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1. (a) By thetrig substitutionx � �
2tanθ wehavedx � �

2sec2 θ dθ, x2 � 2 � 2tanθ2 � 2 � 2sec2 θ, so�
1�

x2 � 2 � 2 dx �
�

1
2sec4 θ

�
2sec2 θ dθ � 1�

2

�
cos2 θ dθ �

By thedoubleangleformula,
�

1�
x2 � 2 � 2 dx � 1�

2

�
cos2θ � 1

2
dθ � 1

2
�

2

sin2θ
2

� θ � C �
Reversingthesubstitution,

cosθ � 2
x2 � 2 � sinθ � x2

x2 � 2 � θ � tan� 1 x�
2

andso
�

1�
x2 � 2 � 2 dx � 1

2
�

2

�
sinθcosθ � θ � � C � 1

2
�

2

�
2 x

x2 � 2
� tan� 1 x�

2
� C �

Checkby differentiating.

(b) Let u �
	 x3, du ��	 3x2 dx, x2 dx � du � � 	 3 � . Then
�

x2e � x3
dx �

�
eu du	 3

��	 1
3

eu � C ��	 1
3

e � x3 � C �
Checkby differentiating.

(c) Integrateby partswith u � r, du � dr, dv � er
 3 dr, andv � 3er
 3, wehave�
rer
 3 dr � 3rer
 3 	 �

3er
 3 dr � 3rer
 3 	 9er
 3 � C �
Checkby differentiating.

(d) First make thesubstitutionu � lnx, du � dx � x:
�

lnx
x3 dx �

�
lnx
x2

dx
x
� �

u
e2u du �

We canput thatin morefamiliar form by writing�
lnx
x3 dx �

�
ue � 2u du

which weknow how to integrateby parts:�
lnx
x3 dx ��	 1

2
ue � 2u 	 1

4
e � 2u � C �

Reversingthesubstitution,�
lnx
x3 dx ��	 lnx

2x2
	 1

4x2
� C �

Checkby differentiating.
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2. (a) Usingtheresultof question1(a),wehave

� ∞

0

1�
x2 � 2 � 2 dx � lim

M� ∞

� M

0

1�
x2 � 2 � 2 dx � lim

M� ∞

1

2
�

2

�
2 x

x2 � 2
� tan� 1 x�

2

M

0

� 1

2
�

2

π
2
�

Thereforetheimproperintegralconvergesto theabovevalue.

(b) Usingtheresultof question1(b),wehave

� ∞

� ∞
x2e � x3

dx � lim
M� � ∞

� 0

M
x2e � x3

dx � lim
M� ∞

� M

0
x2e � x3

dx � lim
M� � ∞

	 1
3

e � M3 � 1
3
� lim

M� ∞
	 1

3
e � M3 � 1

3
�

However, the first limit on the right handside of the above doesnot exist (if M is large andnegative,
then 	 M3 is very largeandpositive,andtheexponentialis evenlarger). Thereforethe improperintegral
diverges.(It doesnot matterwhathappensto thesecondlimit; if we know thatoneof themdiverges,then
thewholething diverges.)

(c) Usingtheresultof question1(c),wehave

� 0

� ∞
rer
 3 dr � lim

M� � ∞

� 0

M
rer
 3 dr � lim

M� � ∞
3rer
 3 	 9er
 3 0

M

�
	 9

by L’Hôpital’s rule. Thereforetheimproperintegralconvergesto theabovevalue.

(d) Usingtheresultof question1(d),wehave

� ∞

1

lnx
x3 dx � lim

M� ∞
	 lnx

2x2
	 1

4x2

M

0

� 1
4

by L’Hôpital’s rule. Thereforethegivenimproperintegralconvergesto theabovevalue.

3. We first integratethecorrespondingindefiniteintegral. Thenwe identify pointsin thedomainof integrationfor
which theintegranddiverges;suchpointsaresometimescalled“poles”. Thenwe write theimproperintegralas
a limit astheendpoint(s)of integrationapproachthepoles.Finally, we evaluatethelimit.

