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1. (a) Makethesubstitutionx = 4sed, dx = 4sedtand dé:

(b)

(©

4tan6

\/x2 6d _/\/165e@9 16

4sedtand do — / tand do — 1—16 / Sir20cosd db.

Now makingthe changeof variablesu = sin6, du = coso df,

1/ 1, 1 1
E/smzecosedefﬂs/u dufﬁg +C= Esm 8+C.

By theright trianglewith sides(A,O,H) = (4,v/x2 — 16,x), sinB = v/x2 — 16/x, soputtingit all together

Vx2—16 dx— (X% —16)%/2
= B G/

Ba— C

Checkby differentiating.

It's probablyeasierto make analgebraicsubstitionhere;try it. However, thetrig substitutionalsoworks.
Letx = 3sinB, dx=3cos0 dB. Then

/357m630059 de:/asine 46— 3cosh+C.

X
— = dx=
/\/9—x2 X \/9—9sirt0

Usingtheidentity sif0+coL0 = 1orthe appropriateight triangle,
X
—— dx=-3V1—sirf8+C=—3y/1—(x/3)2 —V9—x2+C.
/ V99— x2 (x/3)

Checkby differentiating.The definiteintegral is now
v x

0 VO X

Letx = asin®, dx = acosb d6. Then

dx=v9-v9-5=3-2=1.

X2 a?sinte
/deZ/ e acoRdo = /tarFese@ede

Now makingthe substitutionu = tan, du = se@0 d,

1 17, 148 tar’ 0
> [tarfesedode— = [wdu= 52 +c=2"c
By usingaright trianglewith the appropriatesides,
X2 1 x3
/ (a2 —x2)5/2 dx = 332 (a2 —x2)3/2 +C.

Checkby differentiating.



(d) Letx = atan®, dx = ase@0 d6. Then

X2 a’tarfo 1.
| @ = [ segarsetedo = [ sitocos o

Sincethe power of cosis odd, make the substitutionu = sin8, du = cosd dé:

1 : 1 2 1U3
?/smzecosede:?/u du:¥§+c

Reversingthe substitutionsisingthe appropriateight triangle,

X2 1 sin®0 1 x3
/7 X==—+4+C==—-——--—-+C.
(a2+xz)5/2 a2 3 3a2 (a2_|_xz)3/2
Checkby differentiating.

2. (a) Let4x = 3sed, 4dx = 3sedtan6 d6. Then
/ dx B §/ sedtanfdd
V1iee—9 4/ /9se@6—-9

Reversingthe substitutiontand = v/'se@8 — 1= v/16x2 — 9/3 and

dx 1 1
—— =" In|4x/3—+/16x2—9/3|+C= ZIn|4x—v/16x2—9| +C

where—(1/4)In3 hasbeenabsorbednto C. Checkby differentiating.

%/secﬂde = %In|sed§+tan9| +C.

(b) Herethe algebraicsubstitutionmaywork betterthana trig substitution.Let u = 4 — 9x2, du = —18x dx.
Then

du 1 ud/? 1
/4 — 92 dx = V2 —— _ _— - — _—(4—9x%)3/2
/x 4 —9x2 dx /u 8 183/2+C 27(4 9x°)¥“+C.

(Checkby differentiating.)Evaluatingthe definiteintegral,

27 3

2/3 1 1 NN\ g
/ xx/4—9x2dx=2—7(4—9(0)2)3/2——<4—9< ) ) =57
0

To four decimalplaced gettheanswerto the questionis 0.2963.
(c) Make thetrig substitution2x = tan@, 2dx = se¢ 8 d@, we have

/\/4x2—+1dx=/\/@seée de :/seée de.

By example8 on page523of thetextbook,

1 1
/\/4x2+1dx: 5 (secxtanx+ In|secx+ tanx|) + C = xv/4x2 + 1+ §In|\/4x2+1+ 2x|+C.

