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(2 3 57
AD=1|2 6 15 |,
| 2 12 25
[2 2 27
DA=1|3 6 9|.
| 5 20 25

Comparing A and DA, we see that the
latter could be obtained from the former
by multiplying the first row by 2, the sec-
ond row by 3, and the third row by 5.
Therefore D should be the product of the
elementary matrices which correspond to
those row operations, i.e., D should be

equal to

2 00 1 0
010 0 3
0 01 00

You should check the result by matrix
multiplication.

= O O
O =
= O
o O

Find the inverse by performing row re-
duction on the matrix

[0 1 2
1 0 3
4 -3 8

OO =
O = O
= O O

Swapping row 1 and row 2 gives

005]

Multiplying row 1 by 2 gives

2 0 6|0 2 0
01 21 0 0
00 2|3 41

Adding —1 times row 3 to row 2 and —3
times row 3 to row 1 gives

2 0 0/-9 14 -3
01 0-2 4 -1].
00 2 3 —4 1

Multiplying rows 1 and 3 by 1/2 gives the
inverse

—-9/2 7 -3/2
Al = -2 4 -1
3/2 -2 1/2

You should check the inverse by matrix
multiplication (on either side) with A.
(Why don’t you have to check by mul-
tiplication on both sides?)

The equation cannot have no solutions,
and cannot have more than one solution
any b by the invertible matrix theorem
(Theorem 8). The transformation T is
onto and one-to-one again by the invert-
ible matrix theorem.

Once we have the inverse we can solve
the equation Ax = b easily and quickly

(1) (1) 2 (1) (1] 8 by performing the matrix multiplication
. — A-1p.
|4 =3 8]0 0 1 x =47
—-9/2 —3/2 2 27
Adding —4 times row 1 to row 3 gives % = g_/2 Z 3_/1 6 | = 16
1 0 3/0 10 3/2 =2 1/2] |4 -7
0 1 2|1 00
0 -3 —4|0 -4 1 Check the result by multiplying Ax:

Adding 3 times row 2 to row 3 gives

10 3{]0 1 0
0121 0 O0/|.
00 2(3 —41
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0 1 2 27 2
1 0 3 16 |=|6],
4 -3 8 —7 4

as required.



3.

(a) Matrix operations follow the same or-
der of operations conventions as ordinary
arithmetic operations, so the given ex-
pression should be bracketed as

((B + (41))B) — (211).

Adding 2 times row 1 to row 2, —2 times
row 1 to row 3, and —3 times row 1 to
row 4 gives

We have
2 3 4 0
B_4I‘[3 —6]_[0 4]
_[6 3
13 -2
SO
6 3 2 3
weanm=[0 3][2 2]
21 o0
- 0 21
and

00
(B +4I)B — 211 = [ 0 0].

By the above we have
(B+4I)B —-21I1=0

where O is the matrix of all zeros. Rear-
ranging,

1
—(B+4DB =1
57 (B +4I)

SO 1
B™! = (B +4I).
57 (B +4I)

There’s no need to write out the entries of
B! in detail, but if you wish, the result

o[ ]

or, in lowest terms,

g [T

Alternatively, you can use Cramer’s rule
to calculate the entries of B—!.

To find a basis for the null space, we solve
the system Ax = 0. We do so by row re-
ducing the augmented matrix [ A | 0 ]
to reduced row echelon form.

1 3 3 2 -9
-2 -2 2 -8 2
2 3 0 7 1
3 4 -1 11 -8

[evi e B e B )
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1 3 3 2 =90
0 4 8§ -4 -16|0
0 -3 -6 3 1910
0 -5 -—-10 5 1910
Multiplying row 2 by 1/4 gives
1 3 3 2 =910
0 1 2 -1 —-410
0 -3 -6 3 1910
0 -5 -10 5 1910

Adding 3 times row 2 to row 3 and 5 times
row 2 to row 4 gives

133 2 -9]0
012 -1 —-4|0
000 0 T7(0
0 00 0 -1|0

Multiplying row 3 by 1/7 and then
adding the appropriate multiples of row
3 to the other rows gives

133 2 010
012 -1 0|0
000 010
000 O0O0)0

Adding —3 times row 2 to row 1 gives

OO O =
SO = O
O N
o &
SO = OO
SO OO

Now that the system is in reduced row
echelon form we can read off the solution
directly:

1 = 3s— 5t
To = —25+t
T3 =35
Ty =

z5 =0,



or, in vector notation,

In summary, a basis for the null space of
A is given by the vectors

OO =N W
O = O = WL

You should check that those vectors re-
ally are in the null space by matrix mul-
tiplication.

A basis for the column space of A is given
by its pivot columns. Label the columns
vi,...,Vs. By the above row reduction,
the pivot columns of A are vy, va, and
vs. To find the linear combinations, we
use the null space basis computed in the
previous problem. The null space basis
vectors tell us that

3V1—2V2+V3:0
—9vi+ vy +vye=0

SO

V3 = —3V1 + 2V2

V4 = vy — Vo

You should check the above results using
vector arithmetic. That check, plus the
check in part (a), provides a high level of
confidence that the answer is correct.
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5. We solve this matrix equation in much the

same way as we would solve the corresponding
equation in ordinary algebra, except that we
have to be careful about the order in which we
multiply matrices. (Matrix multiplication is
not commutative, so MN # NM in general.)
The cleanest and quickest way to solve this
problem is to take the inverse of both sides:

(A—AX)™)™ = (x~'B)~™.

Using the rules (M 1)1 = M and (MN) ! =
N—tM~1 for any matrices M and N (note the
change in order of multiplication), we have

A—AX =B7'X.

(For a complete answer, you should justify
why B is invertible. One way to do so is to
note that B = X (A—AX)~! sois a product of
two invertible matrices, so is invertible.) Now
we solve for X:

A=AX+B'X
A=(A+B™hHX
X=(A+B1YH1A

(Again, for a complete answer, we need to jus-
tify why A 4+ B~! is invertible. If it were
not invertible, then A = (A + B~1)X would
not be invertible, contradicting the informa-
tion which was supplied.)

An important point in the above calculation
is that we get an equation of the form M; X +
M;X = Mj which can be factored to give
(M; + M2)X = Ms. If we had an equation
of the form M1 X + XM, = M3, we could not
factor, and in fact the latter equation is con-
siderably more difficult to solve in general.



