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1. (a) Let f
�
x ��� x, g� � x ��� sin7x. Then f � � x ��� 1, g

�
x ����� �

1� 7 � cos7x, andthe integrationby partsformula
gives 	

xsin7x dx �
� 1
7

xcos7x � 1
7

	
cos7x dx ��� 1

7
xcos7x � 1

49
sin7x � C 


You shouldchecktheanswerby differentiating.

(b) Similar to thepreviousanswer, let f
�
r ��� r, g� � r ��� eπr. Then f � � r ��� 1, g

�
r ��� �

1� π � eπr, andtheintegra-
tion by partsformulagives	

reπr dr � 1
π

reπr � 1
π

	
eπr dr � 1

π
reπr � 1

π2 eπr � C 

Again,youshouldchecktheanswerby differentiating.

(c) Following theusualtrick for evaluatingthe integralsof inversetrig functions,introducea factorof 1 and
thenapplyintegrationby partswith f

�
x ��� cos� 1 x, g� � x ��� 1, f � � x ����� 1��� 1 � x2, g

�
x ��� x:	

cos� 1 x dx � xcos� 1 x �
	

x� 1 � x2
dx 


Now, makingthesubstitutionu � 1 � x2, du ��� 2x dx, x dx � du � � � 2 � ,	
cos� 1 x dx � xcos� 1 x � 1

2

	
du

u1� 2
� xcos� 1 x � 1

2
u1� 2

1� 2
� C � xcos� 1 x � �

1 � x2 � 1� 2 � C 

As usual,checkby differentiating.

(d) This is a casewhereintegrationby partsdoesn’t seemto go anywhere;we needto aply it twice andsolve
for therequiredintegral. First, let f

�
θ ��� sin

�
2θ � , g� � θ ��� e3θ. Then f � � θ ��� 2cos

�
2θ � , g

�
θ ��� �

1� 3 � e3θ,
and 	

e3θ sin
�
2θ � dθ � 1

3
e3θ sin

�
2θ ��� 2

3

	
e3θ cos

�
2θ � dθ 
 (1)

Let’s try again,this timewith f
�
θ ��� cos

�
2θ � , g� � θ ��� e3θ, f � � θ ����� 2sin

�
2θ � , g

�
θ ��� �

1� 3 � e3θ:	
e3θ cos

�
2θ � dθ � 1

3
e3θ cos

�
2θ ��� 2

3

	
e3θ sin

�
2θ � dθ 
 (2)

Substituting(2) into (1),	
e3θ sin

�
2θ � dθ � 1

3
e3θ sin

�
2θ ��� 2

9
e3θ cos

�
2θ ��� 4

9

	
e3θ sin

�
2θ � dθ 


Solvingfor therequiredintegral,	
e3θ sin

�
2θ � dθ � 9

13
1
3

e3θ sin
�
2θ ��� 2

9
e3θ cos

�
2θ � � C 


As usual,youshouldchecktheresultby differentiation.
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2. (a) Thepowerof cosx is odd,soconvertasmany cosx to sinx aspossibleandmakethesubstitutionu � sinx:	
sin2 xcos3 x dx �

	
sin2 x

�
1 � sin2 x � cosx dx �

	
�
u2 � u4 � du � u3

3
� u5

5
� C � 1

3
sin3 x � 1

5
sin5 x � C 


Checkby differentiatingandapplyingtrig identities.

(b) Thepowerof sinx is odd,soconvertasmany sinx to cosx aspossibleandmakethesubstitutionu � cosx,� du � sinx dx:	
sin5 xcos4 x dx �

	
�
1 � cos2 x � 2 cos4 xsinx dx ���

	
�
1 � u2 � 2u4 du 


Expandingthepolynomialandintegrating,	
sin5 xcos4 x dx ���

	
�
1 � 2u2 � u4 � u4 du ���

	
�
u4 � 2u6 � u8 � du ��� u5

5
� 2u7

7
� u9

9
� C 


Reversingthesubstitution,	
sin5 xcos4 x dx ��� 1

5
cos5 x � 2

7
cos7 x � 1

9
cos9 x � C 


Checkby differentiatingandapplyingtrig identities.