Checkby differentiating.Now the definiteintegral is

1
/ Va2 +1dx= 1\/§+%In|\/§+2|—0—%ln|\/i+0\ = \/§+:—2L|n(2—|—\/§).
0



(d) Letax=bsed, adx = bsed®tand d6. Then

/ dx _ b [sedtanfde i/ cos o
(@22 —b2)%/2  a bStarP®  ab*/ sin'@

It's possibleto do theintegral by changingthe quotientof sinesandcosinedo a productof cotangenand
cosecantbut sincewe are avoiding the useof thosefunctionsif possible let’s try anotherway. Change
cog in thenumeratoto a functioninvolving sinesandmake the substitutionu = sin®, du = cosd de:

dx 1 r(1—sifB)cosb . 1 o4 o, 1 /v u!
/W%VW_W/ sin*@ d“%dh_“w_ﬂ 1) t¢

Reversingthe substitutionaisinga (A, O, H) = (b, (a®x? — b?)%/2, ax) right trianglle,

dx 1 [ csce o 1 a’x® ax
22 _12\5/2  ah? +esh | +C=—— 22 _12\3/2  (a2%2 _ ph2)1/2 +C.
(a?x2 —b?) ab 3 ab* \ 3(a?x? —b?) (ax? —b?)

Checkby differentiating.

3. Theseproblemsrequirecompletingthesquare.

(@) Write X2 4 2x+2 = x> + 2x+ 1+ 1 = (x+ 1) 4 1. Thenmakingthe substitutionx+ 1 = tang, dx =
sec 8 de,

dx sec0do
/(x2+2x+2)4:/ secd :/COSGGde'

By repeatedapplicationof reductionformula74 at the backof the textbook,

dx 1. 5 . 15 . 15
/m = 63|necos'56+ 2—4$|necos36+ g 5inBcosd+ 726+C.
Reversingthesubstitutiorby a (1, x+ 1, v/X2 + 2x+ 2) righttriangle,sin® = (x+ 1) /v/x2 + 2x+ 2, cosB =
1/Vx2+2x+2,and
dx 1 X+1 5 X+1 15 x+1 15
/(x2+2x+2)4 _6(x2+2x+2)3+ﬂ(x2+2x+2)2+48x2+2x+2+ﬂstan e+

(b) Completingthe squaret> — 6t +1 =t?> -6t +9 -8 = (t — 3)> — 8. Making the substitutiont — 3 =
2v/2sed, dt = 2/2sedtand de,

3dt 6v/2se®tand do
= = [ 3se®db = 3In|sed +tanB| +C.
ViZ—6t+1 / 2\/2tan@ / | |
Reversingthe substitutionsed = (t — 3)/(2v/2), tan® = /(t — 3)2/8 - 1= vtZ - 6t + 1/(2V2),
3dt \/ —6t+1
= +C=3Int—3+Vt2—6t+1/+C
ViZ—6t+1 zﬁ 2V/2 | |
by thelaw of logarithmsln |a/b| = Ina— Inb, absorbinghe constant-In2+/2 into C. (Checkby differen-

tiating.)
(c) As with the previousproblem,completethe squareto obtaint? — 6t +1 = (t — 3)2 — 8, but this time make
the algebraicsubstitutionu = (t — 3)2 — 8, du = 2(t — 3) dt:

1/2
/2u1/2 10 o VE—eri+C

\/ 10 21/2

Checkby differentiating.



(d) Addingtheprevioustwo results,

t t—3 3
7dt:/ dt+/ dt=+A2 6t+1+3Inft 3+v42 6t+1|+C.
/\/t276t+1 ViZ—6t+1 ViZ—6t+1 | |

As usual,checkby differentiating.

