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1. (a) Make thesubstitutionx � 4secθ, dx � 4secθ tanθ dθ:

���
x2 � 16

x4 dx �
���

16sec2 θ � 16
44sec4 θ

4secθ tanθ dθ � �
4tanθ

43sec3 θ
tanθ dθ � 1

16

�
sin2 θcosθ dθ �

Now makingthechangeof variablesu � sinθ, du � cosθ dθ,

1
16

�
sin2 θcosθ dθ � 1

16

�
u2 du � 1

16
u3

3 � C � 1
48

sin3 θ � C �

By theright trianglewith sides� A � O � H 	 � � 4� � x2 � 16� x 	 , sinθ � �
x2 � 16
 x, soputtingit all together

���
x2 � 16

x4 dx � � x2 � 16	 3� 2

48x3 � C �
Checkby differentiating.

(b) It’s probablyeasierto make analgebraicsubstitionhere;try it. However, thetrig substitutionalsoworks.
Let x � 3sinθ, dx � 3cosθ dθ. Then

�
x�

9 � x2
dx �

�
3sinθ

9 � 9sin2 θ
3cosθ dθ � �

3sinθ dθ � � 3cosθ � C �

Usingtheidentitysin2 θ � cos2 θ � 1 or theappropriateright triangle,
�

x�
9 � x2

dx � � 3 1 � sin2 θ � C � � 3 1 � � x 
 3 	 2 � C � � 9 � x2 � C �

Checkby differentiating.Thedefiniteintegral is now

�
� 5

0

x�
9 � x2

dx � �
9 � �

9 � 5 � 3 � 2 � 1�

(c) Let x � asinθ, dx � acosθ dθ. Then

�
x2

� a2 � x2 	 5� 2
dx �

�
a2sin2 θ
a5cos5 θ

acosθ dθ � 1
a2

�
tan2 θsec2 θ dθ �

Now makingthesubstitutionu � tanθ, du � sec2 θ dθ,

1
a2

�
tan2 θsec2 θ dθ � 1

a2

�
u2 du � 1

a2

u3

3 � C � tan3 θ
3a2 � C �

By usinga right trianglewith theappropriatesides,

�
x2

� a2 � x2 	 5� 2
dx � 1

3a2

x3

� a2 � x2 	 3� 2 � C �

Checkby differentiating.
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(d) Let x � a tanθ, dx � asec2 θ dθ. Then

�
x2

� a2 � x2 	 5� 2
dx �

�
a2 tan2 θ
a5sec5 θ

asec2 θ dθ � 1
a2

�
sin2 θcosθ dθ �

Sincethepowerof cosis odd,make thesubstitutionu � sinθ, du � cosθ dθ:

1
a2

�
sin2 θcosθ dθ � 1

a2

�
u2 du � 1

a2

u3

3 � C

Reversingthesubstitutionsusingtheappropriateright triangle,

�
x2

� a2 � x2 	 5� 2
dx � 1

a2

sin3 θ
3 � C � 1

3a2

x3

� a2 � x2 	 3� 2 � C �

Checkby differentiating.

2. (a) Let 4x � 3secθ, 4dx � 3secθ tanθ dθ. Then

�
dx�

16x2 � 9
� 3

4

�
secθ tanθ dθ�

9sec2 θ � 9
� 1

4

�
secθdθ � 1

4
ln � secθ � tanθ � � C �

Reversingthesubstitution,tanθ � �
sec2 θ � 1 � �

16x2 � 9
 3 and

�
dx�

16x2 � 9
� 1

4
ln � 4x 
 3 � 16x2 � 9
 3� � C � 1

4
ln � 4x � 16x2 � 9� � C

where � � 1
 4 	 ln3 hasbeenabsorbedinto C. Checkby differentiating.