(c) Let I betheintegral in question.Thepowersof sinx andcosx arebotheven,sopair off sinesandcosines
andusedoubleangleidentities:

I �
	

sin2 θ
�
sinθcosθ � 2 dθ �

	
1 � cos

�
2θ �

2
sin2 � 2θ �

4
dθ 
�� 1

8

	
�
sin2 � 2θ ��� cos

�
2θ � sin2 � 2θ ��� dθ 


Thefirst termcanbeevaluatedby anotherdoubleangleformula:

1
8

	
sin2 � 2θ � dθ � 1

16

	
1 � cos

�
4θ � dθ � 1

16
θ � 1

64
sin

�
4θ ��� C 


Thesecondtermcanbeevaluatedby thesubstitutionu � sin
�
2θ � , du � 2cos

�
2θ � dθ, du � 2 � cos

�
2θ � dθ:

� 1
8

	
cos

�
2θ � sin2 � 2θ � dθ ��� 1

16

	
u2 du ��� 1

48
u3 � C ��� 1

48
sin3 � 2θ ��� C 


Assemblingtheaboveresults,	
sin4 θcos2 θ dθ � 1

16
θ � 1

64
sin

�
4θ ��� 1

48
sin3 � 2θ ��� C 


As usual,youshouldcheckby differentiatingandapplyingtrig identities.

(d) Thepowerof sect is evensoconvert sec2 to tan(leaving sec2 in theintegrand)andmake thesubstitution
u � tant, du � sec2 t dt:	

tan2 t sec4 t dt �
	

tan2 t
�
1 � tan2 t � sec2 t dt �

	
u2 � 1 � u2 � du � u3

3
� u5

5
� C � 1

3
tan3 t � 1

5
tan5 t � C 


As usual,checkby differentiatingandapplyingtrig identities.

3. It’s probablybestto evaluatetheindefiniteintegralsfirst, becausethenyou cancheckyour resultsby differen-
tiating. However, just for thesake of varietyandfor thesake of applyinga techniquethatwe have learnedthat
maybeusefulin somecircumstances,I have solvedtheproblemsin this sectionusingthe integrationby parts
rule for definite integrals. You shouldchecktheseresultsby evaluatingthe indefinite integralsfirst andthen
evaluatingthedefiniteintegrals.
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(a) Let f
�
t ��� t, g� � t ��� cos4t. Then f � � t ��� 1 andg

�
t ��� �

1� 4 � sin4t and	
π

0
t cos4t dt � 1

4
t sin4t

π

0
� 1

4

	
π

0
sin4t dt � 0 � 1

16
cos4t

π

0
� 0


(b) Let f
�
x ��� lnx, g� � t ��� x � 3; then f � � x ��� 1� x, g

�
x ��� x � 2 � � � 2 � , andtheintegrationby partsformulagives	

2

1

lnx
x3 dx ��� lnx

2x2

2

1
� 1

2

	
2

1
x � 3 dx ��� 1

8
ln2 � 1

4
x � 2

2

1
��� 1

8
ln2 � 1

16
� 1

4



(c) Let f
�
x ��� x2 � 4, g� � x ��� ex; then f � � x ��� 2x, g

�
x ��� ex, and	

4

1

�
x2 � 4 � ex dx � �

x2 � 4 � ex
4

1
�

	
4

1
2xex dx � 20e4 � 5e � 2

	
4

1
xex dx 
 (3)

We needto integrateby partsagain.Letting f
�
x ��� x, g� � x ��� ex, wehave f � � x ��� 1, g

�
x ��� ex, and	

4

1
xex dx � xex

4

1
�

	
4

1
ex dx � 4e4 � e � e4 � e � 3e4 
 (4)

