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(a) We have
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sotheimproperintegral / X dx divergesandthereforethe givenseriesdiverges.
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(b) We have
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which diverges,so by the comparisortestfor integralsthe left handsideof the above alsodiverges,and

thereforethe seriesdiverges.(Alternatively, you could have evaluatedthe integral explicitly usingthetrig
substitutionu = v/5tan@ to show thatit diverges.)

(c) Making the substitutionu = x,
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which cornverges,sotheintegral ontheleft handsidecorverges,andthe seriescornverges.
(d) Makingthe substitutionu = Inx,
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which diverges,sotheleft handsideof theabove divergesandthe seriesdiverges.

(a) Thetermsof thegivenseriesarelike 1/n? sowe try to comparewith somethingsimilar. It is easyto see

that
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for n largeenoughandsince Z = converges thegivenseriescorvergesby the comparisontest.
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(b) Thetermsof thegivenseriesarelike 1/n? sowe try to comparewith somethingsimilar. Again, it is easy

to seethat
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for all n, andsince Z = corverges thegivenseriescorvergesby the comparisortest.
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(c) Thetermsof thegivenseriesarelike 5"/6" sowe try to comparewith somethingsimilar. It is easyto see

that
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andtheserieswith thelattertermscornverges(geometriowith |r| = 5/6 < 1), sothegivenseriescorverges
by the comparisontest.

(d) Thetermsof thegivenseriesarelike 1//n sowe try to comparewith somethingsimilar, this time below
becausave wantto shav thatthegivenseriesis divergent.
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for n largeenough andthe serieswith termson theleft sideof thelatterinequalityabove diverges,sothe
givenseriesddivergesaswell by thecomparisorest.

(a) Thefunction f(x) = x/2 decreasefor x > 0 becaussts first derivative is negative and lim f(x) = 0 so
X—

the absolutevaluesof the termsof the seriesdecreasdo zero. By the alternatingseriestest, the series
corverges.

(b) Considerthefunction f(x) = x?/(2x3 + 3). Its first derivativeis
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Sincethe first derivative is negative for x large enough(the —x* termin the numeratordominatesthe
numeratorfor x large, and of coursethe denominatoris positive), f is decreasingor x large enough.
Furthermorealividing f throughby thehighestpower of x, limy_,« f(X) = 0. Thereforetheabsolutevalues
of thetermsof the seriesdecreas#o O for n largeenoughandthe seriesconvergesby thealternatingseries
test.

(c) By L'Hopital'srule,
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sothetermsof the seriesdo nottendto 0 andthe seriess divergentby thetestfor divergence.
(d) By theabove calculation,f(x) = (Inx)?/x tendsto 0 asx — . Furthermore
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is negative for largex (why?),sothe absolutevaluesof thetermsof the seriesdecreasé¢o zerofor n large
enough By thealternatingseriestestthe seriescorverges.

(a) 1 would usetheintegraltestfor this series.Integratingby parts,
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(checkby differentiating).Thelimit of theaboveasx — « sotheimproperintegral corvergesandtherefore
the seriescorverges.

(b) We canre-writeatermof theseriesas

Sinceeachof the multiplicandsin the above productis greaterthan 1, the productasa whole is greater
thanl1. Thereforethe termsof the seriesdo not corvergeto 0 andthe seriesis divergentby the testfor
divergence.



5. Thislookslike ajob for theintegral test. Make the substitutionu = Inx, du= 1/xdx, x = e

Inx u
Zdx= | — du= —(p—1u
/ P dx /(eu)p_l du /ue du.

Now integrateby partsasin 4ato show thattheintegral corvergesfor p > 1 anddivergesfor p < 1.

6. | feelliketrying theintegraltestagain.Letu = Inx, du = 1/xdx, x= &, dx = " du.

/b'”X dx:/b“eu du:/e('“b“)u du.

Thecorrespondingmproperintegralis corvergentif andonly if Inb < —1,i.e.,if b < 1/e. However, theseries
doesnotmake sensdor b < 0, sotheansweris the seriesis corvergentfor b satisfying0 <b < 1/e.



