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1. (a) The volumeof a typical disk elementis πy2 dx � πx4
�
3 dx. Integratingover the x-domaincovering the

region,
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SeeFigure1.

(a) y � x2
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3, areaelement (b) y � x2
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3 revolved,volumeelement

Figure1: y � x2
�
3 aboutthex-axis,diskmethod

(b) Sincey � x2
�
3 we have the inversefunction x � y3

�
2. The volumeof a typical disk elementis πx2 dy �

πy3 dy. Integratingover they-domaincoveringtheregion,

V ��� 4

0
πy3 dy � π

y4

4

4

0

� 64π �
SeeFigure2.

(c) In thiscasewehavewashersratherthandisks.Thevolumeof a typicalwasherelementis π � y2
2 � y2
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 1 � 2 � 1 � dx. Integratingover theappropriatedomain,
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SeeFigure3.

(d) As in part1b, x � y3
�
2. Thevolumeof a typical disk elementis π � x2
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Integratingover theappropriatedomain,
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(a) y � x2
�
3, areaelement (b) y � x2

�
3 revolved,volumeelement

Figure2: y � x2
�
3 aboutthey-axis,diskmethod

(a) y � x2
�
3, areaelement (b) y � x2

�
3 revolved,volumeelement

Figure3: y � x2
�
3 abouttheline y � � 1, washermethod
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SeeFigure4.

(a) y � x2
�
3, areaelement,axisof rotation (b) y � x2

�
3 revolved,volumeelement,axisof rotation

Figure4: y � x2
�
3 abouttheline x � � 2, washermethod

2. (a) For atypicalshellelement,theheightis y, theradiusis x, andthethicknessof theshellis dx, sothevolume
of a typicalshellelementis 2πxy dx � 2πx � x3 dx. Integratingfrom x � 0 to x � 2 gives
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SeeFigure5. Notethatthey-axishasbeenscaledby 0� 5 to make thediagramclearer.

(a) y � x3, areaelement (b) y � x3 revolved,volumeelement

Figure5: y � x3 aboutthey-axis,shellmethod

(b) For atypicalshellelement,theheightis x, theradiusis y, andthethicknessof theshellis dy, sothevolume
is 2πyx dy � 2πy � y1

�
3 dy. Integratingfrom y � 0 to y � 8 gives
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SeeFigure6. Both the y and z axeshave beenscaleddown by a factorof 0� 5 for clarity. Also, I had
considerabledifficulty finding a goodview of the solid usingmy ray tracer, probablybecausethe solid
obscuresits surfacein mostinterestingviews,soI optedfor acutawayview of half of thisone.I like it, so
I might try it with theotherdiagramssometime.
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(a) y � x3, areaelement (b) cutawayview of y � x3 revolved,volumeelement

Figure6: y � x3 aboutthex-axis,shellmethod

3. (a) Sincewearerevolving acurveof theform y � f � x � aboutthey-axis,theshellmethodis likely preferable.
(Theproblemcanstill bedonewith thewashermethod,but you will encounterseveraldifficulties. Try it
if you feel likeachallenge.)For a typicalshellelement,theheightis y, theradiusis x, andthethicknessis
dx, sothevolumeis 2πxy dx � 2πxsinx dx. Integratingfrom 0 to π,
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To evaluatethe above integral, we will needto integrateby parts. Let u � x, dv � sinx dx, du � dx,
v � � cosx:
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(b) Sincewe arerevolving a curve of the form y � f � x � aboutthe x-axis, the disk methodis likely prefer-
able. (Using the shell methodis even more of a challengethan using the disk methodin the previ-
ous problem,but is still possible.) A typical disk elementhasradiusy andwidth dx so its volume is
πy2 dx � πsin2 xcos2 x dx. Integratingfrom x � 0 to x � π � 2,
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Sinceneithersin nor cosappearto anoddpower in theabove integral,we aregoingto have to usedouble
angleformulas.We have
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4. Sincewe areusingtheshellmethodaboutthex-axis, it will behelpful to expressthecurve boundingthearea

in questionasa functionof y: x � � 1� 2 � 1 � 9y2. Thentheheightof ashellelementis 1 � 9y2, theradiusis
y, andthethicknessis dy. Theappropriatedomainof integrationis from y � 0 to y � 1� 3, sothevolumeof the
ellipsoidof revolution is
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Make thealgebraicsubstitutionu � 1 � 9y2, du � � 18y dy, du �
� � 18� � y dy:
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5. SeeFigure7 for aroughoutlineof thesituation.At apoint � x � y � onthesemicircley � 
�� 1 � x2, thecylindrical

shellgeneratedby theareaelementbetweenthesemicircleandthex-axishasheighty, radiusx, andwidth dx,
for avolumeof V1

� 2πxy dx. Thecorrespondingwasherwith edgesthattouchthesemicircleatsamepointsas

Figure7: A View of Archimedes’Tombstone

theshellhasoutsideradius1, insideradiusx, andwidth dy, for avolumeof V2
� π � 1 � x2 � dy. Sincex2 
 y2 � 1,

V2
� πy2dy. Sincex dx � � y dy we have V1

� 2πyx dx � � 2πyy dy � � 2V2. The negative sign is troubling
becauseweexpectvolumesto benonnegative,but it is explainedby thefactthatweareintegrating‘againstthe
flow’ in they-axis: an insideedgeof theshellcorrespondsto anoutsideedgeof thewasherandvice versa.If
we takeabsolutevalueseverywhere,it all worksout.

Archimedes’argumentwasnecessarilymorecomplicatedbecausehedidn’t have themachineryof calculus(in
particularthetheoryof Riemannintegration)to supporthim. Heusedthewashermethodinsidethesphere,only
with trapezoidal,ratherthanrectangular, areaelements,andhe found upperandlower approximationsto the
volumes.
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