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Pleasechecktheseresultscarefullyandlet meknow if thereareany errors.I haven’t hadthetimeto doacarefulcheck
of thework myself.

1. For eachof theseproblems,we doublecheckthat it is homogeneousandthensolve by makingthesubstitution
y � xv.

(a) Theright handsidecanbewritten � 1 � �
y � x � which is a functionof y � x, sotheequationis homogeneous.

We have

d
dx

�
xv � � � x � xv

x

x
dv
dx

� v � � 1 � v

x
dv
dx

� � 1 � 2v

1
1 � 2v

dv � � 1
x

dx

which is homogeneous.Integratingbothsides,

1
2

ln � 1 � 2v � � � ln � x ��� C �	� ln � 1 � 2v � � � 2ln � x ��� C1
�
� v � 1

2

�
C2x � 2 � 1 � �
� y � 1

2

�
Cx � 1 � x �
�

Check.

(b) We cancheckthattheequationis homogeneousin a waysimilar to thepreviousor by

�
�
ky � 2 � �

ky � � kx ��
kx � 2

� � k2 � y2 � yx �
k2x2

� � y2 � yx
x2

sotheequationis homogeneous.Substitutingy � xv,

x
dv
dx

� v � �
�
xv � 2 � �

xv � x
x2

� � v2 � v �
� x
dv
dx

� � v2 � 2v �
� 1
v
�
v � 2 � dv � � 1

x
dx

which is homogeneous.Integrating,

1
2

ln � v ��� 1
2

ln � v � 2 � � � ln � x ��� C �
� v
v � 2

� C1x � 2 �
� v � 2
v

� C2x2 �
� 2
v
� Cx2 � 1 �
� y � 2x

Cx2 � 1
�

Check.

(c) It’s straightforwardto verify thattheequationis homogeneous.Substitutingy � xv,

x
dv
dx

� v � x � 3xv
3x � xv

� 1 � 3v
3 � v

�
� x
dv
dx

� 1 � 3v � v
�
3 � v �

3 � v
� 1 � v2

3 � v
�
� 3 � v�

v � 1 � � v � 1 � dv � � 1
x

dx �
Integratingbothsides,

�
2

v � 1
� 1

v � 1
dv � �

� 1
x

dx �
� 2ln � v � 1��� ln � v � 1 � � � ln � x ��� C �
� v2 � 2v � 1
v � 1

� C1x � 1 �
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It’ spossibleto solveexplicitly for v, e.g.,

�
v � 1 � 2 � 4

�
v � 1 ��� 3

v � 1
� Cx � 1 �	� v � 1 � 3

�
v � 1 ��� 1 � Cx � 1 � 4 �	� �

v � 1 � 2 � �
Cx � 1 � 4 � � v � 1 ��� 3 � 0

and usethe quadraticequation,but it’s unnecessary. We can leave the solution in implicit form; just
rememberto reversethesubstitution,sothesolutionin implicit form is

y2 � 2xy � x2

xy � x2
� Cx � 1 �

Checkby implicit differentiation.

(d) Theequationis homogeneousbecause

�
ky ��� �

kx � 2 � �
ky � 2

kx
� ky ��� k2 x2 � y2

kx
� k

�
y � x2 � y2

kx
� y � x2 � y2

x
�

Making thesubstitutiony � xv,

x2 dv
dx

� xv � xv � x2 � �
xv � 2 �
� x

dv
dx

� 1 � v2 �
� 1

� 1 � v2
dv � � 1

x
dx �

Integratingbothsides,

sin� 1v � � ln � x ��� C �
� v � sin
�
C � ln � x ��� �
� y � xsin

�
C � ln � x ���
�

Check.

2. We checkthat the equationis homogeneous,then solve by making the substitutiony � xv and solving the
resultingseparableequation,then pick a value of C for which the correspondingmemberof the family of
solutionsalsosatisfiestheinitial condition.

(a) Both functionson the left andright sidesarecubic in x � y so the equationis homogeneous.Substituting
y � xv,

x3v2 dv
dx

� x3v3 � x3v3 � x3 �
� v2 dv
dx

� � 1 �
� v2 dv � � dx �
� 1
3

v3 � � x � C �
� y � x
�
C � 3x � 1� 3 �

You shouldprobablycheckthatfamily of solutions.Theinitial conditionsaysy � 2 whenx � 1 so

2 � 1
�
C � 3

�
1 ��� 1� 3 �
� 8 � C � 3 �
� C � 11

so the solution to the initial valueproblemis y � x
�
11 � 3x � 1� 3. You shoulddefinitely checkthat that

answersatisfiestheconditionsof theinitial valueproblem.

(b)

(c)

(d)

3. We write eachof theequationsin theform M
�
x � y � dx � N

�
x � y � dy � 0 andtestwhether∂M � ∂y � ∂N � ∂x.

