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1. (a) Separatingxsandys,

y dy � dx
x�

y dy �
�

dx
x

1
2

y2 � ln � x ��� C �
If we cansolve for y, we should,andweobtain

y2 � lnx2 � 2C

y ��� lnx2 � C � 1	 2
whereI usedthelogarithmlaw 2lna � lna2 andreplaced2C with anotherconstantC
 whichI thenchanged
into aC. (Both of thoseoperationsareoptional,but make it easierto check.)You shouldcheckthat the
abovefamily of functionsactuallyis asolution.

(b) This is in thenotes.

(c) Separatingvariables,

dy
y2

� sinx dx

� y � 1 � � cosx � C

y � 1 � cosx � C

y �
� cosx � C ��� 1 �
Check.

(d) Separatingvariables,

2lnu
u

du � t dt
�

2lnu
u

du �
�

t dt �
Theintegralon theleft sidecanbedonewith thesubstitutionv � lnu, dv � du � u to obtain�

2v dv � 1
2

t2 � C

v2 � 1
2

t2 � C � lnu � 2 � 1
2

t2 � C

wherethelaststepreversesthesubstitutionv � lnu. Now, solvingfor u explicitly, wehave

lnu � 1
2

t2 � C
1	 2

u � e � t2	 2� C� 1� 2 �
Check.
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2. The strategy for the initial valueproblemsis first to find a family of functionswhich satisfiesthe differential
equation,andthento find a memberof the family which alsosatisfiesthe initial condition,which we do by
solvingfor C. Notethatall thedifferentialequationsin this questionareseparable.

(a) Separatingvariables,

1 � y2

y
dy � cosx dx

�
1 � y2

y
dy �

�
cosx dx

�
1
y
� y dy � sinx � C

ln � y ��� 1
2

y2 � sinx � C �
It is notclearhow to solvefor y explicitly, sowejust leave it asis. Now wefind thememberof thatfamily
of implicit functionswhichsatisfiestheinitial conditiony � 0 � � 1 by substitutingx � 0 andy � 1 andthen
solvingfor C:

ln1 � 1
2
� 1 � 2 � sin0 � C

1
2

� C �

Thereforethesolutionto theinitial valueproblemis thefunctiony � x � satisfying

ln � y ��� 1
2

y2 � sinx � 1
2
�

You shouldcheckthatit actuallysolvestheinitial valueproblem.You will needto useimplicit differenti-
ation.

(b) Separatingvariables,

P � 1	 2 dP � t1	 2 dt

2P1	 2 � 2
3

t3	 2 � C

P1	 2 � 1
3

t3	 2 � C1

P � 1
3

t3	 2 � C
2

�

For theinitial conditionwe haveP � 2 whent � 1 so

2 � 1
3

13	 2 � C
2

�
2 � 1

3
� C

C � �
2 � 1

3
�

Thesolutionto theinitial valueproblemis therefore

P � 1
3

t3	 2 � 1
3
� � 2

2

�

Check.
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(c) Separatingvariableswe have

e � y dy � t dt

� e � y � 1
2

t2 � C

e � y � � 1
2

t2 � C

� y � ln � � t2 � 2 � C �
y � � ln � � t2 � 2 � C ���

Theinitial conditionsaysthaty � 0 whent � 1 sowe have

0 � � ln � � 1� 2 � C �
0 � ln � � 1� 2 � C �
1 � � 1� 2 � C

C � � 3� 2�
Thereforethesolutionto theinitial valueproblemis

y � � ln
3
2
� t2

2
�

Check.

(d) We first movethey from theleft to theright andthenseparateysandxs:

x
dy
dx

� y � y2

x
dy
dx

� y2 � y

dy
y � y � 1 �

� dx
x�

1
y � 1

� 1
y

dy �
�

dx
x

ln � y � 1 � � ln � y � � ln � x ��� C �
We canactuallysolve for y explicitly. By a law of logarithms,

ln � � y � 1 ��� y � � ln � x ��� C

� � y � 1 ��� y � � C1 � x �
1 � 1

y
� Cx

1
y
� 1 � Cx

y � 1
1 � Cx

�
At this point, it might bea goodideato checkwhetherwe have thecorrectfamily of functions.Thenext
stepis to pick a valueof C sothatthefunctionsatisfiestheinitial conditiony � � 1 whenx � 1, i.e.,

� 1 � 1
1 � C � 1 �

C � 1 � 1

C � 2�
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Thereforethesolutionto theinitial valueproblemis

y � 1
1 � 2x

�
Now youdefinitelyshouldcheckthattheabovefunctionactuallyis asolutionto theinitial valueproblem.

3. For eachof theseequations,we put it into thestandardform y
�� P � x � y � Q � x � , thenfind anintegratingfactor,
multiply theequationin standardform by thefactor, usetheproductrule in reverse,thenintegrate.

(a) We put theequationinto thestandardform

y
 � 5y � x

from whichweseethatP � x � � � 5. Thereforeanintegratingfactoris I � x � � e � 5x. Multiplying theequation
in standardform by theintegratingfactorwe obtain

e � 5xy
 � 5e � 5xy � xe � 5x �
Theleft handsidecanbewrittenas � e � 5xy ��
 soweobtaintheequation

� e � 5xy � 
 � xe � 5x �
Integratingbothsides,

e � 5xy �
�

xe � 5x dx � � 1
5

xe � 5x � 1
25

e � 5x � C

wherethelatterresultwasobtainedby integrationby parts.Solvingfor y,

y � � 1
5

x � 1
25
� Ce5x �

You shouldcheckthattheabovefamiliy of functionsactuallysatisfiestheequation.