(a) Theintegrandhasapoleat x � 2 sotheintegral is typeII improperandshouldbeinterpretedas

� 2

0

1�
4 	 x2

dx � lim
a� 2�

� a

0

1�
4 	 x2

dx �

In orderto evaluatethedefiniteintegralabove,we first try to evaluatetheindefiniteintegral
�

1�
4 	 x2

dx �

Make thetrig substitutionx � 2sinθ, dx � 2cosθ dθ to obtain
�

1�
4 	 x2

dx �
�

2cosθ
2cosθ

dθ � θ � C � sin� 1 x
2
� C �

Checkby differentiation.Thedefiniteintegral thenbecomes
� a

0

1�
4 	 x2

dx � sin� 1 a
2

sotheimproperintegralbecomes

� 2

0

1�
4 	 x2

dx � lim
a� 2�

� a

0

1�
4 	 x2

dx � lim
a� 2� sin� 1 a

2
� π

2 �
sothegivenintegralconvergesto thatvalue.
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(b) Theintegrandhasapoleat z � 2 sotheintegralshouldbeinterpretedas
� 3

0

�
z 	 2 ��� 1
 3 dz � lim

a� 2�
� a

0

�
z 	 2 ��� 1
 3 dz � lim

b� 2�
� 3

b

�
z 	 2 ��� 1
 3 dz �

Thenext stepis to find theindefiniteintegral
� �

z 	 2 � � 1
 3 dz

which is easywith thesubstitutionu � z 	 2, du � dz:

� �
z 	 2 ��� 1
 3 dz �

�
u � 1
 3 du � u2
 3

2� 3 � C � 3u2
 3

2
� C � 3

�
z 	 2 � 2
 3

2
� C �

Thedefiniteintegralsarethen

� a

0

�
z 	 2 � � 1
 3 � 3

�
a 	 2 � 2
 3

2
	 3

� 	 2 � 2
 3

2
� 3

2

�
a 	 2 � 2
 3 	 3

2

�
4 � 1
 3

� 3

b

�
z 	 2 ��� 1
 3 � 3

�
1 � 2
 3
2

	 3
�
b 	 2 � 2
 3

2
� 3

2
	 3

2

�
b 	 2 � 2
 3

sotheimproperintegral is
� 3

0

�
z 	 2 ��� 1
 3 dz � lim

a� 2�
3
2

�
a 	 2 � 2
 3 	 3

2
41
 3 � lim

b� 2�
3
2
	 3

2

�
b 	 2 � 2
 3 � 3

2
	 3

2
41
 3 �

To four decimalpoints,I have thevalueis 	 0� 8811.

(c) We first searchfor polesof the integrandin the domainof integration. The integrandbecomesinfinite
whenits denominatorgoesto zero,sowe look for rootsof theequationx2 � x 	 6 � 0. Thepolynomial
factorsandtheequationbecomes

�
x � 3 � � x 	 2 � � 0 with rootsx �
	 3, x � 2. Theintegranddoeshave a

polein thedomainof integration,namelyx � 2, sotheintegral is typeII improperandmustbeinterpreted
as

� 4

0

1
x2 � x 	 6

dx � lim
a� 2�

� a

0

1
x2 � x 	 6

dx � lim
b� 2�

� 4

b

1
x2 � x 	 6

dx �
To evaluatetheindefiniteintegral,we usepartialfractions.

�
1

x2 � x 	 6
dx � 1

5

�
1

x 	 2
	 1

x � 3
dx � 1

5
ln � x 	 2 � 	 1

5
ln � x � 3� � C �

Sothedefiniteintegralsare
� a

0

1
x2 � x 	 6

dx � 1
5

ln � a 	 2� 	 1
5

ln � a � 3� 	 1
5

ln2 � 1
5

ln3

� 4

b

1
x2 � x 	 6

dx � 1
5

ln2 	 1
5

ln7 	 1
5

ln � b 	 2� � 1
5

ln � b � 3 ���
However, lima� 2� ln � a 	 2� �
	 ∞, soit followsthattheimproperintegral is divergent.

