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(a) The augmented matrix corresponding to
the system is

2 4] -4
5 7| 11 |°
Adding —2 times row 1 to row 2 we ob-
tain
2 4] -4
1 -1 19 |~
Swapping row 1 and row 2 we obtain
1 -1 19
2 4|4
Adding —2 times row 1 to row 2 we ob-
tain
1 -1 19
0 6|—-42 |
Dividing row 2 through by 6 we obtain
(1 -1 19 ]
0 1|-7]°

Dividing row 2 through by 6 we obtain

(1 —11] 19 ]
0 1|-7]"

Adding row 2 to row 1 we finally obtain

1 0| 12
0 1|-71"

The solution is 1 = 12, o = —7.

(b) The augmented matrix corresponding to
the system is

1 -3 4|4
3 =7 T7|-8
-4 6 -1 7

Adding —3 times row 1 to row 2 and 4
times row 1 to row 3 we obtain

1 -3 4|4
0 2 5| 4
0 -6 15| -9
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Adding 3 times row 2 to row 3 we obtain

1 -3 4|4
0 2 5| 4
0O 0 0] 3

The system is now in row echelon form.
We could continue from this point to
put the system into reduced row echelon
form, but that is not necessary. We can
see from the row echelon form that the
system is inconsistent (has no solutions)
because the final row of the augmented
matrix corresponds to the equation 0 = 3
which cannot be solved. Therefore the
original system also has no solutions.

2. The matrix

1 -2 0 3|-2
0 1 0 —4)| 7
0 01 0] 6
0 00 1]1-3

is already in row echelon form, but it will be
helpful if we perform further operations to put
it into reduced row echelon form. We use each
of the leading 1’s to eliminate all elements
above it in the column. Starting with the last
leading 1, we add 4 times row 4 to row 2 and
we add —3 times row 4 to row 1 to obtain

1 -2 0 0 7
0 1 0 0|5
0 01 0| 6
0 00 1|3

Now we add 2 times row 2 to row 1 to obtain

1 0 0 03
01 0 0]|-5
001 0| 6
00 0 1|3



We can read the solution to the correspond-
ing system directly from this augmented ma-
trix: 1 = —3, 2 = =5, x3 = 6, and x4 =
—3. The solution set is {(z1,%2,%3,24)} =
{(-3,-5,6,-3)}. (You should check that this
really is a solution to the system correspond-
ing to the original augmented matrix.)

. In order to solve this system we put the matrix
into row echelon form. We treat h as if it were
a number. Starting with the original system

1 h|-3

-2 4| 6
we add 2 times row 1 to row 2 to obtain
-3

e

The final row of the above augmented matrix
corresponds to the equation (4 + 2h)zy = 0.
That equation always has a solution (namely

z2 = 0) so the original system is always con-
sistent, with the solution z; = —3, 2 = 0.

1 h
0 4+2h

. The obvious solution to this problem is the
augmented matrix

1 0 0|-2
01 0 1
0 01 0

We can obtain other augmented matrices
which are row equivalent to the given ma-
trix (and hence correspond to systems with
the same solution set as the given system) by
performing any random row operation to the
above matrix. For example, if we add 3 times
row 1 to row 3 we obtain

1 0 0]-2
010 1
3 0 1|-6

and if we switch row 2 and row 3 in the above
we obtain

0 0| -2
0 1|-6
10 1
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We now have three augmented matrices which
correspond to systems the solution of which is
1 = —2, z2 = 1, and 23 = 0. It should be
clear how to generate many more examples.

. The augmented matrix corresponding to the

system is

a b|f

c d|g |’
We would like to put this system into row ech-
elon form. However, we must be careful not to
multiply or divide by 0. It is also helpful if we
arrange our calculations so as to avoid frac-
tions wherever possible, although if you don’t
mind working with fractions it is certainly pos-

sible to multiply row 1 by 1/a, rather than
multiplying row 2 by a, as a first step.

Since we know that a is not 0 we can multiply
the second row by a to obtain

a b| f
ac ad|ag |’

Now adding —c times row 1 to row 2 we obtain

a b f

0 ad—bec|ag—cf |~
The system is now in row echelon form (why?).
The second row corresponds to the equation

(ad — be)za = ag — cf.

If ad — bc # 0 then that equation has a so-
lution (namely z3 = (ag — c¢f)/(ad — be)) and
the system is consistent. If, on the other hand,
ad — be = 0, then the equation is of the form
0z2 = ag — c¢f which does not have a solution
in general because ag — cf is not 0 for some
value of g. Therefore if ad—bc = 0, the system
is inconsistent for some values of g.

In summary, if the system is consistent for all
values of f and g, we can say that ad — bc # 0.



