x)"1-2
(1—x)m1-1 2

%:Zm = —)—( ((1—X)n+1—1).

. _ 10 /3\" . . :
(a) Thegivenseriesis equalto z 3 (§> whichis geometriovith a= 10/3,r = 3/2; thereforethe series
n=1

divergesbecause > 1.
) _.’_[2 n
(b) The givenseriesis equalto z 10(?) which is geometricwith a = 10, r = —1%/10. SinceT? ~
n=1

a 100

9.8696< 10we have —1 < r < 1 sotheseriess corvergent. Thesumis s=

[

(c) Theseriescanberewritten z - whichis atail of theharmonicseriesso mustbedivergent.
n=6
(d) Theseriess thesumof two corvergent(geometric)seriesandthereforecorverges:

< 2+4 L 2\" & 4_1": 1/4 Y2 1 1_5
> =2(5) *2(6) " ammatame

n=




7. (a) Theseriess geometriowith a= 3, r = x/4, thereforeit corvergesfor

—1<§<1=> _Ad<x<4

3 12
1—(x/4) 4-x
(b) Theseriesis geometricwith a= 1, r = 5x/4, soit corvergesfor (4/5) < x < (4/5) anddivergesother
1
- (5x/4) 4— 5%’
(c) Theseriess geometriowith a= 2,r = 1 — X, soit cornvergesfor

anddivergesotherwise Whenit corvergesthesumof the seriesis s=

wise. Whenit cornvergesthesumis s=

—1<1—-X%x<1 = -2<—Xx<0= 0<x<2

(notethe reversalof the inequalitieswhenwe multiply throughby —1). Whenit corvergesthe sumis
2 2

-9 x

(d) Theseriesis geometriowith a= 1, r = tanx/+/3, soit corvergeswhen

S=

tanx
1< B 1 VB<tanx< V3 = —D 4 kn< x< D4kt

3 3 3

fork=0,£1,£2,.... (It'sOK if youdidn't getthekrt part; graphtanto seewhereit comesfrom). When
1 V3

— (tanx//3)  v/3—tanx’
8. A simplerearrangemerttirnsthe seriesinto atelescopingseries:

ZIn(lJr ) il <n+1>=élln(n+1)—ln(n).

Thetermsin themiddle of a partialsumcancelandwe have

the seriescorverges,its sumis s=

=In(2) —In(1) +In(3) = In(2) +--- +In(k) — In(k— 1) + In(k+ 1) — In(k) = In(k+ 1) — In(1) = In(k+ 1).

Therefore
o k
an = lim —I|mln (k+1) = oo,
nZl k— Z )

i.e.,theseriediverges.