(a) HereM
�
x � y � � 2x � 1 andN

�
x � y � � 3y � 7 sowehave∂M � ∂y � 0, ∂N � ∂x � 0, thetwo partialsareequal,

sotheequationis exact.

(b) HerewehaveM
�
x � y � � 2x � y, N

�
x � y � � � �

x � 6y � (notethatthenegativesignmust gowith N), ∂M � ∂y �
1, ∂N � ∂x � � 1, sotheequationis not exact.

(c) We have M
�
x � y � � x3 � y3, N

�
x � y � � 3xy2, ∂M � ∂y � 3y2, ∂N � ∂x � 3y2. Thetwo partialsareequalsothe

equationis exact.
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(d) Theequationin standardform is
�
1 � lnx � y � x � dx � �

lny � 1 � dy � 0 sowehaveM
�
x � y � � 1 � lnx � y � x,

N
�
x � y � � lny � 1, ∂M � ∂y � 1� x, ∂N � ∂x � 0, sotheequationis not exact.

4. We shouldverify thateachof theequationsis exactandthensolveby partial integration.

(a) HereM
�
x � y � � 5x � 4y, N

�
x � y � � 4x � 8y2, ∂M � ∂y � 4, ∂N � ∂x � 4, sotheequationis exact.We have

∂F
∂x

� M
�
x � y � � 5x � 4y

soby partialintegrationin thex variable,themostgeneralform for F is

F
�
x � y � �

�
M
�
x � y � dx � 5

2
x2 � 4xy � g

�
y �

whereg is anarbitraryfunctionof y. Dif ferentiatingpartiallywith respectto y we have

N
�
x � y � � ∂F

∂y
� 4x � g� � y � �	� 4x � 8y3 � 4x � g� � y � �
� g� � y � � � 8y3 �
� g

�
y � � � 2y4 � � C �
�

Altogetherwe have

F
�
x � y � � 5

2
x2 � 4xy � 2y4

sothe(implicit) solutionto thedifferentialequationis

5
2

x2 � 4xy � 2y4 � C �
You shouldcheckthatanswerby implicit differentiation.

(b)

(c) This equationis bothhomogeneousandexact(check)sowe couldsolve it eitherway. We will solve it as
an exact equation,but you shouldtry solving it asa homogeneousequationandcomparesolutions. By
partial integrationhave

∂F
∂x

� M
�
x � y � � x2 � y2 �
� F

�
x � y � �

� �
x2 � y2 � dx � 1

3
x3 � xy2 � g

�
y �
�

Differentiatingpartially with respectto y,

N
�
x � y � � ∂F

∂y
� � 2xy � g� � y � �
� y2 � 2xy � � 2xy � g� � y � �	� g� � y � � y2 �
� g

�
y � � 1

3
y3 � � C �
�

Thereforewe have

F
�
x � y � � 1

3
x3 � xy2 � 1

3
y3 � � C �

andthesolutionto theequationis

1
3

x3 � xy2 � 1
3

y3 � C �
It is too difficult to solve explicitly for y, sowe leave thesolutionin implicit form. You shouldcheckby
implicit differentiation.

(d)

5. For eachof theseproblems,we verify that the equationis exact, thensolve by partial integration,thenpick a
memberof thefamily of solutionsthatsatisfiestheinitial condition.
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(a) We have∂M � ∂y � 2
�
x � y � ∂ � x � y �
� ∂y � 2x � 2y and∂N � ∂x � 2y � 2x, sotheequationis exact.Partially

integratingM with respectto x,

F
�
x � y � �

�
M
�
x � y � dx � � �

x � y � 2 dx � 1
3

�
x � y � 3 � g

�
y �

whereg is anarbitraryfunctionof y. Partially differentiatingwith respectto y,

N
�
x � y � � ∂F

∂y
� �

x � y � 2 � g� � y � �
� 2xy � x2 � 1 � x2 � 2xy � y2 � g� � y � �
� g� � y � � � 1 � y2 �
� g
�
y � � � y � 1

3
y3 �

Altogetherwe have

F
�
x � y � � 1

3

�
x � y � 3 � y � 1

3
y3

sothegeneralsolutionto theequationis

1
3

�
x � y � 3 � y � 1

3
y3 � C �

At theinitial pointwe havex � 1 andy � 1 so

1
3

�
1 � 1 � 3 � 1 � 1

3
13 � C �
� 2

3
� 1 � 1

3
� C �
� C � � 2

3

sothesolutionto theinitial valueproblem(in implicit form) is

�
x � y � 3 � 3y � y3 � � 2�

It is possibleto solveexplicitly for y, but difficult andunnecessary. Youcancheckthesolutionby implicit
differentiation.

(b)

(c)

(d)

6.
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