Substituting(4) into (3) gives	
4

1

�
x2 � 4 � ex dx � 20e4 � 5e � 2

�
3e4 ��� 14e4 � 5e 


(d) Let f
�
t ��� t, g� � t ��� 2t ; then f � � t ��� 1, g

�
t ��� �

1� ln2 � 2t , and	
8

0
t2t dt � 1

ln2
t2t

8

0
� 1

ln2

	
8

0
2t dt � 211

ln2
� 1�

ln2 � 22t
8

0
� 211

ln2
� 28�

ln2 � 2 � 1�
ln2 � 2 


4. (a) First evaluatetheindefiniteintegral. Theobviousthing to try is thesubstitutionu � � x, du � dx � � 2� x � ,
2u du � dx. After thesubstitutionwe integrateby parts:	

cos� x dx �
	

2ucosu du ��� 2usinu � 2cosu � C � 2cos� x � 2 � xsin � x � C 

(Checkby differentiating.)Now, evaluatingthedefiniteintegral,	��

π

� π� 2
cos� x dt � 2cos

�
π1� 4 ��� 2π1� 4sin

�
π1� 4 ��� 2cos

���
π � 2 � 1� 4 ��� 2

�
π � 2 � 1� 4sin

���
π � 2 � 1� 4 � 


(b) As above,let u � � x, 2u du � dx andintegrateby parts:	
e

�
x dx � 2

	
ueu du � 2ueu � 2eu � C � 2 � xe

�
x � 2e

�
x � C 


(Checkby differentiating.)Evaluatingthedefiniteintegral,	
9

4
e

�
x dx � 2 � xe

�
x � 2e

�
x

9

4
� 6e3 � 2e3 � 4e2 � 2e2 � 4e3 � 2e2 


(c) Let I bethedesiredintegral. Thepowerof tanis oddsochangeasmany tanto secaspossibleandsubstitute
u � secθ:

I �
	

�
sec2 θ � 1 � sec2 θsecθ tanθ dθ �

	
u4 � u2 du � 1

5
u5 � 1

3
u3 � C � 1

5
sec5 θ � 1

3
sec3 θ � C 


As usual,checkby differentiatingandapplyingtrig identities.
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(d) Thestrategy is to changetan2 into termsof csc2 usingthePythagoreanidentity tan2 x � 1 � sec2 x:	
tan4 x dx �

	
tan2 x tan2 x dx �

	
tan2 xsec2 x � tan2 x dx 
 (5)

Thefirst integral in theright sideof (5) canbeevaluatedby thesubstitutionu � tanx, du � sec2 x dx:	
tan2 xsec2 x dx �

	
u2 du � u3

3
� C � 1

3
tan3 x � C 


Thesecondintegral in theright sideof (5) canbeevaluatedby againapplyingthePythagoreanidentity:

�
	

tan2 x dx �
	

� sec2 x � 1 dx �
� tanx � x � C 

Assemblingour results,	

tan4 x dx � 1
3

tan3 x � tanx � x � C 

(Checkby differentiationandapplicationof trig identities.)Evaluatingthedefiniteintegral,	

π� 4

0
tan4 x dx � 1

3
tan3 x � tanx � x

π� 4

0
� 1

3
tan3 π

4
� tan

π
4

� π
4

� 1
3

tan30 � tan0 � 0 �!� 2
3

� π
4

5. (a) Multiply theintegrandby the‘conjugatetrig function’
�
1 � sinx �"� � 1 � sinx � :	

dx
1 � sinx

�
	

1
1 � sinx # 1 � sinx

1 � sinx
dx �

	
1 � sinx

1 � sin2 x
dx �

	
1 � sinx
cos2 x

dx 

Theintegralcannow bewritten in termsof secx andtanx:	

dx
1 � sinx

�
	

sec2 x � secx tanx dx � tanx � secx � C 

Alternatively, youcanwrite theansweras	

dx
1 � sinx

� 1 � sinx
cosx

� C 

Checkby differentiating.

