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1. (a) In a right trianglewith angleθ � sin
� 1 � 4� 5 � , the oppositesideO andhypoteneuseH are4 and5 units

respectively. Then the adjacentsideA ��� 52 � 42 � � 9 � 3 units. Thensec
�
sin

� 1 � 4� 5 ��� � sec
�
θ � �

H � A � 5� 3. SeeFigure1(a). (Question:is A � � 3 possible?Why or why not?)
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(a)3, 4, 5 right triangle (b) 1, 2x, � 1 6 4x2 right triangle

Figure1: Two right triangles

(b) In a right trianglewith angleθ � tan
� 1 � 2x � , the oppositesideO andadjacentsideA are2x and1 units

respectively. Thenthehypoteneuseis H � �
2x � 2 6 12 � � 1 6 4x2 units,andsin

�
tan

� 1 � 2x ��� � sin
�
θ � �

O � H � 2x � � 1 6 4x2. SeeFigure1(b). (Question:whathappensif x is negative?Cantheadjacentsidebe� 1 insteadof 1?)

2. (a) Thelimit is of theform 0� 0. Applying L’Hôpital’s rule,

lim
t 7 0

et � 2t

tant
� lim

t 7 0

et � �
ln2 � 2t

sec2 t
� 1 � ln2

1

which is 08 3069to four decimalplaces.

(b) Factoringthedenominator,

lim
x7 0

sinx � x
x3 tan2 x 6 x5

� lim
x7 0

sinx � x
x3 9 1

tan2 x 6 x2 8
Thefirst factoris of theform 0� 0. Applying L’Hôpital’s rule until it is no longerof thatform,

lim
x7 0

sinx � x
x3

� lim
x7 0

cosx � 1
3x2

� lim
x7 0

� sinx
6x

� lim
x7 0

� cosx
6

� � 1
6
8

Thesecondfactoris of theform 1� 0, but we mustbecarefulbeforewe concludethat it is ∞. As x : 0,
tan2 x 6 x2 : 0 6 so1� � tan2 x 6 x2 � tendsto 6 ∞.
You shouldalsotry this problemwith x3 insteadof x5 in thedenominator.
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(c) This limit is of theform ∞ 9 0. Dividing throughby 1 � 5x andapplyingL’Hôpital’s rule,

lim
x7 ∞

�
1 � 5x � sin

�
1� x � � lim

x7 ∞

sin
�
1� x ��

1 � 5x � � 1
� lim

x7 ∞

cos
�
1� x � 9

� � 1� x2 �
5
�
1 � 5x � � 2 8

Now we try to evaluatethelimit usinglimit lawsandalgebra:

lim
x7 ∞

cos
�
1� x � 9

� � 1� x2 �
5
�
1 � 5x � � 2 8 � lim

x7 ∞
cos

�
1� x � 9 lim

x7 ∞

� 1� x2

5
�
1 � 5x � � 2

� 1 9 lim
x7 ∞

� �
1 � 5x � 2
5x2

� lim
x7 ∞

� ���
1� x � � 5 � 2

5
� � 5

(d) This limit is of theform 1∞. Let L bethedesiredlimit. Takinglogarithms,

lnL � ln lim
x7 ∞

1 6 2
x
6 3

x2

x � lim
x7 ∞

x ln 1 6 2
x
6 3

x2 8

This new limit is of the form ∞ 9 0. Moving x to the denominator(whereit becomesx
� 1) andapplying

L’Hôpital’s rule,

lnL � lim
x7 ∞

ln
�
1 6 2x

� 1 6 3x
� 2 �

x � 1
� lim

x7 ∞

�
1 6 2x

� 1 6 3x
� 2 � � 1 9

� � 2x
� 2 � 6x

� 3 �� x � 2 8

Multiplying thesecondfactorandthedenominatorthroughby � x2,

lnL � lim
x7 ∞

�
1 6 2x

� 1 6 3x
� 2 � � 1 9

�
2 6 6x

� 1 � � �
1 6 0 6 0 � � 1 9

�
2 6 0 � � 28

ThereforeL � e2 � 78 3891to four decimalplaces.

