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1. (a) By thetrig substitutiorx = v/2tan we have dx = v/2se@0 d, x? + 2 = 2tan8? + 2 = 2se&6, so
/(XZT /2 de\/—seéede_ \/_/coszede

By thedoubleangleformula,

1 1 [fcos20+1 1 [sin28
dx — / ST L o= —— 0)+C.
/(x2+2)2 =z 2 zﬁ( 2 >+

Reversingthe substitution,

2 X
cosOD =4/ —— SinG = f=tan 1 —
X2 +2 V 2+ V2

andso

1 1
/(x2+2)2 dx = NG (sinBcosB+8)+C =

Checkby differentiating.
(b) Letu= —x3, du= —3x?dx, x? dx = du/(—3). Then

2% gy [ U % _ 1 1R
/xe dx_/e == 3e +C= 3e +C.
Checkby differentiating.

(c) Integrateby partswith u=r, du = dr, dv=¢&/3dr, andv = 3¢'/3, we have
/rer/3 dr = :%rer/e’f/?)er/3 dr=3rd/3 —od/3+C.

1 [ V2x 1 X
——— +tan T — C.
22 <x2+2+ ﬂ>+

Checkby differentiating.
(d) Firstmake thesubstitutionu = Inx, du = dx/x:

Inx _/Inxd_x_/id
XX x J e

We can putthatm morefamiliar form by writing

/m—>(dx—/ue*2“du

whichwe know how to integrateby parts:

Inx 1 1
/F dx:fzuefzuf4 e 4C.

Reversingthe substitution,

Inx Inx 1
— dx=—-——-—-—=+C
/x3 X 2x2 4x2+

Checkby differentiating.



2. (a) Usingtheresultof questionl(a),we have

/m;dx—lim/M;d—ll 1 \/Ex+tanlx __1in
0 (42277 Mowo (x242)2 M—w 2./2 V2|, 222
Thereforetheimproperintegral corvergesto theabove value.
(b) Usingtheresultof questionl(b), we have
o 0
/ e dx= lim x2e ™ dx+ lim / x2e ™ dx = im _lewe +1+ Jim. _Lem +}.
P ——00 JM M— M——ow 3 3 3 3

However, the first limit on the right handside of the above doesnot exist (if M is large and negative,
then—M?3 is very large andpositive, andthe exponentialis evenlarger). Thereforethe improperintegral
diverges.(It doesnot matterwhathappengo the secondimit; if we know thatoneof themdiverges,then
thewholething diverges.)

(c) Usingtheresultof questionl(c), we have

0 0 0
/ re/3dr = Mlim re/3dr= lim 3rd/3_od/3 .= -9

—— /M ——00

by L'H dpital'srule. Thereforetheimproperintegral convergesto theabove value.
(d) Usingtheresultof questionl(d), we have

/°°In dx— lim Inx 1
1 X3 Moo 262 4X2|,

Mo

T4

by L'Hdpital'srule. Thereforethegivenimproperintegral corvergesto theabove value.

3. Wefirstintegratethe correspondingndefiniteintegral. Thenwe identify pointsin the domainof integrationfor
whichtheintegranddiverges;suchpointsaresometimegalled“poles”. Thenwe write theimproperintegral as
alimit astheendpoint(s)f integrationapproactthe poles.Finally, we evaluatethelimit.

(a) Theintegrandhasapoleatx = 2 sotheintegralis typell improperandshouldbeinterpretedas

lim

2 1 q a 1 q
——= 00X = ——= 0X
/0 Va4 —x2 aAZ*/O Va4 —x2

In orderto evaluatethe definiteintegral above, we first try to evaluatetheindefiniteintegral

/; dx
Va—x2

Make thetrig substitutionx = 2sin, dx = 2cos0 d6 to obtain

1 2coso X
d8=06+C=sintZ+C.
/ Va—x2 / 2
Checkby differentiation.The definiteintegral thenbecomes
a 1 a
—— _dx=sin1Z
/o V4 —x2 2

sotheimproperintegral becomes

. . . _qsa T
lim dx= lim sin"" = = =

2 1 a 1
L [ |
/O RV 4 — X2 a—2-J0 +/ 4— X2 a—2— 2 2

sothegivenintegral corvergesto thatvalue.



