
MATH111-002200630SampleMidtermTest1 SolutionsDRAFT

EdwardDoolittle

November1, 2006

1. (a) Recallthatif y � eu theny
� � euu

�
, sowe have

y
� � eex � d

dx
ex � eex

ex �

(b) Beforewe take thederivative,someinitial simplificationis helpful:

y � log2
�
x3 � � 3log2

�
x � � 3

lnx
ln2

so

y
� � 3�

ln2 � x �
(c) By thechainruleandthentheproductrule,

y
� � 1

2

�
1 � xe � 2x � � 1� 2 d

dx

�
1 � xe � 2x � � 1

2

�
1 � xe � 2x � � 1� 2 e � 2x 	 2xe � 2x �

2. (a) First, theindefiniteintegral is



e � 3x dx � 


eu du	 3
� 	 1

3
eu � C � 	 1

3
e � 3x � C

(checkby differentiating). Now the definite integral can be evaluatedby the fundamentaltheoremof
calculus: 
 5

0
e � 3x dx � 	 1

3
e � 3x

5

0

� 	 1
3

e � 15 	 1 �
(b) We canre-writethis integralas



ex � 1

ex dx � 

ex

ex � 1
ex dx � 


1 � e � x dx � x 	 e � x � C �

(c) Make thesubstitutionu � x2, du � 2x dx to obtain



x2x2
dx � 1

2



2u du �

Now, by memorizingtheformulaor substituting2 � eln2 theintegralcanbeevaluated:



x2x2

dx � 1
2



e � ln2� u du � 1

2
1

ln2
e � ln2� u � C � 1

2ln2
2x2 � C �

3. (a) f
� �

x � � 2 	 sinx.

(b) Fromthegraphof sinx wehave 	 sinx 
 	 1 so f
� �

x � � 2 	 sinx 
 2 	 1 � 1 � 0.

(c) Since f
� �

x � � 0 for all x, f is increasing,soit is one-to-one,soit is invertible.
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(d) Thebestway to do this is to guess.f
�
0 � � 2

�
0 � � cos

�
0 � � 0 � 1 � 1, so f � 1 � 1 � � 0.

(e) By our formulafor thederivativeof aninversefunction,

�
f � 1 � � � 1 � � 1

f
� �

f � 1
�
1 ��� � 1

f
� �

0 � � 1
2 	 sin0

� 1
2
�

4. (a) Takingthelogarithmof bothsides(assumingy � 0), we have

lny � 5ln
�
2x � 1 � � 6ln

�
x4 	 3 ���

Notethatwecannotsimplify any further;in particularln
�
2x � 1 � is NOT thesamethingasln

�
2x � � ln

�
1 � .

Now, differentiatingtheaboveformulawehave

y
�

y
� 5

1
2x � 1

d
dx

�
2x � 1 � � 6

1
x4 	 3

d
dx

�
x4 	 3 � � 10

2x � 1
� 24x3

x4 	 3
�

Multiplying throughby y � �
2x � 1 � 5 � x4 	 3 � 6 wehave

y
� � �

2x � 1 � 5 � x4 	 3 � 6 10
2x � 1

� 24x3

x4 	 3
�

(b) Takingthelogarithmof bothsides(assumingx � y � 0),

lny � lnxsinx � �
sinx � lnx �

Differentiating(theRHSby theproductrule),

y
�

y
� �

cosx � lnx � �
sinx � 1

x
�

Multiplying throughby y � xsinx,

y
� � xsinx �

cosx � lnx � �
sinx � 1

x
�

(c) Takingthelogarithmof bothsides(assumingx � y � 0),

ln
�
xy � � ln

�
yx � ��� y lnx � x lny�

Differentiatingimplicitly andthensolvingfor y
�
,

d
dx

�
y lnx � � d

dx

�
x lny �

y
�
lnx � y

1
x
� lny � x

y
�

y

y
�
lnx 	 y

� x
y
� lny 	 y

x

y
� � lny 	 �

y � x �
lnx 	 �

x � y � �

5. Takingonederivativeata time,

d
dx

�
x2 lnx � � 2x lnx � x21

x
� 2x lnx � x

so
d2

dx2

�
x2 lnx � � d

dx

�
2x lnx � x � � 2lnx � 2x

1
x
� 1 � 2lnx � 3

so
d3

dx3

�
x2 lnx � � d

dx

�
2lnx � 3 � � 2

x
�
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6. This is basedon the lastproblemof ProblemSet1. We needto show that the function f
�
x � � ex 	 �

1 � x � is
alwaysnonnegative whenx 
 0. Note that whenx � 0, f

�
x � � f

�
0 � � e0 	 �

1 � 0 � � 0 so the result is true
then;now we would like to show that f

�
x � is increasingfor x � 0 which would imply that f

�
x � � f

�
0 � � 0 for

x � 0. To do so,we take thederivative: f
� �

x � � ex 	 1 � 0 for x � 0 by thegraphof f (or by theargumentin
thesolutionsto ProblemSet1). Thereforef

�
x � is increasingfor x � 0, so f

�
x � � 0 for all x � 0, soex 
 1 � x

for all x 
 0.
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