3. (a) By thechainrule,

f ; � x � � arcsin; � ex � 9
d
dx

ex � 1

1 � �
ex � 2 9 ex � ex

� 1 � e2x
8

(b) Againby thechainrule,

h; � z � � �
cot

� 1 � ; � ez � d
dz

ez 6 �
cot

� 1 � � e � z � d
dz

e
� z � � 1

1 6 �
ez � 2 ez � 1

1 6 �
e � z � 2

� � e
� z �<8

(Youcanstopthereif you like,but a little morealgebragivesaninterestingresult:

h; � z � � � ez

1 6 e2z 6
e
� z

1 6 e � 2z 9
e2z

e2z
� � ez

1 6 e2z 6
ez

e2z 6 1
� 08

In fact,h
�
z � � π � 2,aconstant.Question:is thefunctionk

�
x � � cot

� 1 � x �=6 cot
� 1 � 1� x � constant?Careful!)

(c) By thechainrule,

g; � t � � �
cos

� 1 �>; � 3 � 2t � 9
� � 2 � � 2

1 � �
3 � 2t � 2

� 2
�
1 � �

3 � 2t � 2 � � 1? 2 8

Differentiatingagain,by thechainrule,

g; ; � t � � � �
1 � �

3 � 2t � 2 � � 3? 2 9 d
dt

�
1 � �

3 � 2t � 2 � � � �
1 � �

3 � 2t � 2 � � 3? 2 9
� � 2

�
3 � 2t � � � 2 ���@8

Furthersimplificationis only usefulif you aretakinga third derivative or doingsomethingelsewith the
function.
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(d) By implicit differentiation,
d
dx

tan
� 1 � xy � � d

dx

�
1 6 x2y2 �@8

By thechainrule,
1

1 6 �
xy � 2

d
dx

�
xy � � d

dx

�
x2y2 �@8

By theproductrule,
1

1 6 x2y2

�
y 6 xy; � � 2xy2 6 2x2yy; 8

Solvingfor y; ,
x

1 6 x2y2 y; � 2x2yy; � 2xy2 � y
1 6 x2y2

y; � 2xy2 � y � � 1 6 x2y2 �
x � � 1 6 x2y2 � � 2x2y

8

4. (a) Dividing throughby 9, A
3

t2 6 9
dt � 1

3

A
1�

t � 3 � 2 6 1
dt 8

Let u � t � 3; thendu � dt � 3, dt � 3du, andA
3

t2 6 9
dt � 1

3

A
3du

u2 6 1
� arctan

�
u �B6 C � arctan

�
t � 3 �B6 C 8

(After readingchapter8.3,it is morenaturalto make thesubstitutiont � 3tanθ.)

(b) This is acasewherewehaveto becarefulof thesignof thesquareroot. Recallthat � u2 �DC u C , theabsolute
valueof u. Thereforetheintegrandis

sinx
� 1 � cos2 x

� sinx
� sin2 x

� sinxC sinx C �
� 1E � π

4 F x G 0

6 1E 0 G x F π
4

8

On the interval in questionthe above function correspondsto the Heaviside stepfunction H
�
x � � x � C x C

(seeFigure2). Informally, sinceH is an odd function (H
� � x � � � H

�
x � ), its integral over any interval

symmetricaboutthe origin mustbe 0. A moreformal way of evaluatingthe integral is to breakup the
domainof integrationinto pieces:

A
π? 4

� π? 4

sinx
� 1 � cos2 x

dx �
A

0

� π? 4

sinx
� 1 � cos2 x

dx 6
A

π? 4

0

sinx
� 1 � cos2 x

dx

�
A

0

� π? 4

� 1 dx 6
A

π? 4

0
1 dx

� � π � 4 6 π � 4 � 08
(Actually, sinx � C sinx C is a ‘squarewave’. Graphit on the larger interval � 3π F x F 3π to seewhy it is
calleda squarewave.)

