MATH 111 ProblemSet7 SolutionsDRAFT

Edward Doolittle
Novemberl5, 2006

(a) The volume of a typical disk elementis Ty? dx = T¢*/3 dx. Integratingover the x-domaincovering the
region,
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(a)y = x%/3, areaelement (b) y = x?/3 revolved,volumeelement

Figurel: y = x?/3 aboutthe x-axis, disk method

(b) Sincey = x2/3 we have the inversefunction x = y¥2. The volumeof a typical disk elementis T dy =
ny® dy. Integratingover they-domaincoveringtheregion,
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SeeFigure?2.

(c) In this casewe have washersatherthandisks. The volumeof atypical washerelemenis T[(yg — yf) dx=
((x?/3 4 1)? — 1) dx. Integratingover the appropriatedomain,
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SeeFigure3.

(d) Asin partlb, x = y¥2. Thevolumeof atypical disk elementis (X2 — x3) dy = 1((y*/2 +2)2 — 22) dy.
Integratingover the appropriatedomain,
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(a)y = x?/3, areaelement (b) y = x?/3 revolved,volumeelement

Figure2: y = x?/3 aboutthey-axis, disk method

(a)y = x%/3, areaelement (b) y = x?/3 revolved,volumeelement

Figure3: y = x2/3 abouttheline y = —1, washemethod



SeeFigure4.

(a)y = x?/3, areaelementaxis of rotation (b) y = x?/3 revolved, volumeelementaxis of rotation
Figure4: y = x?/3 abouttheline x = —2, washemethod

2. (a) Foratypicalshellelementtheheightisy, theradiusis x, andthethicknesof theshellis dx, sothevolume
of atypical shellelementis 2rxy dx = 2mx- x3 dx. Integratingfrom x = 0 to x = 2 gives
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SeeFigure5. Notethatthey-axishasbeenscaledby 0.5 to make thediagramclearer

(@)y=x3, areaelement (b) y = @ revolved,volumeelement

Figure5: y = x3 aboutthey-axis, shellmethod

(b) Foratypicalshellelementtheheightis x, theradiusis y, andthethicknesof theshellis dy, sothevolume
is 2myx dy = 2ny- y1/3 dy. Integratingfromy = Oto y = 8 gives
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SeeFigure 6. Both they andz axeshave beenscaleddown by a factorof 0.5 for clarity. Also, | had
considerabldifficulty finding a goodview of the solid usingmy ray tracer probablybecausdhe solid
obscurests surfacein mostinterestingviews, sol optedfor a cutavay view of half of thisone.lI likeit, so
I mighttry it with the otherdiagramssometime.




(a)y = x3, areaelement (b) cutaway view of y = x revolved,volumeelement

Figure6: y = x3 aboutthex-axis, shellmethod

3. (a) Sincewe arerevolving acurve of theformy = f(x) aboutthey-axis,the shellmethodis likely preferable.
(The problemcanstill be donewith thewashemethod,but youwill encounteseveraldifficulties. Try it
if youfeellike achallenge.)or atypical shellelementtheheightis y, theradiusis x, andthethicknesds
dx, sothevolumeis 2mxy dx = 2rxsinx dx. Integratingfrom O to 1,
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To evaluatethe above integral, we will needto integrateby parts. Let u = x, dv = sinx dx, du = dx,
V= —COSX:
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(b) Sincewe arerevolving a curve of the form y = f(x) aboutthe x-axis, the disk methodis likely prefer
able. (Using the shell methodis even more of a challengethan using the disk methodin the previ-
ous problem, but is still possible.) A typical disk elementhasradiusy and width dx so its volume is
ny? dx = Tisin? xcog* x dx. Integratingfrom x = 0 to x = 11/2,
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Sinceneithersin nor cosappearo anodd power in theabove integral, we aregoingto have to usedouble
angleformulas.We have
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4. Sincewe areusingthe shell methodaboutthe x-axis, it will be helpful to expressthe curve boundingthe area

in questionasa functionof y: x = (1/2)/1— 9y2. Thenthe heightof ashellelemenis /1 — 9y2, theradiusis
y, andthethicknesss dy. Theappropriatedlomainof integrationis fromy = 0toy = 1/3, sothevolumeof the
ellipsoidof revolutionis
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Make the algebraicsubstitutionu = 1 — 9y?, du = —18ydy, du/(—18) = y dy:
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5. SeeFigure? for aroughoutlineof thesituation.At apoint (x y) onthesemicircley= + 1 — x2, thecylindrical
shellgeneratedy the areaelementbetweerthe semicircleandthe x-axis hasheighty, radiusx, andwidth dx,
for avolumeof V1 = 2rxy dx. Thecorrespondingvashemwith edgeghattouchthe semicircleat samepointsas

Figure7: A View of ArchimedesTombstone

theshellhasoutsideradiusl, insideradiusx, andwidth dy, for avolumeof V, = 1(1— x?)dy. Sincex?+y? =1,
V, = 1y?dy. Sincex dx = —y dy we have Vi = 2nyx dx = —2nyy dy = —2V,. The negative signis troubling
becauseave expectvolumesto be nonneyative, but it is explainedby thefactthatwe areintegrating‘againstthe
flow’ in they-axis: aninsideedgeof the shellcorrespondso an outsideedgeof the washerandvice versa. If
we take absolutevalueseverywhereijt all worksout.

Archimedes’argumentwasnecessarilynorecomplicatecbecausdie didn’t have the machineryof calculus(in
particularthetheoryof Riemanrintegration)to supporthim. He usedthewashemethodinsidethespherepnly
with trapezoidal ratherthanrectangularareaelementsandhe found upperandlower approximationgo the
volumes.



