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1. (a) We have

�
x � 1� 3 dx � x2� 3� C

sotheimproperintegral
� ∞

1
x � 1� 3 dx divergesandthereforethegivenseriesdiverges.

(b) We have
� ∞

1

x
x2 � 5

dx � � ∞

1

1
2x

dx

which diverges,soby thecomparisontestfor integralsthe left handsideof theabove alsodiverges,and
thereforetheseriesdiverges.(Alternatively, you couldhaveevaluatedtheintegral explicitly usingthetrig
substitutionu ��� 5tanθ to show thatit diverges.)

(c) Making thesubstitutionu � x3,

� ∞

1
x2e � x3

dx � � ∞

1

1
3

e � u du

which converges,sotheintegralon theleft handsideconverges,andtheseriesconverges.

(d) Making thesubstitutionu � lnx,

� ∞

1

lnx
x

dx � � ∞

0
u du

which diverges,sotheleft handsideof theabovedivergesandtheseriesdiverges.

2. (a) Thetermsof thegivenseriesarelike 1� n2 sowe try to comparewith somethingsimilar. It is easyto see
that

n2 	 n2 � 3n
�

2 ��
 1
n2 � 3n

�
2
	 1

n2

for n largeenough,andsince
∞

∑
n � 1

1
n2 converges,thegivenseriesconvergesby thecomparisontest.

(b) Thetermsof thegivenseriesarelike 1� n2 sowe try to comparewith somethingsimilar. Again, it is easy
to seethat

n4 
 2n2 	 n4 � 1 ��
 n2 
 2
n4 � 1

	 1
n2

for all n, andsince
∞

∑
n � 1

1
n2 converges,thegivenseriesconvergesby thecomparisontest.
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(c) Thetermsof thegivenseriesarelike 5n � 6n sowe try to comparewith somethingsimilar. It is easyto see
that

5n6n 	 5n � 5n6n ��
 5n

1
�

6n
	 5n

6n �
andtheserieswith thelattertermsconverges(geometricwith � r ��� 5� 6 	 1), sothegivenseriesconverges
by thecomparisontest.

(d) Thetermsof thegivenseriesarelike 1� 3� n sowe try to comparewith somethingsimilar, this time below
becausewewantto show thatthegivenseriesis divergent.

1
2 � 3� n

�
1� 	 3� n ��
 1

2 3� n
	 1

3� n
�

1

for n largeenough,andtheserieswith termson theleft sideof thelatterinequalityabovediverges,sothe
givenseriesdivergesaswell by thecomparisontest.

3. (a) Thefunction f � x ��� x � 1� 3 decreasesfor x � 0 becauseits first derivative is negativeand lim
x � ∞

f � x ��� 0 so

the absolutevaluesof the termsof the seriesdecreaseto zero. By the alternatingseriestest, the series
converges.

(b) Considerthefunction f � x ��� x2 � � 2x3 � 3� . Its first derivative is

f � � x ��� 2x � 2x3 � 3� � 1 
 x2 � 2x3 � 3� � 2 � 6x2 ��� 2x � 2x3 � 3� 
 6x4

� 2x3 � 3� 2 � 
 2x4 � 6x

� 2x3 � 3� 2 �
Sincethe first derivative is negative for x large enough(the 
 x4 term in the numeratordominatesthe
numeratorfor x large, and of coursethe denominatoris positive), f is decreasingfor x large enough.
Furthermoredividing f throughby thehighestpowerof x, limx � ∞ f � x ��� 0. Thereforetheabsolutevalues
of thetermsof theseriesdecreaseto 0 for n largeenoughandtheseriesconvergesby thealternatingseries
test.

(c) By L’Hôpital’s rule,

lim
x � ∞

x

� lnx � 2 � lim
x � ∞

1
2 � lnx ��� x � lim

x � ∞

x
2lnx

� lim
x � ∞

1
2 � x � lim

x � ∞

x
2
� ∞ �

sothetermsof theseriesdo not tendto 0 andtheseriesis divergentby thetestfor divergence.

(d) By theabovecalculation,f � x ��� � lnx � 2 � x tendsto 0 asx � ∞. Furthermore

f � � x ���
2lnx 
 � lnx � 2

x2

is negative for largex (why?),sotheabsolutevaluesof thetermsof theseriesdecreaseto zerofor n large
enough.By thealternatingseriestesttheseriesconverges.

4. (a) I wouldusetheintegral testfor this series.Integratingby parts,
�

x2 � x dx � 
 x
2 � x

ln2
� �

2� x

ln2
dx � 
 x

2 � x

ln2

 2 � x

� ln2� 2 � C

(checkby differentiating).Thelimit of theaboveasx � ∞ sotheimproperintegralconvergesandtherefore
theseriesconverges.

(b) We canre-writea termof theseriesas

n
1 �

n
2 ���������

n 
 1
n �

n
n �

Sinceeachof the multiplicandsin the above productis greaterthan1, the productasa whole is greater
than1. Thereforethe termsof the seriesdo not convergeto 0 andthe seriesis divergentby the testfor
divergence.
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5. This lookslikea job for theintegral test.Make thesubstitutionu � lnx, du � 1� x dx, x � eu:

�
lnx
xp dx � �

u

� eu � p � 1 du � �
ue � � p � 1! u du �

Now integrateby partsasin 4ato show thattheintegralconvergesfor p � 1 anddivergesfor p " 1.

6. I feel like trying theintegral testagain.Let u � lnx, du � 1 � x dx, x � eu, dx � eu du.
�

blnx dx � �
bueu du � �

e � lnb # 1! u du �
Thecorrespondingimproperintegral is convergentif andonly if lnb 	 
 1, i.e., if b 	 1� e. However, theseries
doesnot makesensefor b 	 0, sotheansweris theseriesis convergentfor b satisfying0 " b 	 1 � e.
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