(c) Theintegralcanberewritten A
x 6 4

x2 6 16
dx �

A
x

x2 6 16
dx 6

A
4

x2 6 16
dx 8 (1)

Thefirst termon theleft sideof (1) canbeevaluatedby makingthesubstitutionu � x2 6 16,du � 2x dx,
du � 2 � x dx. Then A

x
x2 6 16

dx � 1
2

A
du
u

� 1
2

ln C u C 6 C � 1
2

ln
�
x2 6 16�B6 C 8

3



� 2

� 18 5
� 1

� 08 5
0

08 5
1

18 5
2

� 18 5 � 1 � 08 5 0 08 5 1 18 5

H
�
x �

Figure2: Graphof theHeavisidestepfunctionH
�
x �

Thesecondtermon theleft sideof (1) canbeevaluatedby dividing throughby 16 andmakingthesubsti-
tution v � x � 4, dv � dx � 4, dx � 4dv:A

4
x2 6 16

dx � 1
4

A
1�

x � 4 � 2 6 1
dx �

A
dv

v2 6 1
� arctan

�
v �B6 C � arctan

�
x � 4 �B6 C 8

Altogether, A
x 6 4

x2 6 16
dx � ln x2 6 16 6 arctan

�
x � 4 �B6 C 8

(d) Let u � x3. Thendu � 3x2 dx sox2 dx � du � 3 and
A

2x2

� 1 � x6
dx � 2

3

A
du

� 1 � u2
� 2

3
arcsin

�
u �B6 C � 2

3
arcsin

�
x3 �+6 C 8

5. (a) Multiplying thegivenlimit throughby theconjugateradicalandthendividing throughby x,

lim
x7 ∞

�
x2 6 2x � x � � lim

x7 ∞

�
x2 6 2x � x � 9

� x2 6 2x 6 x
� x2 6 2x 6 x

� lim
x7 ∞

�
x2 6 2x � � x2

� x2 6 2x 6 x
� lim

x7 ∞

2

1 6 2� x 6 1
� 18

(b) Takingouta factorof x, puttingit in thedenominator, andthenapplyingL’Hôpital’s rule,

lim
x7 ∞

�
x2 6 2x � x � � lim

x7 ∞

1 6 2� x � 1
1� x

� lim
x7 ∞

�
1� 2 � � 1 6 2� x � � 1? 2 � � 2� x2 �� 1� x2

� lim
x7 ∞

�
1 6 2� x � � 1? 2 � 18

6. This limit is of theform 0� 0 becauseH 0
0 f

�
t � dt � 0. Applying L’Hôpital’s rule andtheFundamentalTheorem

of Calculus,

lim
x7 0

H x
0 tan

�
t2 � dt

x3
� lim

x7 0

tan
�
x2 �

3x2
� lim

x7 0

sec2
�
x2 � 2x

6x
� lim

x7 0

sec2
�
x2 �

3
� 1

3

7. Thelimit is of theform 1∞. Takinglogarithmsof bothsides,

ln lim
x7 ∞

x 6 a
x � a

x � lne E
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i.e.,

lim
x7 ∞

x ln
x 6 a
x � a

� 18
Dividing throughby x andapplyinglogarithmlawsandL’Hôpital’s rule,

lim
x7 ∞

ln
�3�

x 6 a �<� � x � a ���
x � 1

� lim
x7 ∞

ln
�
x 6 a � � ln

�
x � a �

x � 1
� lim

x7 ∞

1
xI a

� 1
x � a� x � 2

� lim
x7 ∞

2ax2

x2 � a2
� 2a

sotheequationbecomes2a � 1, i.e.,a � 1� 2.
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