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Pleasehecktheseresultscarefullyandlet meknow if thereareary errors.l haven't hadthetimeto doa carefulcheck
of thework myself.

1. For eachof theseproblemswe doublecheckthatit is homogeneouandthensolve by makingthe substitution

Yy =Xv.
(a) Theright handsidecanbewritten —1 — (y/x) whichis afunctionof y/x, sothe equatioris homogeneous.
We have
d X+ Xv
&Y=y
de +v=-1-v
dx
dv
X = —1-2v
1 1
1+2v dv=—5 i

whichis homogeneoudntegratingbothsides,

(Cx%-1) = y= %(Cx_l—x).

1 1
§In|l+2v| =—In|x+C = In|14+2v|=-2In|x| +C, = v= >

Check.
(b) We cancheckthattheequation's homogeneous away similar to the previousor by

(ky)?+ (ky)(k¢) KA +yx) Y +yX

(kx)2 N kx2 X2

sotheequation's homogeneousSubstitutingy = xv,

2
d—v—l-V:—M(:—VZ—V = 2oy 1 e _lux
dx X2 dx v(v+2) X

whichis homogeneoudntegrating,

X

1 1 % 2 V42 5 2 2 2x
SV =3Sinv+2) = —Injx+C = v X T = =0 = (=00l =y =
Check.
(c) It'sstraightforwardto verify thatthe equationis homogeneousSubstitutingy = xv,
xdv+v— X+3xv  1+43v :>de71+3v—v(3+v)71—v2 . 3+v 4o 1y
dx  3X+xv 34V dx 3+v © 3+v (v—1)(v+1) —  x
Integratingbothsides,
2 1 1 2 _2v+1
/——— dv:/—— dx = 2Inlv—1/—-Injv+1|=-In|x+C = v_avil =Cix L.
v—1 v+1 X v+1

1



It's possibleto solve explicitly for v, e.g.,

(v+1)? - 4(v+1)+3

v Cx ! = v+1+3(v+1) 1=Cx 144 = (v+1)>— (Cx 14+4)(v+1)+3=0

and usethe quadraticequation,but it's unnecessary We can leave the solutionin implicit form; just
remembeto reversethe substitution sothe solutionin implicit form is

Checkby implicit differentiation.
(d) Theequationis homogeneoubecause

(k) + V02— (k)2 _ ky+ VA2 Ky + Ry y+xe—y?
kx - kx - kx B X '

Making the substitutiony = xv,

ng—\):erv:xv—l— X2 — (xv)2 = xg—\):: 1-\2 = ﬁdv:—)—tdx.
Integratingbothsides,

sinlv=—In|x +C = v=sin(C—In|x|) = y=xsin(C—In|x|).
Check.

2. We checkthat the equationis homogeneousthen solve by making the substitutiony = xv and solving the
resulting separableequation,then pick a value of C for which the correspondingnemberof the family of
solutionsalsosatisfiegheinitial condition.

(a) Both functionson theleft andright sidesare cubicin x,y sothe equationis homogeneousSubstituting
Yy =XV,

x3v23—\)i+x3v3 = = vzg—\)z =—1= VVdv=—dx = %ve‘: —Xx+C = y=x(C—3x)¥3.
You shouldprobablycheckthatfamily of solutions.Theinitial conditionsaysy = 2 whenx =1 so
2=1(C-3(1)Y® = 8=C-3 = C=11

so the solutionto the initial value problemis y = x(11— 3x)1/3. You shoulddefinitely checkthat that
answersatisfieghe conditionsof theinitial valueproblem.

(b)

(€)

(d)

3. We write eachof theequationsn theform M(x,y) dx+ N(x,y) dy = 0 andtestwhetheroM /oy = dN /x.

(a) HereM(x,y) = 2x— 1andN(x,y) = 3y + 7 sowe have 0M /dy = 0, dN/0x = 0, thetwo partialsareequal,
sotheequationis exact.

(b) Herewe have M(x,y) = 2x+Yy, N(x,y) = —(x+ 6y) (notethatthe negative signmust gowith N), oM /dy =
1,0N/0x = —1, sotheequationis not exact.

(c) We have M(x,y) = x3+y3, N(x,y) = 3xy?, M /dy = 3y?, N /dx = 3y?. Thetwo partialsareequalsothe
equationis exact.



(d) Theequationin standardormis (14 Inx+y/x)dx+ (Iny— 1)dy = 0 sowe have M(x,y) = 1+ Inx+y/X,
N(x,y) =Iny—1,0M/dy = 1/x, dN/dx = 0, sotheequationis notexact.

4. We shouldverify thateachof the equationsgs exactandthensolve by partialintegration.

(@) HereM(x,y) = 5x+ 4y, N(x,y) = 4x— 8y?, dM /dy = 4, ON/dx = 4, sothe equatioris exact. We have
oF
—=M =5x+4
35— Mxy) = 5x+4y
soby partialintegrationin the x variable the mostgeneraform for F is

5

F(xy) =/M(x,y) dx= §x2+4xy+g(y)

whereg is anarbitraryfunctionof y. Differentiatingpartially with respecto y we have

N(xy) = ‘;—S —ax+gly) = &X—8P =ax+d(y) = d(y) = -8 = gly) = —2/*(+C).

Altogetherwe have

5
Flxy) = X+ 4y -2y

sothe(implicit) solutionto thedifferentialequations
S 2
SX Ay — 2y*=C.

You shouldcheckthatanswetby implicit differentiation.

(b)

(c) Thisequationis bothhomogeneouandexact(check)sowe couldsolveit eitherway. We will solveit as
an exact equation,but you shouldtry solving it asa homogeneougsquationand comparesolutions. By
partialintegrationhave

il

5 = MxY) =x*—y* = F(xy) =/(X2—y2) dx:%xs—xy2+g(y)-

Differentiatingpartially with respectoy,

N(x.y) = g—f, =-2y+d(y) = Y¥-2xy=-2y+d(y) = d(y) =y = g(y)= %y3(+0>-

Thereforewe have

Fiey) = 38207 + 2¥(+C)

andthe solutionto theequationis

1 1
§xe‘—xy2+§y3zc.

It is too difficult to solve explicitly for y, sowe leave the solutionin implicit form. You shouldcheckby
implicit differentiation.

(d)

5. For eachof theseproblems we verify thatthe equationis exact, thensolve by partial integration,thenpick a
memberof thefamily of solutionsthatsatisfiegheinitial condition.



(a) WehavedM/dy = 2(x+y)d(x+Yy)/dy = 2x+ 2y anddN/dx = 2y + 2X, sothe equationis exact. Partially
integratingM with respecto x,

Fixy) = [Mocy) dx= [(xy)?de= 3 (x+y)°+g)

whereg is anarbitraryfunctionof y. Partially differentiatingwith respectoy,

oF 1
N(xy) =5 = (X+Y?+g () = 29+ —1=X+2y+V*+d(y) = g (¥) =—1-¥* = g(y) =—y— 3V,
Altogetherwe have

Fixy) =20y’ Y 57

sothegenerakolutionto theequationis

1 3 1
§(X+Y) —-y- §Y3 =C.
At theinitial pointwe havex =1 andy = 1so

1 5 1, 2 1 2
31+1°-1-3°=C= Z-1-3=C= C=—7

sothesolutionto theinitial valueproblem(in implicit form) is

(x+y°=3y-y’=-2

It is possibleto solve explicitly fory, but difficult andunnecessaryfou cancheckthe solutionby implicit
differentiation.

(b)
(©
(d)



