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1. Divide throughby thefastest-increasingfunctionof x, i.e.,ex, andthenapplythelimit laws to obtain

lim
x � ∞

2ex � 1� 3ex � 2
� lim

x � ∞

2ex � ex � 1 � ex� 3ex � ex � 2� ex� lim
x � ∞

2 � e � x� 3 � 2e � x� 2 � limx � ∞ e � x� 3 � 2limx � ∞ e � x �
We know thatlimx � ∞ e � x � 0 from thetextbook,sotheansweris 2 ��� 3 � � 2� 3.

2. (a) By theproductrule,

k �
	 x � �
� d
dx

	 x3 � 1��� ex � 	 x3 � 1� d
dx

ex� 3x2ex � 	 x3 � 1� ex� 	 x3 � 3x2 � 1� ex �
(b) By thechainrule,

m �
	 x � � sin�
	 ex2 � d
dx

ex2

� cos	 ex2 � ex2 d
dx

x2� cos	 ex2 � ex2
2x �

3. (a) Let u � 2x. Thendu � 2dx and �
e2x dx � �

eu du
2� 1

2
eu � C� 1

2
e2x � C �

Checkby differentiating.

(b) Let u � 2x2. Thendu � 4xdx and �
xe2x2

dx � �
eu du

4� 1
4

eu � C� 1
4

e2x2 � C �
As usual,checkby differentiating.
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4. First, find the y-valueof the point on the curve. Whenx � π, y � ex sin	 x � � eπ sin	 π � � eπ � 0 � 0. So the
point on thecurve is 	 π � 0� . Next find theslopeof thetangentline throughthatpoint. By theproductrule, the
derivativeof thefunctionis y � � ex sin	 x � � ex cos	 x � . Sothederivativefor thegivenvalueof x is y � 	 x � � y � 	 π � �
eπ sin	 π � � eπ cos	 π � � eπ � 0 � eπ ��� 1 � � eπ. That is theslopem of the tangentline. Sincewe know a point
throughwhich the line passesandthe slopeof the line, we canwrite down an equationin point-slopeform:
y � 0 � � eπ 	 x � π � . No needto simplify any further.

5. We tacklethis problemin stages.

(a) Differentiating,f ��	 x � � e2x � x2 	 2 � 2x � . Settingthefirst derivativeequalto 0, e2x � x2 	 2 � 2x � � 0. Dividing
throughby e2x � x2

(which is possiblebecauseexponentialsare never equalto 0 and in fact are always
positive)givesthelinearequation2 � 2x � 0whichimpliesx � 1. Soacandidatefor theabsolutemaximum
valueof the functionoccurswhenx � 1. To checkthat that is theabsolutemaximumvalue,usethefirst
derivative test.Whenx � 1, 2 � 2x � 0 so f ��	 x � � e2x � x2 	 2 � 2x ��� 0 sothefunctionis increasing.When

x � 1, 2 � 2x � 0 so f � 	 x � � e2x � x2 	 2 � 2x ��� 0 so the function is decreasing.The function increasesto
x � 1 anddecreasesthereafter, so the absolutemaximumvalueof the function mustoccurwhenx � 1.
Thevalueis f 	 1� � e2 � 1 � e.

(b) Differentiatingagainby theproductruleandchainrule, f � � 	 x � � e2x � x2 	 2 � 2x � 2 � e2x � x2 	 � 2� � e2x � x2 	 4 �
8x � 4x2 � 2� � e2x � x2 	 4x2 � 8x � 2� . Similar to thepreviousproblem, f � � 	 x � � 0 implies

2x2 � 4x � 1 � 0 � (1)

By thequadraticformula,

x � 4 ��� 16 � 8
4

� 1 � � 2
2 �

Calculatorsaysx1
� 0 � 3 andx2

� 1 � 7 approximately. Furthermore2x2
1
� 4x1

� 1 � 0 and2x2
2
� 4x2

� 1 �
0 becausex1 andx2 satisfy the quadraticequation(1); dividing by 2 andrearranginggives2x1

� x2
1
�

1� 2 and2x2
� x2

2
� 1 � 2. Thereforef 	 x1 � � e2x1 � x2

1 � e1� 2 and f 	 x2 � � e2x2 � x2
2 � e1� 2; f 	 x1 � � f 	 x2 � �

1 � 6 approximately, so the inflectionpointsare 	 x1 � f 	 x1 ��� � 	 0 � 3 � 1 � 6� and 	 x2 � f 	 x2 ��� � 	 1 � 7 � 1 � 6� to one
decimalpointof accuracy.

(c) The only informationstill requiredis the intervals wherethe function is concave up/down. The sign of
f � � 	 x � is thesameasthesignof 2x2 � 4x � 1. Sincethecoefficientof x2 is positive,2x2 � 4x � 1 is negative
betweenthetwo rootsandpositiveelsewhere.(Seefigure1, which isn’t a requiredpartof theanswer, but
is just thereto give you a senseof how 2x2 � 4x � 1 changessign;you canalsousealgebrato explorethe
signchanges.)Thereforef � � 	 x ��� 0 ontheintervals 	 � ∞ � 0 � 3� and 	 1 � 7 � ∞ � , sothefunction f 	 x � is concave
up on thoseintervals; and f � � 	 x ��� 0 on the interval 	 0 � 3 � 0 � 7� , so the function f 	 x � is concave down on
thoseintervals.
Assemblingall theinformationwe havegatheredgivesthegraphin figure2.

