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1. Youcanstartcountingat 0 (if it makessense)or at 1, eitheris fine.
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2. Therearean infinite numberof formulasthat answereachquestion. I have chosentwo which I feel are the
simplest.Herewewill startnumberingtermsof thesequencesat n � 1.
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3. (a) Thetermscanbere-writtenasgeometricwith r � 12sothesequencedivergesto ∞: an
� 1
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� 1

4 � 12n.

(b) By L’Hôpital’s rule,

lim
x � ∞

xe

ex
� lim

x � ∞

exe � 1

ex
� lim

x � ∞

e
�
e � 1� xe � 2

ex
� lim

x � ∞

e
�
e � 1� � e � 2� xe � 3

ex

whereeachof the limits exceptthe last is of theform ∞ 	 ∞ (which you mustcheckotherwiseyou cannot
applyL’Hôpital’s rule). Sincee 
 3, thelastlimit tendsto 0 	 ∞ � 0, andthereforethesequenceconverges
to 0.

4. (a) For n � 1,
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so the sequenceis decreasing.(What happenswhenn � 0? How canyou explain that in light of the

above?) Furthermore,For n � 1, 1 	 2 � n � �
1 	 2� , so 0 
 1

n � �
1	 2� �

2, so the sequenceis bounded

below by 0 andaboveby 2.

(b) Roughlyspeaking,onewould expectthatbn is decreasingbecausethedenominatoris of ordern2 which
increasesfasterthanthe numeratorwhich is of ordern. However, we shouldcheckthe first few terms,

which maybehave in an exceptionalmanner:b0
� 0, b1

� 2
5

, b2
� 1

2
, b3
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9
, . . . , (useyour

calculatorif you have troublecomparingfractions). Thereforethe sequenceincreasesfor a time, then
decreases,soit is neitheruniformly increasingnor decreasing.

(On the otherhand,we areusually interestedonly in what happensfor ‘large n’. Try to show that the
sequenceis decreasingfor largen.)

As for boundedness,we have(by completingthesquare)
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which is possibleonly for k 
 1 	 2 sincetheright sideof thelatterinequalityaboveis nonnegative.There-
fore the sequenceis boundedabove by 1	 2 (you shouldcheckthat statement),and is clearly bounded
below by 0, soit is bounded.
(If the above argumentseemsstrangeandbackwardsto you, you areright: I have shown the ‘analysis’
phaseof theargumentratherthanthe proof, which I have askedyou to provide. In placeof the analysis
youcouldhavedonesomenumericalexperimentation,but nomatterhow youarriveat theproposedupper
boundof 1	 2, youshouldcheckthatit really is anupperbound.Anotherway youcouldhavehandledthe

problemis by minimizingandmaximizingthefunction f
�
x � � 2x

x2 
 4
on theinterval x � 0.)

5. SinceI did not specifythatweshouldstartat n � 0 or n � 1, eitheris fine. Let’s startat n � 0 sinceit’seasier.

(a) Usingthefactthatsn
� a0 
 a1 
 ����� 
 an

� sn � 1 
 an, n � 1 to simplify ourcalculations,

s0
� a0

� 1

s1
� s0 
 a1

� 1 � 5 ��� 4

s2
� s1 
 a2

��� 4 
 25
2

� 17
2

s3
� s2 
 a3

� 17
2

� 125
6

��� 74
6

s4
� s3 
 a4

��� 74
6


 625
24

� 329
24 �

(b) Without any simplificationatall we canwrite
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It is possibleto simplify theaboveexpressions,andalthoughthatis not necessaryfor this problem,it will
behelpful laterwhenwe considerTaylorseries:
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6. (a) Thegivenseriesis equalto
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which is geometricwith a � 10	 3, r � 3 	 2; thereforetheseries

divergesbecauser � 1.

(b) The given seriesis equalto
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(c) Theseriescanberewritten
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which is a tail of theharmonicseriessomustbedivergent.

(d) Theseriesis thesumof two convergent(geometric)seriesandthereforeconverges:

∞

∑
n � 1

2n 
 4n

8n
� ∞

∑
n � 1

� 2
8 � n 
 ∞

∑
n � 1

� 4
8 � n � 1 	 4

1 � �
1	 4� 
 1	 2

1 � �
1	 2� � 1

3

 1

2
� 5

6 �
2



7. (a) Theseriesis geometricwith a � 3, r � x 	 4, thereforeit convergesfor� 1 
 x
4
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 x 
 4

anddivergesotherwise.Whenit convergesthesumof theseriesis s � 3
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(note the reversalof the inequalitieswhenwe multiply throughby � 1). When it convergesthe sumis
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(d) Theseriesis geometricwith a � 1, r � tanx 	 � 3, soit convergeswhen� 1 
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for k � 0 $&% 1 $'% 2 $ ����� . (It’ sOK if you didn’t getthekπ part;graphtanto seewhereit comesfrom). When
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8. A simplerearrangementturnstheseriesinto a telescopingseries:
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Thetermsin themiddleof a partialsumcancelandwehave
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i.e., theseriesdiverges.
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