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(a) Separatings andys,

dx
yW—7

dx
[yav=[5

%f:mm+o
If we cansolve for y, we should,andwe obtain
y? =Inx>+2C
y=(Inx2+C)%?2
wherel usedthelogarithmlaw 2Ina = Ina? andreplaced®C with anotheconstanC’ which| thenchanged

into aC. (Both of thoseoperationsareoptional,but make it easierto check.) You shouldcheckthatthe
above family of functionsactuallyis a solution.

(b) Thisisin thenotes.
(c) Separatingariables,
3—3’ = sinx dx
—y 1= _cox+C
yl=cosx—C
y=(cosx—C) L.
Check.
(d) Separatingariables,

2Inu G~ bt
u

/@du:/tdt.
u

Theintegral on theleft sidecanbe donewith the substitutionv = Inu, dv = du/u to obtain

1
/amV=§€+c
1 1
V2 = Zt? +C(Inu)? =2t’4C
2 2
wherethelaststepreverseghe substitutionv = Inu. Now, solvingfor u explicitly, we have

1 1/2
Inu= <§t2+c>

u— elt?/2+C)Y2.

Check.



2. The stratagyy for the initial value problemsis first to find a family of functionswhich satisfiesthe differential
equation,andthento find a memberof the family which also satisfiesthe initial condition, which we do by
solvingfor C. Notethatall the differentialequationsn this questionareseparable.

(a) Separatingariables,

2
1ty dy = cosxdx
2
/14;,y dy:/cosxdx

/}+ydy: sinx+C
y
Inly| + %yz = sinx+C.

It is not clearhow to solve for y explicitly, sowe justleaveit asis. Now we find the memberof thatfamily
of implicit functionswhich satisfiegheinitial conditiony(0) = 1 by substitutingx = 0 andy = 1 andthen
solvingfor C:

1 1
In1+ =(1)? =sin0+C= =C.
n +2() sin0+C5
Thereforethe solutionto theinitial valueproblemis thefunctiony(x) satisfying

1 1
| —y°=si =.
nly|+ 2y2 sinx-+

You shouldcheckthatit actuallysolvestheinitial valueproblem.You will needto useimplicit differenti-
ation.

(b) Separatingariables,
P~12dp =tY2 dt

2pY/2 — §t3/2+c

Pl/z = %t3/2+cl
1 2
P=(zt324C) .
(3 +)

For theinitial conditionwe have P =2 whent = 1 so

1.3, 2
2= (51 +c>
_1

V2 5+C

1

C=v2-—_.

V2 3
Thesolutionto theinitial valueproblemis therefore
P= 1']:3/2_1'_’_\/5 ?
3 3 '

Check.



(c) Separatingariableswve have

e Ydy=tdt
_ev=1eic
2
1
Y — T2 _
e 2t C

—y=In(-t?/2-C)
y=—In(-t?/2-C).
Theinitial conditionsaysthaty = 0 whent = 1 sowe have

0=—In(-1/2—C)

0=In(—-1/2—C)
1=-1/2-C
C=-3/2.

Thereforethe solutionto theinitial valueproblemis

=—In 3_ f
y= 27 2)
Check.

(d) Wefirst movethey from theleft to theright andthenseparatgs andxs:

dy
x&+y—y2
dy

x&—yz—

dy _d_x

yly-1) x
/;L_} _ [dx
y—1 y ) x

Inly—1]—Inly| =In|x| +C.
We canactuallysolve for y explicitly. By alaw of logarithms,

In|(y—1)/yl=1In|x/ +C

I(y—1)/y|=Ca[X]
1—:—L =Cx
y
:—Lzlfo
y
1
Y=1"cx

At this point, it might be a goodideato checkwhetherwe have the correctfamily of functions. The next
stepis to pick avalueof C sothatthefunctionsatisfiegheinitial conditiony = —1 whenx =1, i.e.,




Thereforethe solutionto theinitial valueproblemis

1

YT
Now you definitely shouldcheckthattheabove functionactuallyis a solutionto theinitial valueproblem.

3. For eachof theseequationsyve putit into the standardorm y’ + P(x)y = Q(x), thenfind anintegratingfactor,
multiply theequationin standardorm by thefactor usethe productrule in reverse thenintegrate.

(a) We putthe equationinto thestandardorm
y —By=x

from whichwe seethatP(x) = —5. Thereforeanintegratingfactoris | (x) = e, Multiplying theequation
in standardorm by theintegratingfactorwe obtain

e Xy —5e Yy=xe >
Theleft handsidecanbewritten as(e~>*y)’ sowe obtainthe equation

(875Xy)/ _ XeiSX.

Integratingbothsides,
1 1
—5X —5X —5X —5X
ey / xe X 5xe 25e +
wherethelatterresultwasobtainedby integrationby parts.Solvingfor y,
1 1 5x
y= Bx 2—5+Ce .

