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1. (a) Takingthedervative,we have
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Squaringwe have
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It followsthat
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(b) Thehard way. We have
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Now we make therationalizingsubstitutioru= /1+ 1/x, du=1/2(1+1/x)~%/2. ~1/x?dx, —2udu/(u—

1)? = dx to obtain
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We continuewith the partialfractionsdecompositionetc.
The easy way. We integratewith respecto y insteadof x. We have
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Making the substitutiony = (1/2)tan®, dy = (1/2) se¢6 db we have
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We thenlook up theintegral for se¢ 8 in atableandproceedrom there.

(c) We have
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(assumingk > 0; if x < 0, a slight changeto the final equalityis required;whatdo you think that might
be?).1t followsthatthearclengthis
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To dotheindefiniteintegral, let u = e — 1, du = 2e? dx, du/(2u+ 2) = dx,
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Thereforethearclengthis
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(d) We havey = (1/cosx)(— sinx) = —tanx, so
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You cancalculatethe valueusinga calculatoror you canusea 30-60-90degreeright triangleto find the
exactvalue.

2. Thearclengthfunctionis

:/1X,/1+(yf)2 dx.

(Strictly speakingwe shouldusea dummyvariableinsidetheintegral sothatthe two differentmeaningf the
letterx don’t getconfused. Filling in thedetails,
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3. Wehavey = 1+ 1/x? sotheleft handsideis
1 1
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which agreeswith theright handside.
4. Firstwe verify thatthefunctionis a solutionto thedifferentialequation.Theleft handsideis
y — (tanx)y = co$’ x— sir? X+ sinx+ (tanx) (SiNXcosx — cosx) = co$ x— sin’ X+ sinx+ sir? x— sinx = cos* x

which agreeswith theright handside,sothefunctionis a solutionto the differentialequation.
Secondyve verify thatthe givenfunction satisfiegheinitial condition:

y(0) = sin(0)cog0) —cog0) =0(1) —1=-1

so the function also satisfiesthe initial conditiony(0) = —1, so the functionis a solutionto the initial value
problem.

5. (a) If y=¢theny =€,y =€ andy’ +2y +y=4€ # 0so¢ is notasolution.
(b) fy=ettheny =—e ',y =etandy’ +2y +y=e'-2e'+et=0soe!isasolution.
(c) fy=tettheny =et tel,y= et -el4tet=2et+tet, and

Y42y +y=-2et+tet+2et 2et+te'=0

sote™! is asolution.
(d) f y=t2ettheny =2te ' —t2ely' =2e ' —2te ' —2te ' +t2e ' =2e ' —4te ' +t%e L and

Y +2y+y=2et—dtet+t?et+ate - 2% 1 +t%e =21 £0
sot?e ! is notasolution.
6. Wehavey =réet,y' =r2dt so
y' +y —6y=r2 +ret —6e" = (r2+r—6)e.
Theabove expressioris zeroif andonly if r2+r —6=0,i.e.,if r=—3orr = 2.
7. Wedid thisonein class.
8. (a) Theleft handsideof theequationis
y = ,%(C, x2) 32 _2x=x(c—x?) %2

by the chainrule. Theright handsideof the equations
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Thetwo sidesagree sothe givenfunctionis a solutionto the differentialequation.



(b) We try to find a valueof ¢ sothatthe functiony = (c — x?)~%/2 hasthe propertyy(0) = 2. In termsof
c we have y(0) = (c— 0%)~Y/2 = ¢~ %/2, If y(0) = 2 we have ¢c~1/2 = 2 which implies c/2 = 1/2 which
impliesc = (1/2)? = 1/4. Checking,the functiony = ((1/4) — x?)~%/2 is a solutionto the giveninitial
valueproblem.

(c) You cangraphmembersof the family of functions,or try letting c — oo, or try solving the separable
differentialequationdy/dx = xy*, andyou’ll seethatthereis an*“envelopesolution”y = 0 whichis not of
theformy = (c— x?)~%/2,

9. Differentiatingimplicitly, we have
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Integratingover the branchof thecurve in quadrant we have
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Sincetherearefour branchesachwith the samelengthby symmetry we have the total lengthof the curve is
4.(3/2)=6.

10. Wehavey = (4/3)xY/3, (y')2 = (16/9)x%/3, so
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Thisis atoughintegral, but notimpossible Let u = x'/3. Thendu = x~2/3 dx, dx= 3u? du,

/ 1+1_96X2/3dx:/,/1+%3u23u2du.

Now make thetrig substitution(4/3)u = tan@, du = (3/4)se¢ 0 de,
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Probablythebestway to tackletheabove integralis to changeall thetars to secsusingthe Pythagoreaidentity
andthenusea reductionformula (or integrationby parts)for theintegral of powersof sec. Theintegral canbe
evaluatedin closedform sothearclengthcanbe calculatedexactly. (If anyonehascompletedhe calculation,
I'd appreciatet if | couldborrow your notesto completethis solutionset.)