(b) Herethealgebraicsubstitutionmaywork betterthana trig substitution.Let u � 4 � 9x2, du � � 18x dx.
Then

�
x 4 � 9x2 dx �

�
u1� 2 du

� 18
� � 1

18
u3� 2

3
 2 � C � � 1
27

� 4 � 9x2 	 3� 2

� C �

(Checkby differentiating.)Evaluatingthedefiniteintegral,

� 2� 3

0
x 4 � 9x2 dx � 1

27
� 4 � 9 � 0 	 2 	 3� 2 � 1

27
4 � 9

2
3

2 3� 2

� 8
27

�

To four decimalplacesI gettheanswerto thequestionis 0� 2963.

(c) Make thetrig substitution2x � tanθ, 2dx � sec2 θ dθ, we have
�

4x2 � 1 dx �
� �

sec2 θsec2 θ dθ � �
sec3 θ dθ �

By example8 on page523of thetextbook,

�
4x2 � 1 dx � 1

2
� secx tanx � ln � secx � tanx ��	 � C � x 4x2 � 1 �

1
2

ln � 4x2 � 1 � 2x � � C �
Checkby differentiating.Now thedefiniteintegral is

� 1

0
4x2 � 1 dx � 1

�
5 �

1
2

ln � � 5 � 2� � 0 � 1
2

ln � � 1 � 0� � �
5 �

1
2

ln � 2 �
�

5 	��
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(d) Let ax � bsecθ, a dx � bsecθ tanθ dθ. Then

�
dx

� a2x2 � b2 	 5� 2
� b

a

�
secθ tanθ dθ

b5 tan5 θ
� 1

ab4

�
cos3 θ
sin4 θ

dθ �

It’ s possibleto do theintegral by changingthequotientof sinesandcosinesto a productof cotangentand
cosecant,but sincewe areavoiding theuseof thosefunctionsif possible,let’s try anotherway. Change
cos2 in thenumeratorto a functioninvolving sinesandmake thesubstitutionu � sinθ, du � cosθ dθ:

�
dx

� a2x2 � b2 	 5� 2
� 1

ab4

� � 1 � sin2 θ 	 cosθ
sin4 θ

dθ � 1
ab4

�
u � 4 � u � 2 du � 1

ab4

u3

� 3
� u � 1

� 1 � C �

Reversingthesubstitutionsusinga � A � O � H 	 � � b ��� a2x2 � b2 	 1� 2 � ax 	 right triangle,

�
dx

� a2x2 � b2 	 5� 2
� 1

ab4
� csc3 θ

3 � cscθ � C � � 1
ab4

a3x3

3 � a2x2 � b2 	 3� 2
� ax

� a2x2 � b2 	 1� 2 � C �

Checkby differentiating.

3. Theseproblemsrequirecompletingthesquare.

(a) Write x2

� 2x � 2 � x2

� 2x � 1 � 1 � � x � 1 	 2 � 1. Then making the substitutionx � 1 � tanθ, dx �
sec2 θ dθ,

�
dx

� x2 � 2x � 2 	 4
� �

sec2 θ dθ
sec8 θ

� �
cos6 θ dθ �

By repeatedapplicationof reductionformula74 at thebackof thetextbook,
�

dx
� x2 � 2x � 2 	 4

� 1
6

sinθcos5 θ �
5
24

sinθcos3 θ �
15
48

sinθcosθ �
15
48

θ � C �

Reversingthesubstitutionby a � 1� x � 1� � x2 � 2x � 2	 right triangle,sinθ � � x � 1 	�
 � x2 � 2x � 2, cosθ �
1
 � x2 � 2x � 2, and

�
dx

� x2 � 2x � 2 	 4
� 1

6
x � 1

� x2 � 2x � 2 	 3 �
5
24

x � 1
� x2 � 2x � 2 	 2 �

15
48

x � 1
x2 � 2x � 2 �

15
48

tan� 1 � x � 1 	 � C �

(b) Completingthe square,t2 � 6t � 1 � t2 � 6t � 9 � 8 � � t � 3 	 2 � 8. Making the substitutiont � 3 �
2
�

2secθ, dt � 2
�

2secθ tanθ dθ,

�
3 dt�

t2 � 6t � 1
� �

6
�

2secθ tanθ dθ
2
�

2tanθ
� �

3secθ dθ � 3ln � secθ � tanθ � � C �

Reversingthesubstitution,secθ � � t � 3 	�
�� 2 � 2 	 , tanθ � � t � 3 	 2 
 8 � 1 � �
t2 � 6t � 1
�� 2 � 2 	 ,

�
3 dt�

t2 � 6t � 1
� 3ln

t � 3

2
�

2 �
�

t2 � 6t � 1

2
�

2 � C � 3ln � t � 3 � t2 � 6t � 1� � C

by thelaw of logarithmsln � a 
 b � � lna � lnb, absorbingtheconstant� ln2
�

2 into C. (Checkby differen-
tiating.)

(c) As with thepreviousproblem,completethesquareto obtaint2 � 6t � 1 � � t � 3 	 2 � 8, but this timemake
thealgebraicsubstitutionu � � t � 3 	 2 � 8, du � 2 � t � 3 	 dt:

�
t � 3�

t2 � 6t � 1
dt �

�
du

2u1� 2
� 1

2
u1� 2

1
 2 � C � t2 � 6t � 1 � C �

Checkby differentiating.
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(d) Adding theprevioustwo results,

�
t�

t2 � 6t � 1
dt �

�
t � 3�

t2 � 6t � 1
dt �

�
3�

t2 � 6t � 1
dt � t2 � 6t � 1 � 3ln � t � 3 � t2 � 6t � 1� � C �

As usual,checkby differentiating.

4. (a) Sincethedegreeof thedenominatoris notgreaterthanthedegreeof thenumerator, wemustfirst simplify
theintegrandby polynomiallong division:

r2

r � 4
� r � r � 4 	 � 4r

r � 4
� r � 4r

r � 4
� r � 4 � r � 4 	 � 16

r � 4
� r � 4 �

16
r � 4

�

Now theintegral canbeevaluateddirectly:

�
r2

r � 4
� �

r � 4 �
16

r � 4
dr � r2

2
� 4r � 16ln � r � 4� � C �

Checkby differentiating.

(b) Again, the degreeof the denominatoris not greaterthanthe degreeof the numerator, so we mustapply
long division:

x3 � 4x � 10
x2 � x � 6

� x � x2 � x � 6 	 � x2 � 10x � 10
x2 � x � 6

� x �
1 � x2 � x � 6 	 � 9x � 16� x � 1 � 9x � 16

x2 � x � 6
�

Checkby evaluating� x � 1 	�� x2 � x � 6 	 � � 9x � 16	 . Now factorthedenominatorx2 � x � 6 � � x � 3 	�� x � 2 	
andapplypartialfractionsto obtain

9x � 16
� x � 3 	�� x � 2 	

� A
x � 3 �

B
x � 2

� � A � B 	 x � � 2A � 3B 	
� x � 3 	�� x � 2 	 �

Equatingthecoefficientsof similar powersof x in thenumerators,we obtainthesystem

A � B � 9

2A � 3B � 16

Adding 3 timesthe first equationto the secondwe get A � 43
 5; adding � 2 timesthe first equationto
the secondwe get B � 2
 5. You shouldcheckthoseresultsby substitutinginto the above equations.
Altogether, theintegrandis

x3 � 4x � 10
x2 � x � 6

� x � 1 � 43
 5
x � 3

� 2
 5
x � 2

whichyoushouldcheckby placingthetermson theleft handsideoveracommondenominator. It follows
thattheindefiniteintegral is