(b) Theintegrandhasa poleatz = 2 sotheintegral shouldbeinterpretedas

3 a 3
/ (z—2)Y3dz= lm [ (z-2)Ydz+ m [ (z-2)Y3dz
0 a—2-J0 b—2tJb

Thenext stepis to find theindefiniteintegral

/(z— 2)"13 dz

whichis easywith the substitutionu = z— 2, du = dz

2/3 3u2/3 3(2_ 2)2/3
_y Wz [uBdu=Y ¢ _
/(z 2) 13z /u du= 573 +C="5-+C = —+C.

Thedefiniteintegralsarethen

2 2

3 _ 3(1)2% 3(b-223 3 3
_ 1/3: _ g > 2/3
/b (2-2) 2 2 27302

/ g3 3@ 3 S22 Sy

sotheimproperintegralis

3 3 3 3 3 3 3
__»\—1/3 — i g _7\2/3__ 2 41/3 H v _ 2/3:___ 1/3
/o<z 2) Mdz=lim 5@=2)7 54 fim 5 -5 (=27 =554

To four decimalpoints,| have thevalueis —0.8811.

(c) We first searchfor polesof the integrandin the domainof integration. The integrandbecomesdnfinite
whenits denominatogoesto zero,sowe look for rootsof the equationx’® +x — 6 = 0. The polynomial
factorsandthe equationbecomegx+ 3)(x— 2) = 0 with rootsx = —3, x = 2. Theintegranddoeshave a
polein thedomainof integration,namelyx = 2, sotheintegralis typell improperandmustbeinterpreted
as

4 a 4
/ ! dx= lim ! dx+ lim !
0 XX4+x—6  as2-Jo X¥+x—6 bo2tJp X2+X—6

To evaluatetheindefiniteintegral, we usepartial fractions.

1 1 1 1 1
/7X2+X6dx_g(/x—2 X+3) dx = £injx—2 — gInjx+3|+C.

Sothedefiniteintegralsare

/a L dx—1In|a72|71In|a+3| In2+ In3
0 X¥¥+x—6 5

4 1 1
/bmdx_gan In7——|n|b 2+ 2 In|b+3\

However, lim,_,- In|a— 2| = —o, soit followsthattheimproperintegralis divergent.

(d) Asx — O theintegranddiverges,sotheintegralis improperof typel. To evaluatetheindefiniteintegral,
malke the substitutionu = Inx, du = dx/x, dx = " du to obtain

l\r}:_((d f/eu/ze duf/ue”/zdu:2ue”/274e“/2+C:2\/>_(Inxf4\/>_(+C.
Theimproperintegral is then
Llnx llnx

dx_I dx_ I|m 2v/alna—4ya—2v1linl+4V1= I|m 2v/alna—0-0+4.
, % Jm | R va va-2v1in1+4/1= va +



To evaluatethelimit ontheright handsideof theabove, we uselL’H dpital’srule:

. . 2lna . 2 .
lim 2\/alna= lim —— = lim —————— 1/2
a—0t a—0t a_l/z

sotheimproperintegral corvergesto thevalue4.

4. (a) We may be ableto evaluatethe indefiniteintegral in this case but thereis no need.We just estimatethe

(b)

(©

(d)

integrand.Theintegrandlooksalot like 2/x, andtheintegral of 2/x divergeson theintenval [1,), sowe
suspecthatthe givenimproperintegral diverges,sowe estimateheintegrandfrom belov. We have

2 2+¢e*

X X

because& * > 0. Since
© 2 .
/ Zdx= lim 2InM = o
1 X M—o

we concludethatthe givenintegral alsodivergesby the comparisoriest.
Thedenominatotooksalot like v/x6 = x3, andtheintegral of x/x% = 1/x? corvergesontheintenal [1, ),
sowe suspecthatthe givenintegral corverges.Sowe try to estimateheintegrandfrom above. In fact

X X 1

P
VIgx® =3 »

on [1,) because

VX6 < /148,

Since

® 1 1

— dx= Ilim 1— =

/1 X2 M—wo M
cornverges,it follows from the comparisortestthatthe givenintegral corverges.

Onthedomainof integration|0, 1], thefunctione™ is (veryroughlyspeakingp constantsothe properties
of the integrande*/./x shouldbe (very roughly speaking)the sameasthe propertiesof the integrand
1//x. Theintegral
11
— dx
0 VX

corvergesby directevaluationasin question3 (quite similar to 3(b), in fact), sowe expectthatthe given
integral shouldcorvergetoo. To confirmour expectationwe usethecomparisortest.Ontheinterval [0, 1]
we have 0 < e * < 1 (draw agraphto seewhy), soontheinterval (0, 1] we have

ex 1

—— <=

VRV

Sincetheintegral of theright handsideof the above corvergeson (0, 1], thegivenintegral alsocorverges
by the comparisontest.