(d) As x � 0� theintegranddiverges,sotheintegral is improperof typeI. To evaluatetheindefiniteintegral,
make thesubstitutionu � lnx, du � dx � x, dx � eu du to obtain

�
lnx�

x
dx �

�
u

eu
 2
eu du �

�
ueu
 2 du � 2ueu
 2 	 4eu
 2 � C � 2

�
x lnx 	 4

�
x � C �

Theimproperintegral is then
� 1

0

lnx�
x

dx � lim
a� 0�

� 1

a

lnx�
x

dx � lim
a� 0� 2

�
a lna 	 4

�
a 	 2

�
1ln1 � 4

�
1 � lim

a� 0� 2
�

a lna 	 0 	 0 � 4�
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To evaluatethelimit on theright handsideof theabove,we useL’Hôpital’s rule:

lim
a� 0� 2

�
a lna � lim

a� 0�
2lna

a � 1
 2
� lim

a� 0�
2

a
� 	 1� 2 � a � 3
 2

� lim
a� 0�

	 4a1
 2 � 0

sotheimproperintegralconvergesto thevalue4.

4. (a) We maybeableto evaluatethe indefiniteintegral in this case,but thereis no need.We just estimatethe
integrand.Theintegrandlooksa lot like 2� x, andtheintegral of 2� x divergeson theinterval � 1� ∞ � , sowe
suspectthatthegivenimproperintegraldiverges,soweestimatetheintegrandfrom below. We have

2
x �

2 � e � x

x

becausee � x � 0. Since
� ∞

1

2
x

dx � lim
M� ∞

2lnM � ∞

we concludethatthegivenintegralalsodivergesby thecomparisontest.

(b) Thedenominatorlooksalot like
�

x6 � x3, andtheintegralof x � x3 � 1� x2 convergesontheinterval � 1� ∞ � ,sowesuspectthatthegivenintegralconverges.Sowe try to estimatetheintegrandfrom above. In fact

x�
1 � x6 �

x
x3

� 1
x2

on � 1� ∞ � because

�
x6 � 1 � x6 �

Since
� ∞

1

1
x2 dx � lim

M� ∞
1 	 1

M

converges,it follows from thecomparisontestthatthegivenintegralconverges.

(c) Onthedomainof integration � 0� 1� , thefunctione � x is (veryroughlyspeaking)aconstant,sotheproperties
of the integrande � x � � x shouldbe (very roughly speaking)the sameasthe propertiesof the integrand
1� � x. Theintegral

� 1

0

1�
x

dx

convergesby directevaluationasin question3 (quitesimilar to 3(b), in fact),sowe expectthat thegiven
integralshouldconvergetoo. To confirmourexpectation,weusethecomparisontest.Ontheinterval � 0� 1�we have0 � e � x � 1 (draw a graphto seewhy), soon theinterval

�
0� 1� wehave

0 �
e � x�

x �
1�
x
�

Sincetheintegral of theright handsideof theaboveconvergeson
�
0� 1� , thegivenintegral alsoconverges

by thecomparisontest.

(d) Theintegranddivergesasx � 0� sotheintegral is improperof typeII. Near0 thesinefunctionis approx-
imatelythesameasx, sotheintegral is roughlysimilar to

� π
 2
0

1
x2 dx
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which diverges.Thereforewe expectthatour integral diverges,sowe try to estimatethe integrandfrom
below. Wewould likeabetterestimatefor sinx ontheinterval � 0� π � 2� . Wecanin factsaythatsinx � x on
thatentireinterval, not just near0: in orderto prove that inequalityyou couldshow that it holdsat 0 and
thenshow thatx 	 sinx is anincreasingfunctionon theinterval. In any case,we have

0 �
1
x �

1
sinx

��� 0 �
1
x2 �

1
xsinx

�
Sincethe integral over

�
0� π � 2� of the middle term of the above inequality diverges,it follows by the

comparisontestthatthegivenintegraldiverges.

