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1. Integratingby partswith partsu = x?, dv = € dx, du = 2x dx, v = €* gives
/xze?‘ dx = x?e‘ — /2xe?‘ dx.

We mustalsodothelatterintegral by integrationby parts,thistime with the partsu = 2x, dv= €* dx, du = 2 dx,
v = ¢eX giving
/2xe?‘ dx = 2xe* — /Zex dx = 2xe* — 2¢* +-C.

Puttingit all together
/xzeX dx = x%e* — 2xe* + 2e* +C.

Checkby differentiating.
2. Firstwe dotheindefiniteintegral
/sinsx dx = /sin4x sinx dx = /(1fco§x)2 sinxdx = /(172c0§x+ cod'x) sinx dx.
Making the substitutionu = cosx, —du = sinx dx gives
.5 5 4 25 15 2 1
/sm xdx = —/(1—2u +u)du=—u+zu’—zu +C:—cos<+§co§x—gcosr’x+C.

You cancheckthatresultby differentiatingandapplyingtrig identities.Now evaluatingthe definiteintegral,

"2 2 1 w2 2., 1 25 15 1 1 8
/0 5|n5xdx:fcosﬂ—écos?xfgcosr’x0 :70+§O375057(71)f§13+§15:§+§:1—5.
3. By partialfractions,
Xx—9 A N B  (A+B)x+(—2A+5B)
(X+5)(x—2) x+5 x-2 (X+5)(x—2)
sowe musthave
A+B=1
—2A+5B=—-9.

Adding 2 timesthefirst equationto thesecondyivesB = —1 from whichit followsthatA = 2. (Check.)Sothe
integral becomes

x—9 2 1
X9 gx— [ 5 1 dx—2In|x+5|—Injx—2|+C.
/(x—|—5)(x—2) X /x+5 x—p dx=2Inb+ 8 —Infx=2|+

Checkby differentiating.



4. Completethesquareunderthe squareroot signto obtain

5.

54+4x—x=9— (4—4x+x%) =9— (x—2)2

Making the substitutionx — 2 = 3sin@, dx = 3cos0 d6 gives
/\/5+4x7x2dx:/\/97 (x72)2dx:/\/9793ir126 3cosH d = 9/CO§6 de.

Theintegral of cos canbe donemostefficiently by usingthe doubleangleformula

cos20+1

cos20 = 2co€0—1 = cos0= 5

to obtain

/\/5+4x7x2dx:9/&;26+% de = 9sin26+§)6+C.

4 2
In orderto reversethe substitutionwe needto applythe doubleangleformulafor sinwhich gives

9 . 9 1 9 . 2
/\/5+4x—x2dx:Esmecose+§9+C=§(x—2) 9—(x—2)2+ES|n*lXT+C.

Checkby differentiating.
(a) We needto integrateby parts. Let u = sin"~1x, dv = sinx dx, du = (n— 1) sin"2x cosx dx, v = — COSX.
Then
/sin”x dx = —sin"xcosx+ /(n —1)sin"?xcog x dx.
Applying the Pythagoreaidentity cofx = 1 — sirfx,
/sin“xdx: —sin" xcosx+ (n— 1)/sin”*2x dx— (n— 1)/sin”xdx.
Solvingthe above equatiorfor sin"x,

n/sin“xdx: —sin" xcosx+ (n— 1)/sin”*2xdx,

or in otherwords, L L
. . n— .
/sm”x dx = —=cos sin" x4+ — /S|n“*2x dx,
asrequired.(Question:for whatvaluesof n is theabove analysisvalid?)
(b) First,wewill needaversionof thereductionformulafor definiteintegrals.Integrationby partsfor definite

integralssays
/2 _ /2
—l—u/ sin"2x dx,
n Jo

w2 1 1
/ sin"x dx = —ﬁcosx sim+x
0

0

/2 ) n—-1 rwv2 )
/ sm”xdx:T sin"2x dx
0

0

becausain0 = 0 andcog1/2) = 0. Now, for thoseof you who arefamiliar with mathematicainduction,
the above providesthe induction stepfor a proof of the result. If you're not familiar with mathematical
induction,I'm satisfiedf you justwork outthe answerfor thefirst few valuesof n. For n = 1 we have

/2 /2 /2 /2
/ sin2“+1xdx:/ sin3xdx:g/ sinlxdx:g — COSX :g;
0 0 3Jo 0 3

3



for n=2we have

/2 /2 4 (2 42_24
2Ly gy i == i 53 3.5
/o sir? de—/O S'nSXdX_S/o S5 5 5E
for n =3 we have
/2 /2 2 i =
/0 sin2”+1XdX:/O sin7xdx:$/0 Sinsxdng'%:%-s’

andsoon. Thegenerabatterncontinuesasabove.