�
x3 � 4x � 10
x2 � x � 6

dx �
�

x � 1 � 43
 5
x � 3

� 2
 5
x � 2

dx � x2

2 � x � 43
5

ln � x � 3 � � 2
5

ln � x � 2 � � C

(which youshouldcheckby integration)sothedefiniteintegral is

� 1

0

x3 � 4x � 10
x2 � x � 6

� 1
2 � 1 � 43

5
ln2 � 2

5
ln3 �

43
5

ln3 �
2
5

ln2 � 3
2
� 41

5
ln2 �

41
5

ln3 � 3
2 �

41
5

ln
3
2
�

Notetheimportanceof theabsolutevaluesignsin theindefiniteintegral.
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(c) Thepartialfractionsdecompositionof theintegrandis

1
s2 � s � 1 	 2

� A
s �

B
s2 �

C
s � 1 �

D
� s � 1 	 2

� As � s � 1 	 2 � B � s � 1 	 2 � Cs2 � s � 1 	 � Ds2

s2 � s � 1 	 2 �
Expandingthenumerator,

� A � C 	 s3

� � � 2A � B � C � D 	 s2

� � A � 2B 	 s � B � 0s3

� 0s2

� 0s � 1

from which we obtainB � 1, A � 2,C � � 2, andD � 1. (Check.)Thereforeour integral is
�

ds
s2 � s � 1 	 2

� �
2
s �

1
s2

� 2
s � 1 �

1
� s � 1 	 2 ds � 2lns � 1

s � 2ln � s � 1� � 1
s � 1

�
As usual,checkby differentiating.

(d) Again, long divisiongives

x3

x3 � 1
� x3

� 1 � 1
x3 � 1

� 1 � 1
x3 � 1

�
To getany furtherwe needto know how to factorx3

� 1. Guessinga root, we have � � 1 	 3 � 1 � 0 sowe
know it hasa factorof theform x � 1. By long divisionwe have

x3

� 1 � � x � 1 	�� x2 � x � 1 	
andthelatterfactoris irreduciblebecausethediscriminantb2 � 4ac � � � 1 	 2 � 4 � 1 	�� 1 	 � � 3 is lessthan
0. Sothepartialfractionsdecompositionof thesecondtermis

1
x3 � 1

� A
x � 1 �

Bx � C
x2 � x � 1

� � A � B 	 x2

� � � A � B � C 	 x � � A � C 	
x2 � x � 1

giving thesystem

A � B � 0� A � B � C � 0
A � C � 1

Adding the secondandthird equationsabove givesB � 1 from which we obtainA � � 1 andC � � 2.
(Check.)Altogetherour integral is

�
x3

x3 � 1
dx �

�
1 � 1

x3 � 1
dx � x �

�
1

x � 1
� x � 2

x2 � x � 1
dx � x � ln � x � 1� � 1

2

�
2x � 1

x2 � x � 1
dx � 5

2

�
5

x2 � x � 1
dx �

The first integral on the right handsideabove canbe handledby the substitutionu � x2 � x � 1, du �
� 2x � 1 	 dx. Thesecondintegral mustbehandledby completingthesquareto obtain

x2 � x � 1 � x � 1
2

2

�
3
4

sotheappropriatesubstitutionis

x � 1
2
� � 3

2
tanθ � dx �

� 3
2

sec2 θ dθ �
Carryingthis through,

�
1

x2 � x � 1
dx �

�
1

� 3
 4 	 tan2 θ � 3
 4
� 3
2

sec2 θ dθ � 2� 3

�
dθ � 2� 3

θ � 2� 3
tan� 1 2� 3

x � 1
2

Puttingit all together,
�

x3

x3 � 1
dx � x � ln � x � 1� � 1

2
ln � x2 � x � 1� � 10� 3

tan� 1 2� 3
x � 1

2

Guesswhatyoushoulddo at this point.

5



5. (a) Let u � � x � 2, du � � 1
 2 	�� x � 2 	 � 1� 2 dx, 2u du � dx. Thentheintegralbecomes

�
1

1 � � x � 2
dx �

�
2u

1 � u
du �

� � 2 � 1 � u 	 � 2
1 � u

du � � 2u � 2ln � 1 � u � � C � � 2
�

x � 2 � 2ln � 1 � �
x � 2� � C �

Checkby differentiating.

