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1. Integratingby partswith partsu � x2, dv � ex dx, du � 2x dx, v � ex gives
�

x2ex dx � x2ex � � 2xex dx �
Wemustalsodothelatterintegralby integrationby parts,this timewith thepartsu � 2x, dv � ex dx, du � 2 dx,
v � ex giving �

2xex dx � 2xex � � 2ex dx � 2xex � 2ex � C �
Puttingit all together, �

x2ex dx � x2ex � 2xex � 2ex � C �
Checkby differentiating.

2. First wedo theindefiniteintegral
�

sin5 x dx � � sin4 x sinx dx � ��� 1 � cos2 x � 2 sinx dx � ��� 1 � 2cos2 x � cos4 x � sinx dx �
Making thesubstitutionu � cosx, � du � sinx dx gives

�
sin5 x dx � � �

�
1 � 2u2 � u4 � du � � u � 2

3
u3 � 1

5
u5 � C � � cosx � 2

3
cos3 x � 1

5
cos5 x � C �

Youcancheckthatresultby differentiatingandapplyingtrig identities.Now evaluatingthedefiniteintegral,

� π	 2
0

sin5 x dx � � cosx � 2
3

cos3 x � 1
5

cos5 x
π	 2
0

� � 0 � 2
3

03 � 1
5

05 � � � 1 � � 2
3

13 � 1
5

15 � 1
3
� 1

5
� 8

15
�

3. By partialfractions,
x � 9�

x � 5 � � x � 2 � �
A

x � 5
� B

x � 2
�
�
A � B � x �

� � 2A � 5B ��
x � 5 � � x � 2 �

sowe musthave

A � B � 1� 2A � 5B � � 9�
Adding2 timesthefirst equationto thesecondgivesB � � 1 from which it follows thatA � 2. (Check.)Sothe
integralbecomes

�
x � 9�

x � 5 � � x � 2 � dx �
�

2
x � 5

� 1
x � 2

dx � 2ln 
 x � 5
 � ln 
 x � 2 
 � C �
Checkby differentiating.
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4. Completethesquareunderthesquareroot signto obtain

5 � 4x � x2 � 9 �
�
4 � 4x � x2 � � 9 �

�
x � 2 � 2 �

Making thesubstitutionx � 2 � 3sinθ, dx � 3cosθ dθ gives
�

5 � 4x � x2 dx �
�

9 �
�
x � 2 � 2 dx �

�
9 � 9sin2 θ 3cosθ dθ � 9

�
cos2 θ dθ �

Theintegral of cos2 canbedonemostefficiently by usingthedoubleangleformula

cos2θ � 2cos2 θ � 1 ��� cos2 θ � cos2θ � 1
2

to obtain �
5 � 4x � x2 dx � 9

�
cos2θ

2
� 1

2
dθ � 9

4
sin2θ � 9

2
θ � C �

In orderto reversethesubstitutionwe needto applythedoubleangleformulafor sinwhich gives

�
5 � 4x � x2 dx � 9

2
sinθcosθ � 9

2
θ � C � 1

2

�
x � 2 � 9 � � x � 2 � 2 � 9

2
sin
 1 x � 2

3
� C �

Checkby differentiating.

5. (a) We needto integrateby parts.Let u � sinn 
 1 x, dv � sinx dx, du � � n � 1 � sinn 
 2x cosx dx, v � � cosx.
Then �

sinn x dx � � sinn 
 1xcosx � �
�
n � 1 � sinn 
 2xcos2 x dx �

Applying thePythagoreanidentitycos2 x � 1 � sin2 x,
�

sinn x dx � � sinn 
 1 xcosx � � n � 1 � � sinn 
 2 x dx � � n � 1 � � sinn x dx �
Solvingtheaboveequationfor sinn x,

n
�

sinn x dx � � sinn 
 1xcosx �
�
n � 1 �

�
sinn 
 2 x dx �

or in otherwords, �
sinn x dx � � 1

n
cosx sinn 
 1 x � n � 1

n

�
sinn 
 2x dx �

asrequired.(Question:for whatvaluesof n is theaboveanalysisvalid?)

(b) First,wewill needaversionof thereductionformulafor definiteintegrals.Integrationby partsfor definite
integralssays � π	 2

0
sinn x dx � � 1

n
cosx sinn 
 1 x

π	 2
0

� n � 1
n

� π	 2
0

sinn 
 2 x dx �
i.e., � π	 2

0
sinn x dx � n � 1

n

� π	 2
0

sinn 
 2x dx

becausesin0 � 0 andcos
�
π � 2 � � 0. Now, for thoseof youwho arefamiliarwith mathematicalinduction,

the above providesthe inductionstepfor a proof of the result. If you’re not familiar with mathematical
induction,I’m satisfiedif you justwork out theanswerfor thefirst few valuesof n. For n � 1 we have

� π	 2
0

sin2n� 1 x dx � � π	 2
0

sin3 x dx � 2
3

� π	 2
0

sin1 x dx � 2
3

� cosx
π	 2
0

� 2
3

;
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for n � 2 we have
� π	 2

0
sin2n� 1x dx � � π	 2

0
sin5 x dx � 4

5

� π	 2
0

sin3 x dx � 4
5 �

2
3
� 2 � 4

3 � 5
;

for n � 3 we have
� π	 2

0
sin2n� 1 x dx � � π	 2

0
sin7 x dx � 6

7

� π	 2
0

sin5 x dx � 6
7 �

2 � 4
3 � 5

� 2 � 4 � 6
3 � 5 � 7

�
andsoon. Thegeneralpatterncontinuesasabove.
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