(b) Thepowerof tanθ is even,andthepowerof secθ is odd,sothereis no simplesubstitution.Integrationby
partsis necessaryin thiscase,but youcanreducetheamountof work requiredby changingall thetanθ to
secθ, 	

tan4 θsecθ dθ �
	

�
sec2 θ � 1 � 2secθ dθ �

	
sec5 θ � 2sec3 θ � secθ dθ $

andapplyinga known reductionformula, namelyformula 77 from the integral tablesat the backof the
textbook:	

secn u du � 1
n � 1

tanusecn � 2u � n � 2
n � 1

	
secn � 2u du (6)

Recallfrom thelecturesthat	
secθ dθ � ln % tanθ � secθ %&� C 
 (7)

By reductionformula(6) andformula(7),	
sec3 θ dθ � 1

2
tanθsecθ � 1

2

	
secθ dθ � 1

2
tanθ � 1

2
ln % tanθ � secθ %&� C 
 (8)
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By reductionformula(6) andformula(8),	
sec5 θ dθ � 1

4
tanθsec3 θ � 3

4

	
sec3 θ dθ � 1

4
tanθsec3 θ � 3

8
tanθ � 3

8
ln % tanθ � secθ %&� C 


Assemblingtheaboveresults,	
tan4 θsecθ dθ � 1

4
tanθsec3 θ � 5

8
tanθ � ln % tanθ � secθ %&� C 


Evaluatingthedefiniteintegral,	
π� 4

0
tan4 θsecθ dθ � 1

4

�
1 � � � 2 � 3 � 5

8

�
1 ��� ln

�
1 � 21� 2 ��� 1� 2

� 5
8

� ln
�
1 � � 2�"


6. We’re goingto endup in somedifficulty with notationfurtherdown the line, so I recommendchangingf to g
in thestatementof theproblem;now we needto provethat	

g ' b(
g ' a( g � 1 � y � dy � bg

�
b ��� ag

�
a ���

	
b

a
g
�
x � dx 
 (9)

This is onecasewhereit’s veryhelpful to usethedefiniteintegral formsof thesubstitutionrule	
g ' b(

g ' a( f
�
y � dy �

	
b

a
f
�
g
�
x ��� g� � x � dx (10)

andtheintegrationby partsrule	
b

a
f
�
x � g� � x � dx � f

�
x � g �

x � b

a
�

	
b

a
f � � x � g �

x � dx 
 (11)

Let’s work on the left handside of (9). First usethe substitutionrule (10) with f � g � 1, followed by the
cancellationequationg � 1 � g �

x ����� x:	
g ' b(

g ' a( g � 1 � y � dy �
	

b

a
g � 1 � g �

x ��� g� � x � dx �
	

b

a
xg� � x � dx

Now applyingtheintegrationby partsrule (11)with f
�
x ��� x, f � � x ��� 1,	

b

a
xg� � x � dx � xg

�
x � b

a
�

	
b

a
g
�
x � dx 


Puttingit all together,	
g ' b(

g ' a( g � 1 � y � dy � bg
�
b ��� ag

�
a ���

	
b

a
g
�
x � dx $

asrequired.Without thedefiniteintegral formsof thesubstitutionandintegrationby partsrules,theproblemis
rathermessy.

Theresultis illustratedin Figures1 and2, which alsoprovide analternateargumentfor theresult. Figure2 is
justFigure1 flippedalongtheline y � x. Wecalculatetheareasof variousregionsin thediagrams.Region A is
just a rectangle,so its areais a f

�
a � . Region B is theregion underthecurve y � f

�
x � , so its areais ) b

a f
�
x � dx.

RegionC in Figure2 is just theregionunderthecurvex � f � 1 � y � soits areais ) f ' b(
f ' a( f � 1 � y � dy. Thesumof the

threeareasA, B, andC is a rectangletheareaof which is b f
�
b � . Therefore

a f
�
a ���

	
b

a
f
�
x � dx �

	
f ' b(

f ' a( f � 1 � y � dy � b f
�
b �

which is equivalentto the requiredresult. (Question:what happensif f
�
x � is negative for somevaluesof x?

Whathappensif a is negative?)
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y

f
�
b �

f
�
a �

0
xba0

A

B

C

f
�
x �

Figure1: Graphof f
�
x � , a * x * b

x

b

a

0
yf

�
b �f

�
a �0

A

B

C

f � 1 � y �

Figure2: Graphof f � 1 � y � , f
�
a ��* y * f

�
b �
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