Theintegranddivergesasx — 0" sotheintegralis improperof typell. NearQ the sinefunctionis approx-
imatelythe sameasx, sotheintegralis roughlysimilarto

w2 1
/0 ?dx



which diverges. Thereforewe expectthatour integral diverges,sowe try to estimatethe integrandfrom
belov. We would like a betterestimatefor sinx ontheinterval [0, 71/2]. We canin factsaythatsinx < x on
thatentireinterval, notjust nearQ: in orderto prove thatinequalityyou could shaw thatit holdsat0 and
thenshaw thatx — sinx is anincreasingunctionontheinterval. In ary casewe have

11 g 11

X ~ sinx X2 7~ Xsinx

Sincethe integral over (0,7/2] of the middle term of the above inequality diverges, it follows by the
comparisortestthatthe givenintegral diverges.

We actuallydid morethanwasrequired.We could have solvedthe problemusingonly the “zeroth order
estimatefor sin, i.e., 0 < sinx < 1 on [0,7/2] insteadof thefirst orderestimated < sinx < x on [0, T/2].
(Try it!) However, sometimeghe first order estimateis required. Considey for example,whetherthe
improperintegral

0 /X Ssinx
corvergesor diverges.
. Takingthelimit throughouthegivenformula,
; ton -1 1nao N t a1
lim [ x"e®dx= lim =t"e® — Z0"e?*?— — |im [ x"1e™dx;
t—o Jo t—o a a at—o Jo

thesecondimit aboveis 0 by the hint sothe formulabecomes

00 n [ee]
/ X"e®™ dx = f—/ X"~ 1e® dx
0 aJo
whichis actuallysimplerthanthe correspondindormulaon afinite interval. It follows that

0 2 [ 21 r® 21
2 ~—3X _“ 1,-3X _c= 0,—3% _ = —3X
/Oxe dx_3/0xe dx 33/Oxe dx 9_3e

.2
o 27

(Question:this improperintegral cangive us a generalizatiorof the factorialfunctionto any nonneyative real
number;how?)

. Theintegralis typel improper soto make senseof it we mustwrite

/m X C ) g |im/M X C )
o \x@+1 3x+1 T Mow/fg \X+1 3x+1 ’

Thelatterintegral canbeevaluatedasfollows: for thefirst termin theintegrand et u = x2 + 1 giving du = 2x dx,
du/2 = xdx,

X ldu 1 1
X ax= [ Dy +Ci= s+ 1 +Cy.
/x2+1x /u2 2 Nul+Co =3I+ 1+Cy

(Checkby differentiating.)For the secondermin theintegrandwe have
C C
/T+1 dx= = In[3x+ 1 +Cp.
(Checkby differentiating.)Altogetherwe have

© /X C 1 C
=~ _Jdx= lim ZIn|M2+1| - ZIn|3M +1].
/o <x2+1 3x+1> X=lim 2 NIM7 41— = In[3M +1)



We needto find avalueof C for which thelatterlimit corverges.Weturnit into aquotientby exponentiatingso
we canapply L’'H dpital’srule or somethingsimilar:

R C (e a(1/2)In[M211|—(C/3)In3M+1]) _ (M2 1)Y2
h}I|rﬁnmzln|M +1] 3In|3M+1|_In('\L|Tme >_In |\/|||Too(3|\/|+1)0/3 .

Actually, we don't have to apply L'H dpital’s rule to evaluatethe latter limit. Justdivide the numeratorand
denominatothroughby M to obtain

2)1/2
Jim %|n|M2+ll—%In|3M+l|=In< m (1+1/M% )

,\/||IHoo (3M1—3/C_|_ M—3/C)C/3

For the limit to exist, we needlimpy_.., 3M*3/¢ 4 M~/ > 0 which implies 1 — 3/C > 0. For the logarithm
of thelimit to exist, we needlimpy .. 3M*~%/€ 4 M~3/C < c whichimplies1— 3/C < 0. We concludethatwe
musthave1—3/C=0,i.e.,C = 3,in whichcase

I C B o (M241)Y2) (/MmN 1
hL|an§In|M +1|—§In|3M+1|_In<I\L|Tm7 =In &'me _Iné.

In conclusionthegivenimproperintegral corvergesif andonly if C = 3, in which casethevalueof theimproper
integralis —In 3.