4. (a) Sincethedeggreeof thedenominators notgreaterthanthe degreeof the numeratoywe mustfirst simplify
theintegrandby polynomiallong division:

r2 r(r+4)—4r LA —r—4(r+4)_16—r—4+ 16
r44  r+4 44 r+4 r+4

Now theintegral canbe evaluateddirectly:

/ A BRI R T I TR
r+4 r+4 - 2 ’
Checkby differentiating.
(b) Again, the degreeof the denominatoiis not greaterthanthe degreeof the numeratoy so we mustapply
long division:
X3—4x—10  X(x*—x+6)+x2—10x— 10 1(x* —x+6) —9x— 16 9x+ 16
= =X+ X+1— .
X2 —x—6 X2 —X+6 = X2 —x+6

Checkby evaluating(x+ 1) (x? — x+ 6) — (9x+ 16). Now factorthedenominatok? — x+6 = (x— 3)(x+2)
andapply partialfractionsto obtain

%+16 A B _ (A+B)x+(2A—3B)
X 3x12) x 3 xr2 X 3(x+2)

Equatingthe coeficientsof similar pawersof x in the numeratorsye obtainthe system

A+B=9
2A—-3B=16

Adding 3 timesthe first equationto the secondwe get A = 43/5; adding—2 timesthe first equationto
the secondwe get B = 2/5. You shouldcheckthoseresultsby substitutinginto the above equations.
Altogether theintegrandis

- 4x-10_ . 435 2/5

X2 —X—6 X X—3 X+2

whichyou shouldcheckby placingthetermson theleft handsideoveracommondenominatarlt follows
thattheindefiniteintegral is

x3—4x—10 43/5 2/5 2 43 2
[ 5o s = [ Ttk tx g k3l gk 24 C
(which you shouldcheckby integration)sothe definiteintegral is

43 2 3 41
In3+€ln3+gln2:§7€

In2+4—5lln3:§+ﬂ'ln§.

/1x3—4x—10*1 3 2
0 2 5 2

4
T 1 e 2
X2 —X—6 2+ 5 : 5

Notetheimportanceof theabsolutevaluesignsin theindefiniteintegral.



(c) Thepartialfractionsdecompositiorof theintegrandis

1 __A B C D  As(s—1)%2+B(s—1)?+Cs’(s— 1) + DS
f(s-12 s &£ s—1 (s—12 P(s—1)2 '
Expandingthe numeratoy
(A+C)$*+ (—2A+B - C+D)s’+ (A~ 2B)s+B=0s>+ 0>+ 0s+1

fromwhichwe obtainB=1,A=2,C = —2,andD = 1. (Check.)Thereforeour integral is

ds 2 1 2 1 1 1
-———=[-+5———+-—-ds=2Ins— =+ 2In|s— 1] - —.
/52(5—1)2 /s+52 s—1+(s—1)ZS ns=s™ nls—1 s—1
As usual,checkby differentiating.
(d) Again,longdivisiongives
¥ oxX¥41-1 1
¥+l x$+1 T 341

To getary furtherwe needto know how to factorx® + 1. Guessingaroot, we have (—1)34 1= 0 sowe
know it hasafactorof theform x+ 1. By long division we have

B l=(x+1)(E—x+1)

andthe latterfactoris irreduciblebecauséhe discriminantb? — 4ac = (—1)? — 4(1)(1) = —3 is lessthan
0. Sothepartialfractionsdecompositiorof the secondermis

1 A N Bx+C  (A+B)X*+(~A+B+C)x+(A+C)
¥+l x+1 x2-x+1 X2 —x+1
giving thesystem

A+B =0
~A+B+C=0
A —C=1

Adding the secondandthird equationsabove givesB = 1 from which we obtainA = —1 andC = —2.
(Check.)Altogetherourintegralis

x3 1 1 X+ 2 1 2x—1 5 5
2 dx=[1-——dx= =TT Gx=xdn|xtbl -2 [ 2 dx— o [ 2 dx.
/x3+1 X / x34+1 X X+/x+1 X2 —x+1 X=x-tIn ] 2/x2—x+1 X 2/x2—x+1 X

The first integral on the right handside above canbe handledby the substitutionu = x> — x+ 1, du =
(2x— 1) dx. The secondntegral mustbe handledby completingthe squareto obtain