(b) Let u � 3� x. Then3u2 du � dx and

�
1

1 �
3� x

dx �
�

3u2

1 � u
du �

�
3u � 3 �

3
1 � u

du � 3
2

u2 � 3u � 3ln � 1 � u � � C � 3
2

x2� 3 � 3x1� 3

� 3ln � 1 � x1� 3 � � C �

Checkby differentiating.

(c) Let u � sinx, du � cosx dx. Thentheintegral becomes
�

cosx

sin2 x � sinx
dx �

�
1

u2 � u
du �

�
1

1 � u
� 1

u
du � ln � 1 � u � � ln � u � � C � ln � 1 � sinx � � ln � sinx � � C �

Checkby differentiating.

(d) This is a tricky one.Try thesubstitutionu � 12� x, 12u11 du � dx, 3� x � u4, 4� x � u3:

�
1

3� x �
4� x

dx �
�

12u11
u4 � u3 du � 12

�
u8

u � 1
du �

Thelongdivision is rathertediousbut is not difficult:

u8

u � 1
� u7 � u6

� u5 � u4

� u3 � u2

� u � 1 �
1

u � 1

(check)sotheintegral is
�

1
3� x �

4� x
dx � 12

8
u8 � 12

7
u7

�
12
6

u6 � 12
5

u5

�
12
4

u4 � 12
3

u3

�
12
2

u2 � 12
1

u � ln � u � 1� � C �

Reversingthesubstitutiongives
�

1
3� x �

4� x
dx � 12

8
x8� 12 � 12

7
x7� 12

�
12
6

x6� 12 � 12
5

x5� 12

�
12
4

x4� 12 � 12
3

x3� 12

�
12
2

x2� 12 � 12
1

x1� 12

� ln � x1� 12

� 1� � C

Isn’t thatwonderful?Checkby differentiating.

6. Sincet � tan� x 
 2 	 wehave

t2

� 1 � sec2 � x 
 2 	 ��� cos2 � x 
 2 	 � 1
t2 � 1

�
By thedoubleangleformulaswehave

cosx � 2cos2 � x 
 2 	 � 1 � 2
t2 � 1

� 1 � 1 � t2

1 � t2 �
We alsohave

sin2 x � 1 � cos2 x � � 1 � t2 	 2
� 1 � t2 	 2 � � 1 � t2 	 2

� 1 � t2 	 2
� 4t2

� 1 � t2 	 2 	
which impliesthat

sinx � 2t
1 � t2
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(at leastfor positivevaluesof t; whatcouldwe do with negativevaluesof t?). Differentiating,

dt � 1
2

sec2 � x 
 2 	 dx ��� dx � 2
1 � t2 dt �

Armedwith theabove,wecanintegrateany rationaltrig function. If anothermethodis available,weshoulduse
theothermethod,but in somecasesthehalf-anglesubstitutionis theonly methodavailable.For example,

�
dx

3 � 5sinx
� �

1
3 � 10t 
�� 1 � t2	

2 dt
1 � t2

� �
2

3t2 � 10t � 3
dt �

Factoringthedenominator,

3t2 � 10t � 3 � � 3t � 1 	�� t � 3 	
so

2
3t2 � 10t � 3

� A
3t � 1 �

B
t � 3

� � A � 3B 	 t � � � 3A � B 	
� 3t � 1 	�� t � 3 	

from whichwe obtainB � 1
 4, A � � 3
 4, andtheintegral is

�
dx

3 � 5sinx
� � � 3
 4

3t � 1 �
1
 4
t � 3

dt � � 1
4

ln � 3t � 1 � �
1
4

ln � t � 3 � � C � � 1
4

ln � 3tan� x 
 2 	 � 1 � �
1
4

ln � tan� x 
 2 	 � 3 � � C �

Checkby differentiating.

7