(b) Write theequationin standardform y
�� P � x � y � Q � x � :

y
 � 2
x

y � 1
x2 cos2 x �

An integratingfactoris

I � x � � e � P � x� dx � e � 2	 x dx � e2lnx � x2 �
Theequationwasoriginally in a form which couldhave beenintegrateddirectly; if you noticedthat,you
couldhavegonedirectly to thenext step.Theequationis

� x2y � 
 � cos2 x ��� x2y �
�

cos2 x dx � 1
2

�
cos� 2x ��� 1 dx � 1

4
sin� 2x ��� 1

2
x � C �

Thereforethegeneralsolutioncanbewritten

y � 1
4x2 sin� 2x ��� 1

2x
� C

1
x2 �

You shouldcheckthattheabovefamily of functionsactuallysolve theequation.

(c) In standardform we have

y
 � tanx y � xsin2x �
An integratingfactoris

I � x � � e ��� tanx dx � eln � cosx � � cosx �
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wherewe candroptheabsolutevaluesignsbecauseof therestrictionon x: � π � 2  x  π � 2 impliesthat
� cosx � � cosx. Anyway, multiplying by theintegratingfactorwehave

cosx y
 � sinxy � xsin2x cosx �!�"� cosxy � 
 � xsin2x cosx ��� cosxy �
�

xsin2x cosx dx �
Theintegralon theright handsideis difficult but not impossiblefor us.Thebestway to handleit is to use
theangleadditionformulas

sin� 2x � x � � sin2xcosx � cos2xsinx

sin� 2x � x � � sin2xcosx � cos2xsinx �
Adding theaboveformulasgives

sin� 3x ��� sinx � 2sin2xcosx

sotheintegralcanbewritten

1
2

�
xsin3x � xsinx dx � � 1

6
xcos3x � 1

18
sin3x � 1

2
xcosx � 1

2
sinx � C �

integratingby parts.Thesolutionto thedifferentialequationis therefore

y � 1
cosx

� 1
6

xcos3x � 1
18

sin3x � 1
2

xcosx � 1
2

sinx � C �
It maybepossibleto simplify with trig identities.Youshouldcheckthatthesolutionsatisfiesthedifferen-
tial equation.

(d) In standardform theequationis

r
 � 1
t ln t

r � 1
ln t

et �
To find anintegratingfactorwe needto integrate

�
1

t ln t
dt �

�
1
u

du � lnu � C � ln ln t � C

wherethesubstitutionu � ln t wasapplied.Thereforeanintegratingfactoris

I � x � � e � P � x� dx � eln lnt � lnt �
Multiplying by theintegratingfactorgives

ln t r
 � 1
t

r � et �!�#� ln t r � 
 � et ��� ln t r �
�

et dt � et � C �!� r � et

ln t
� C

ln t
�

Check.

4. As in question2, we solve thedifferentialequationandthenpick a valueof C for which thesolutionsatisfies
theinitial condition.

(a) By 3(a),thesolutionto thedifferentialequationis

y � � 1
5

x � 1
25
� Ce5x �

For theinitial condition,wehavey � 1 andx � 0, i.e.

1 � � 1
5
� 0 � � 1

25
� Ce5 � 0� �!� 1 � � 1

25
� C �!� C � 26

25
�

Sothesolutionto theinitial valueproblemis

y � � 1
5

x � 1
25
� 26

25
e5x �

You shoulddoublecheckthatsolution.

5



(b) Skippingawholebunchof steps,theequationwith theintegratingfactoris

t2y
 � 2ty � t4 �!�"� t2y � 
 � t4 �!� t2y � 1
5

t5 � C �!� y � 1
5

t3 � Ct � 2 �
Usingtheinital condition,we have

0 � 1
5
� 1 � 3 � C � 1 ��� 2 �!� C � � 1

5

sothesolutionto theinitial valueproblemis

y � 1
5

t3 � 1
5

t � 2 �
Check.

(c) With theappropriateintegratingfactortheequationbecomes

x1	 2y
 � 1
2

x � 1	 2y � 3x1	 2 �!�#� x1	 2y � 
 � 3x1	 2 �!� x1	 2y � 2x3	 2 � C �!� y � 2x � Cx � 1	 2 �
Usingtheinitial conditionwe have

20 � 2 � 4 �$� C � 4 �%� 1	 2 ��� 12 � C
1
2
�!� C � 24�

sothesolutionto theinitial valueproblemis

y � 2x � 24x � 1	 2�
Check.

(d) Heretheintegratingfactoris not obvious.We write theequationin standardform

y
 � 1
x � x � 1 � y

� 1�

To find anintegratingfactorwe mustintegrate
� � 1

x � x � 1 � dx �
�

1
x � 1

� 1
x

dx � ln � x � 1� � ln � x � � ln
x � 1

x
�

soanintegratingfactoris

I � x � � eln � � x� 1��	 x � � x � 1
x

wheretheabsolutevaluesignsweredroppedbecauseof theconditionx & 0. Multiplying by theintegrating
factorweobtaintheequation

x � 1
x

y
 � 1
x2 y � x � 1

x
�!� x � 1

x
y

 � 1 � 1

x
�!� x � 1

x
y � x � lnx � C �!� y � x2

x � 1
� x lnx

x � 1
� C

x
x � 1

�

Theinitial conditiongives

0 � 1
2
� 0

2
� C

1
2
�!� C � � 1�

sothesolutionto theinitial valueproblemis

y � x2

x � 1
� x lnx

x � 1
� x

x � 1
�

Check.
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5. (a)

(b)

(c)

(d)

(e)

6. (a)

(b)

(c)

(d)
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