2
¥ —x+1= (x—}> 43

2 4
sotheappropriatesubstitutionis
1 V3 V3
X5 = —-tan®, dx-_—Erse@Gde.
Carryingthisthrough,

,/;iiiidX*/kamym?&+y4??“£9d9*;@/def—gﬂf;Emn <_§(x§>

Puttingit all together

3

X 1 10 2
o dx=x+] - ZInpe—x+1) — —tan (= (x— =
/x3+1 X =X+In|x+1] 2n|x X+ 1| \/éan ( 3<x >

Guesswvhatyou shoulddo at this point.



5. (a) Letu= X+ 2,du= (1/2)(x+ 2)~Y/2dx, 2udu = dx. Thentheintegral becomes
1 2u —2(1—u)+2

——dx= du —/7du:72u72m 1-u[+C=-2vx+2-2In|1—vx+2|+C.

/1—«/_x+2 1-u Y [1-ul+ + 1= vx+2/+
Checkby differentiating.
(b) Letu= ¥Xx. Then3u? du=dxand
1 3u?

[t

1+ Ix 1+u

Checkby differentiating.

(c) Letu=sinx, du = cosxdx. Thentheintegralbecomes

3 3,
- du= /3u 34 du=u —3u+3|n|l+u\+C——2/3 334 3In |14+ %3 +C.

COSX , ,
/ dx= /2— —/———du_In|1+u|—In\u|+C:In|1+5|nx|—ln|5|nx|+C.
si’x+ sinx u2+u

Checkby differentiating.
(d) Thisis atricky one.Try thesubstitutionu = /X, 12u'1 du = dx, ¥/Xx = u*, ¢/x = u®:

1 12ul1 ul
———dx= [ ——du=12/ — du.
/\%_(Jr\%—( X /u4+u3 ! /u+1 )
Thelongdivisionis rathertediousbut is not difficult:

ub LY - - ST ST N 1
—— =u —u+uw—u+u —u —1+—
u+1 u+1

(check)sotheintegralis

12 12 12 12 12 12 12 12
/m dx = §u8— 7u7+ gue— €u5+ Zu“— §u3+ 7u2— Tu+hju+1/+C.

Reversingthe substitutiongives

_12 8/12_ 12 x7/12 12 x6/12 _ 12 x5/12 12 41 12 /12, 12 212 _ 12 /15 1/12
/\ﬁ(+\ﬁ< 5 = S x4 x3 > XX 2] 4C

Isn’t thatwonderful?Checkby differentiating.

6. Sincet =tan(x/2) we have

1

2,9 _ _

24+ 1=seé(x/2) = cog(x/2) = 7T
By the doubleangleformulaswe have

2 1-t?

cosx = 2cog(x/2) — 1= 1T e

We alsohave
(1+t2)2  (1-1?)2 4t?

Sifx=1-cogx = 11022 (1102 A+

whichimpliesthat

SinX= ——
1412



(atleastfor positive valuesof t; whatcouldwe do with negative valuesof t?). Differentiating,

1 2
dt = Ese<,2(x/2) dx = dx= e dt.

Armedwith theabove, we canintegrateary rationaltrig function. If anothemethodis available,we shoulduse
theothermethod but in somecaseghe half-anglesubstitutionis the only methodavailable.For example,

/ dx :/ 1 2dt :/ 2 at.
3—5sinx 3—-10t/(1+t?) 1+t2 3A2—-10t+3
Factoringthe denominator
3t2-10t4+3=(3t - 1)(t - 3)
so
2 A B  (A+3B)t+(-3A—B)
AW 1043 A1 t-3  (B-1(1-3
from whichwe obtainB = 1/4, A= —3/4, andtheintegral is
/3_(:_:;“: ;i/ithl_/idt=—%In|3t—1|+%1ln\t—3|+C=—%In|3tar‘(x/2)—1|+%ln|tan(x/2)—3|+C.
Checkby differentiating.