You shouldcheckthatthe above familiy of functionsactuallysatisfieshe equation.
(b) Write theequationin standardormy + P(X)y = Q(x):

2 1
)/+)—(y= ?coszx.

An integratingfactoris
|(X) _ efP(x) dx _ e[2/xdx _ e2Inx _ X2.

The equationwasoriginally in a form which could have beenintegrateddirectly; if you noticedthat,you
couldhave gonedirectly to the next step.Theequationis

(x%y) = co¥x = xzyz/coéxdx: %/cos(Zx)—kldx: %sin(Zx)—i—%x—kC.

Thereforethe generakolutioncanbewritten

1 . 1 1
y= R5|n(2x)+5(+cﬁ.

You shouldcheckthatthe above family of functionsactuallysolve the equation.
(c) In standardorm we have

y —tanxy = xsin2x.
An integratingfactoris

|(X) _ ef—tanxdx _ eln\cosx\ = COSX,



wherewe candropthe absolutevaluesignsbecausef the restrictionon x: —11/2 < x < 1/2 impliesthat
|cosx| = cosx. Anyway, multiplying by theintegratingfactorwe have

CoSXY — sinxy = Xsin2x cosx = (cosxy)’ = Xsin2xX cosx = COSXy = /xsian cosx dx.

Theintegral ontheright handsideis difficult but notimpossiblefor us. Thebestway to handleit is to use
theangleadditionformulas

Sin(2x + X) = SiN2xXcosx+ cos2xsinx

sin(2x — X) = sin2Xcosx — COS2XSinX.
Adding theabove formulasgives

sin(3x) + sinx = 2sin2xcosx

sotheintegral canbewritten

1 . . 1 1 1 1.

> /xsm3x+x5|nx dx = —éxcos?>x+ Esm:%x— zxcosH— > sinx+C,
integratingby parts.The solutionto the differentialequationis therefore

y L (—}xcos3x+ isin3x— }XCOSX-F 1 sinx+C) .

~cox \ 6 18 2 2
It maybepossibleto simplify with trig identities.You shouldcheckthatthe solutionsatisfieghe differen-
tial equation.
(d) In standardorm the equationis
r'+ ir _ 1
tint Int

To find anintegratingfactorwe needto integrate

1 dt:/} du=Inu+C=Inint+C
tint u

wherethe substitutionu = Int wasapplied.Thereforeanintegratingfactoris
| (x) = e/ P ax — gnint _ ¢,
Multiplying by theintegratingfactorgives

Intr'+?1r:et = (Intr) =¢ = Intr:/édt:é+C = r:%+%.

Check.

4. Asin question2, we solve the differentialequationandthenpick a value of C for which the solutionsatisfies
theinitial condition.

(a) By 3(a),thesolutionto thedifferentialequationis

1 1 5x
y= 5x 25+Ce .
For theinitial condition,we havey =1 andx =0, i.e.
_ 1 1 5(0) _ 1 26
1= 5(0) 25—|—Ce = 1= 25+C = C= 5"
Sothesolutionto theinitial valueproblemis
1 1 26 5
y= BX 2—5+ 2—58 .

You shoulddoublecheckthatsolution.



(b) Skippingawholebunchof stepstheequatiorwith theintegratingfactoris

2y +2y=t* —= (t%y) =t* = t%y= ét5+C — y= ét3+Ct*2.

Usingtheinital condition,we have

1 1
0=2(1)3+C(1)72 C=-2
Z(1°+C(1)2 = C=—F
sothesolutionto theinitial valueproblemis
1 3 1 2
=3t 2
Y=g 5

Check.
(c) With theappropriaténtegratingfactorthe equatiorbecomes

X2y + :—le’l/zy: A2 —= (x2y) =32 —= xYy =232+ C = y=2x+Cx Y2
Usingtheinitial conditionwe have
20=2(4)+C(4)V? — 12:(% — C=24,

sothesolutionto theinitial valueproblemis

y = 2x+ 24x /2,

Check.
(d) Heretheintegratingfactoris not obvious. We write the equationin standardorm
1
Y- X(X+ 1)y_ L

To find anintegratingfactorwe mustintegrate

1 1 1
= _dx= [ ——  Zdx=In|x+1|—In|x =|
/ X(x+1) X /x+1 x X nx+1i=Injx =In

soanintegratingfactoris

x+1

)

I(x) = nloer D — XL
X

wheretheabsolutevaluesignsweredroppedecausef theconditionx > 0. Multiplying by theintegrating
factorwe obtainthe equation

x+1 1 x+1 x+1 )’ 1 x+1 X2  xInx X
=— = | —VY)| =1+- = —y=x+Inx+C = y= + + .
X X2 X X X x+1 x+1 x+1

Theinitial conditiongives

1 0 1
O_§+§+C§ — C=-1,
sothesolutionto theinitial valueproblemis

x2  xlnx X

X+1 X1l X+l

y:
Check.
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