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(a) In aright trianglewith angle® = sin~1(4/5), the oppositeside O andhypoteneus#! are4 and5 units

respectiely. Thenthe adjacentside A = /52 —42 = \/9 = 3 units. Thensedsin 1(4/5)) = sed8) =
H/A =5/3. SeeFigurel(a). (Questionis A = —3 possible?Why or why not?)
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(a) 3,4, 5right triangle (b) 1, 2%, v/ 1+ 4x2 right triangle

Figurel: Two right triangles

(b) In aright trianglewith angle® = tan1(2x), the oppositeside O and adjacentside A are 2x and 1 units
respectiely. Thenthehypoteneuses H = /(2x)2 + 12 = v/1+ 4x2 units,andsin(tan 1(2x)) = sin(6) =
O/H = 2x/V 1+ 4x2. SeeFigurel(b). (Question:whathappensf x is negative? Canthe adjacensidebe
—1insteadof 1?)

(a) Thelimit is of theform 0/0. Applying L'H dpital’srule,
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t—0 tant t—0 secét 1

whichis 0.3069to four decimalplaces.
(b) Factoringthedenominator
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Thefirst factoris of theform 0/0. Applying L'H pital’s rule until it is nolongerof thatform,
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The secondactoris of theform 1/0, but we mustbe carefulbeforewe concludethatit is . As x — 0,
tar? X+ x? — 0+ so1/(tarfx+ x?) tendsto +oo.
You shouldalsotry this problemwith x3 insteadof x® in the denominatar



(c) Thislimit is of theform oo - 0. Dividing throughby 1 — 5x andapplyingL’H 6pital’'srule,
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Now we try to evaluatethelimit usinglimit laws andalgebra:

i CGLHE) g o1
B

(d) Thislimit is of theform 1*. Let L bethedesiredimit. Takinglogarithms,
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This new limit is of the form « - 0. Moving x to the denominatowhereit becomes<1) andapplying
L'H6pital'srule,
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Multiplying the secondactorandthe denominatothroughby —x?,

InL = lim (1+ x4t 246x ) = (1404071 (240)=2.

Thereforel. = € = 7.3891to four decimalplaces.

(a) By thechainrule,

f(x) :arcsiﬁ(ex)-diexz e =

(b) Againby thechainrule,

h(z) = (corl)’(eZ)dizeu (corl)(e*Z)dize*Z __ 1+% 91 (1@2)2(—6*2)-

(Youcanstopthereif youlike, but alittle morealgebragivesaninterestingresult:
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0.

In fact,h(z) = 11/2, aconstantQuestion:is thefunctionk(x) = cot1(x) 4 cot"1(1/x) constantZareful!)
(c) By thechainrule,
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g(t)=(cos 1) (3-2)-(-2) = 2(1- (320092
Differentiatingagain,by thechainrule,

g'(t) = —(1-(3-20)) 2. %(1* (3-20)) = —(1- (3-2)°) ¥2-(-2(3 - 2t)(-2)).

Furthersimplificationis only usefulif you aretaking a third derivative or doing somethingelsewith the
function.



(d) By implicit differentiation,

d =1 _ d 2
SN 0y) = (14X Y2).

By thechainrule,
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1+ (xy)? dx
By the productrule,

1+X2y2y+x>/ = 2xy° + 24y .
Solvingfor y/,
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Letu=t/3;thendu=dt/3, dt = 3du, and

4. (a) Dividing throughby 9,

3 1 [ 3du
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(After readingchapter8.3, it is morenaturalto make the substitutiont = 3tan6.)

(b) Thisis acasewherewe haveto becarefulof thesignof thesquaraoot. Recallthaty/u2 = |u|, theabsolute
valueof u. Thereforetheintegrandis

sinxk ~ sinx  sinx  [-1, —F<x<0
Vi—codx six IsinX |41, 0<x<T’

On theinterval in questionthe above function correspondgo the Heaviside stepfunction H(x) = x/|X|
(seeFigure2). Informally, sinceH is anodd function (H(—x) = —H(x)), its integral over ary interval
symmetricaboutthe origin mustbe 0. A moreformal way of evaluatingthe integral is to breakup the
domainof integrationinto pieces:
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= —T/44+1/4=0.

(Actually, sinx/|sinx| is a ‘squarewave’. Graphit on thelargerinterval —3m < x < 3rto seewhy it is
calleda squarewave.)

(c) Theintegralcanberewritten
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Thefirst termontheleft sideof (1) canbe evaluatedby makingthe substitutionu = x? + 16, du = 2x dx,
du/2=xdx. Then
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Figure2: Graphof the Heaviside stepfunctionH (x)

Thesecondermontheleft sideof (1) canbeevaluatedby dividing throughby 16 andmakingthe substi-
tutionv=x/4,dv = dx/4,dx = 4dv:

dv
/ o 16 4/ / il arctar{v) +C = arctar{x/4) +C
Altogether

/ ;(Ii6 dx=In/x2+ 16+ arctarix/4) +

(d) Letu=x3. Thendu = 3x? dx sox? dx = du/3 and

2
\/12)(_)(6 X = g \/% = garcsir(u) +C= garcsir(x3) +C.

5. (a) Multiplying the givenlimit throughby the conjugateradicalandthendividing throughby x,
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(b) Takingoutafactorof x, puttingit in the denominatorandthenapplyingL'H dpital’srule,
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6. Thislimit is of theform 0/0 because[éJ f(t) dt = 0. Applying L'H 6pital’s rule andthe Fundamentalheorem
of Calculus,
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7. Thelimit is of theform 1%. Takinglogarithmsof bothsides,
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Dividing throughby x andapplyinglogarithmlaws andL’H &pital’'s rule,
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sotheequatiorbecome®a=1,i.e.,a=1/2.