We actuallydid morethanwasrequired.We couldhave solvedtheproblemusingonly the“zerothorder
estimate”for sin, i.e., 0 � sinx � 1 on � 0� π � 2� insteadof thefirst orderestimate0 � sinx � x on � 0� π � 2� .(Try it!) However, sometimesthe first orderestimateis required. Consider, for example,whetherthe
improperintegral

� π
 2
0

dx�
x sinx

convergesor diverges.

5. Takingthelimit throughoutthegivenformula,

lim
t � ∞

� t

0
xneax dx � lim

t � ∞

1
a

tneat 	 1
a

0nea � 0 	 n
a

lim
t � ∞

� t

0
xn � 1eax dx;

thesecondlimit aboveis 0 by thehint sotheformulabecomes
� ∞

0
xneax dx �
	 n

a

� ∞

0
xn � 1eax dx

which is actuallysimplerthanthecorrespondingformulaon afinite interval. It follows that

� ∞

0
x2e � 3x dx � 2

3

� ∞

0
x1e � 3x dx � 2

3
1
3

� ∞

0
x0e � 3x dx � 2

9
1	 3

e � 3x
∞

0

� 2
27

�

(Question:this improperintegral cangive usa generalizationof thefactorialfunction to any nonnegative real
number;how?)

6. Theintegral is typeI improper, soto makesenseof it we mustwrite

� ∞

0

x
x2 � 1

	 C
3x � 1

dx � lim
M� ∞

� M

0

x
x2 � 1

	 C
3x � 1

dx �

Thelatterintegralcanbeevaluatedasfollows: for thefirst termin theintegrand,let u � x2 � 1 giving du � 2x dx,
du � 2 � x dx,

�
x

x2 � 1
dx �

�
1
u

du
2

� 1
2

ln � u � � C1
� 1

2
ln � x2 � 1 � � C1 �

(Checkby differentiating.)For thesecondtermin theintegrandwehave

�
C

3x � 1
dx � C

3
ln � 3x � 1� � C2 �

(Checkby differentiating.)Altogetherwehave

� ∞

0

x
x2 � 1

	 C
3x � 1

dx � lim
M� ∞

1
2

ln � M2 � 1 � 	 C
3

ln � 3M � 1���
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Weneedto find avalueof C for which thelatterlimit converges.Weturn it into aquotientby exponentiatingso
wecanapplyL’Hôpital’s rule or somethingsimilar:

lim
M� ∞

1
2

ln � M2 � 1 � 	 C
3

ln � 3M � 1� � ln lim
M� ∞

e � 1
 2 ln !M2� 1 ! � � C
 3 ln ! 3M� 1 ! � ln lim
M� ∞

�
M2 � 1 � 1
 2�
3M � 1 � C
 3 �

Actually, we don’t have to apply L’Hôpital’s rule to evaluatethe latter limit. Justdivide the numeratorand
denominatorthroughby M to obtain

lim
M� ∞

1
2

ln � M2 � 1 � 	 C
3

ln � 3M � 1� � ln lim
M� ∞

�
1 � 1� M2 � 1
 2�

3M1 � 3
 C � M � 3
 C � C
 3
�

For the limit to exist, we needlimM� ∞ 3M1 � 3
 C � M � 3
 C � 0 which implies 1 	 3� C " 0. For the logarithm
of thelimit to exist, we needlimM� ∞ 3M1 � 3
 C � M � 3
 C

� ∞ which implies1 	 3� C � 0. We concludethatwe
musthave1 	 3� C � 0, i.e.,C � 3, in whichcase

lim
M� ∞

1
2

ln � M2 � 1 � 	 C
3

ln � 3M � 1� � ln lim
M� ∞

�
M2 � 1 � 1
 2�
3M � 1 �

� ln lim
M� ∞

�
1 � �

1� M � 2 � 1
 2�
3 � 1� M �

� ln
1
3
�

In conclusion,thegivenimproperintegralconvergesif andonly if C � 3, in whichcasethevalueof theimproper
integral is 	 ln3.
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