6. (a) The graphof the function hasequationy � 	 2x � 1� � 	 � 3x � 2� . Thereforethe graphof the inversehas
equationx � 	 2y � 1� � 	 � 3y � 2� . To put thatequationinto a form which resemblesa function,we must
solve for y: 	 � 3y � 2� x � 2y � 1

2x � 1 � 2y � 3yx

2x � 1
2 � 3x

� y �
sotheinversefunctionis

f � 1 	 x � � 2x � 1
2 � 3x �

To be totally completeandcorrectyou shouldgive the domainof f � 1. You shouldcheckyour work
by verifying that the cancellationequationsf � 1 	 f 	 x ��� � x and f 	 f � 1 	 x ��� � x hold on the appropriate
domains.
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Figure1: Graphof 2x2 � 4x � 1
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(b) The graphof the function hasequationy � 	 x � 2� 5, so the graphof the inversefunction hasequation
x � 	 y � 2� 5. To put thatequationinto functionform we shouldsolve for y:

x1� 5 � y � 2

y � x1� 5 � 2

sotheinversefunctionis
f � 1 	 x � � x1� 5 � 2 �

7. (a) h � 	 x � � 3x2 � 2 � 0 for all x (becausex2  0 for all x and2 � 0), sothefunctionh is increasingfor all x,
soit mustbe1-1.

(b) Guessing,h 	 1� � 13 � 2 	 1� � 3 � 1 � 2 � 3 � 6, soh � 1 	 6� � 1. By theformulafor derivativesof inverse
functions, 	 h � 1 ���
	 6� � 1

h � 	 h � 1 	 6� � 1
h � 	 1� � 1

5 �
8. Let’sfind thefirst few derivativesandtry to find a pattern:

p ! 1" 	 x � � e � x � 	 x � 50� e � x 	 � 1� � 	 � x � 49� e � x

p ! 2" 	 x � � � e � x � 	 � x � 49� e � x 	 � 1� � 	 x � 48� e � x

p ! 3" 	 x � � e � x � 	 x � 48� e � x 	 � 1� � 	 � x � 47� e � x

p ! 4" 	 x � � � e � x � 	 � x � 47� e � x 	 � 1� � 	 x � 46� e � x

andso on. A goodguessat the formula would be p ! k " � 	 � 1� k 	 x � 50 � k � e � x. (You canprove that formula
by induction,but that’s not necessaryin this course.)Sowhenk � 100, p ! 100" � 	 � 1� 100 	 x � 50 � 100� e � x �	 x � 50� e � x.

9. Let’swarmup by proving two simplerresultsfirst. We assumethatex � 0 for all x.

(a) Theorem:ex � 1 for x � 0. Proof: Form the function f 	 x � � ex � 1. Then f � 	 x � � ex � 0 for all x so
f is increasingfor x � 0. Furthermoref 	 0� � e0 � 1 � 1 � 1 � 0 so f increasesabove 0 for x � 0, i.e.,
f 	 x � � ex � 1 � 0 for x � 0, i.e.,ex � 1 for x � 0.

(b) Theorem:ex � x � 1 for x � 0. Proof: We prove this in a way similar to thatof thepreviousresult. Let
g 	 x � � ex � 	 x � 1� . Theng � 	 x � � ex � 1, andwe know thatex � 1 � 0 for x � 0 from thepreviousresult,
sog � 	 x �#� 0 for x � 0 which impliesthatg 	 x � is increasingfor x � 0. Also, g 	 0� � e0 � 0 � 1 � 1 � 1 � 0,
sog 	 x � is increasingabove0 for x � 0, i.e.,g 	 x � � ex � 	 x � 1��� 0 for x � 0, i.e.,ex � x � 1 for x � 0.

(c) Now we arereadyfor the givenproblem. Theorem:ex � x2 � 2 � x � 1 for all x � 0. Proof: Let h 	 x � �
ex � 	 x2 � 2 � x � 1� . Thenh � 	 x � � ex � x � 1. By thepreviousresult,h � 	 x �$� 0 for x � 0 soh 	 x � is increasing
for x � 0. Furthermore,h 	 0� � e0 � 02 � 2 � 0 � 1 � 1 � 1 � 0 soh 	 x � is increasingabove0 for x � 0, i.e.,
h 	 x � � ex � 	 x2 � 2 � x � 1�%� 0 for x � 0, i.e.,ex � x2 � 2 � x � 1 for x � 0.

(d) Now we usethepreviousresultto estimatetheintegral. We have

1 � x � x2

2 & ex & e1

for 0 & x & 1. Substitutingx2 for x,

1 � x2 � x4

2 & ex2 & e1

for 0 & x2 & 1, i.e., for 0 & x & 1. (In fact,theresultholdsfor � 1 & x & 0 too;why?)
Integratingthrougoutthepreviousinequalitywe have�

1

0
1 � x2 � x4

2
dx &

�
1

0
ex2

dx &
�

1

0
e1 dx �
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i.e.,

x � x3

3
� x5

10 ''''
1

0 &
�

1

0
ex2

dx & e1x ''
1
0 �

Evaluatingtheintegrals,we have

1 � 1
3
� 1

10 &
�

1

0
ex2

dx & e

which shows thatthegivenintegral liesbetween1 � 43and2 � 71,with anerrorof 1 � 28or so.
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