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1. We look for solutions to the equation Ax = b,
or equivalently, solutions to the linear sys-
tem corresponding to the augmented matrix
[ A| b ]. To solve the system we use row
reduction.

(a) The augmented matrix in which we are
interested is

1 2 1 0

-3 -1 2 1

0 5 3|-1

Adding 3 times row 1 to row 2,

1 21 0
0 5 5 1
05 3|-1

Adding —1 times row 2 to row 3,

1 2 1 0
0 5 5 1
0 0 —-2|-2

The system is now in row echelon
form. There is no row of the form
[ 0 0O | O ] where [0 is a non-zero
number, so the system is consistent.
That means that b can be expressed as
a linear combination of the columns of A
so b is in the subset of R® spanned by the
columns of A.

It would be a good exercise for you to fig-
ure out exactly what linear combination
of the columns of A is equal to b, but it
is not necessary to answer this problem.

(b) Please check this space later.

2. The equation Ax = b does not have a solution
if and only if the system corresponding to the
augmented matrix [ A | b ] does not have a
solution. So we form the augmented matrix,
perform row reduction, and check for a row
of the form [ 0 0 0|0 ] in the resulting
augmented matrix.
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(a) The augmented matrix is

1 -3 —4|H
-3 2 6|b
5 —1 —8 b3

Adding 3 times row 1 to row 2, and —5
times row 1 to row 3,

1 -3 —4 b
0 =7 —6|bx+ 3
0 14 12| b3 —5by

Adding 2 times row 2 to row 3,

1 -3 —4 by
0 -7 —6 by + 3by
0 0 0| (bs—5b1)+2(by+3by)

A little algebra gives

1 -3 -4 b
0 -7 —6 bs + 3b;
0 0 0|b+2by+0s

as the system. We can arrange it so that
this system does not have a solution if, for
example, by = 1, by = 0, b3 = 0 in which
case the last row of the augmented ma-
trix corresponds to an inconsistent equa-
tion. The equation Ax = b does have
a solution if the final row corresponds to
a consistent equation, i.e., for all b with
by 4+ 2bs + b3 = 0.

The augmented matrix is

056 -2|bh
4 8 3|b
-4 2 —7|bs

We would like to get the pivot position
in the first column at the first row, but



since there is a 0 there we must swap two
rows. Swapping row 1 and row 2,

4 8 3|b
05 -2|bh
-4 2 -7 |b3
Now adding 1 times row 1 to row 3,
4 8 3 ba
0 5 -2 b1

0 10 —4|bs+by
Adding —2 times row 2 to row 3,

4 8 3 ba
0 5 =2 b1
0 0 0| —2b1 +by+ b3

The corresponding system is inconsistent
if, for example, by = 0, by = 0, and
b3 = 1, so for the vector b with those
components, the equation Ax = b does
not have a solution. The condition for
consistency is —2b; + by + b3 = 0 which is
a description of the set of all b for which
the equation does have a solution.

3. Recall that a vector b € R* is in the span

of the set of vectors S = {vi,va,..., v} if
b =x1vi1 + 22V + - - - + x4 vy, for some scalars
Z1,T2,. .., 2. Equivalently, b is in the span of
S if there is a solution to the equation Ax = b
where A is the matrix with the v; as columns.
Determining whether a given vector b is in the
span of a set of vectors S reduces to a question
similar to those in question 1 of this problem
set.

We say that the set of vectors S spans R* if
every vector b € R* is in the span of S. Equiv-
alently, S spans R* if and only if the equation
Ax = b can be solved for every b € R* where
A is again the matrix with the members of S
as columns. Determining whether a set S of
vectors spans R* reduces to a question similar
to those in question 2 of this problem set.

(a) In this case the augmented matrix is
5 =7 -4 9|h
6 -8 -7 5 | ba
4 —4 -9 -9]b3
-9 11 16 7 | by

Adding —1 times row 3 to row 1 gives

1 -3 5 18|bi—b3
6 -8 -7 5|b

4 -4 -9 -9|bs

9

11 16 7| bs

20f4

Adding —6 times row 1 to row 2, —4
times row 1 to row 3, and 9 times row
1 to row 4 gives

-3 5 18 | by — b3

10 —37 —103 | —6by + by + 6b3
8 —29 —81 | —4by + 5bs

—-16 61 169 | 9b; — 9b3 + by

S o o=

Adding —1 times row 3 to row 2 gives

-3 5 18 | by — b3
2 -8 —22 | —2by + by + b3
8 —29 —81 | —4by + 5b3
—16 61 169 | 9by — 9bs + by

SO o=

Adding —4 times row 2 to row 3 and 8
times row 2 to row 4 gives

-3 ) 18 | by — b3
2 —8 —22| —-2b;+by+bs
0 3 7| 4by — 4by + b3

SO O =

Adding 1 times row 3 to row 4 gives

1 -3 5 18 | by — b3

0 2 —8 —=22| —2by +by+ b3
0 0 3 7| 4by — 4by + b3
0 0 0 0| —3b1 + 4bs + by

As in problem 2, we can find a vector b
for which the system has no solution (e.g.,
setting by = 1, b =0, b3 = 0,04 =0
makes the last row of the augmented ma-
trix inconsistent). Therefore the columns
of A do not span R*.

We can solve this problem in a similar
manner as the previous. However, there
is a useful shortcut we can take. We re-
ally only need to keep track of the coef-
ficient matrix, and not all the b’s. The
reason is that if there is no row of 0
in the row-reduced coefficient matrix, we
can always solve the system no matter
what b is, whereas if there is a row of 0
in the row-reduced coefficient matrix, we
can construct a b for which there is no
solution. (Doing so is a little tricky: aug-
ment the row-reduced coefficient matrix
with a column with all 0’s except for a

0 =3 —T | —7by+8b2—bs+ by



1 in the bottom entry, and then run the
row reduction in reverse to construct b.)
The coefficient matrix is

8§ 11 -6 -7 13
-7 -8 5 6 -9
11 7T =7 -9 -6
-3 4 1 8 7

Adding 1 times row 2 to row 1 gives

1 3 -1 -1 4]
7 8 5 6 -9
1 7 -7 -9 —6
-3 4 1 8 7|

Adding 7 times row 1 to row 2, —11 times
row 1 to row 3, and 3 times row 1 to row
4 gives

1 3 -1 -1 4
0 13 -2 -1 19
0 -26 4 2 -50
0 13 -2 5 19

Adding 2 times row 2 to row 3 and —1
times row 2 to row 4,

1 3 -1 -1 4
0 13 -2 -1 19
0 0 0 0 =12
0 0 0 6 0

Swapping row 3 and row 4 gives

1 3 -1 -1 4
0 13 -2 -1 19
0 0 0 6 0
0O 0 0 0 -12

which is in row echelon form. Since there
is no row of all 0 in the row-reduced co-
efficient matrix, we can always solve the
system Ax = b, so every b is in the span
of the columns of A, i.e., the columns of
A span R*.

Solving Ax = b is equivalent to solv-
ing the system corresponding to the aug-
mented matrix

1 3 110
-4 -9 210
0 -3 =60

Adding 4 times row 1 to row 2,

1 3 1|0
0 3 610
0 -3 -61|0

3o0f4

Adding 1 times row 2 to row 3,
1 3 1|0
0 3 6|0
0 0 0|0
The matrix is now in row echelon form.
Multiplying row 2 by 1/3,
1 3 1|0
01 2|0
0 0 0]0

Adding —3 times row 2 to row 1,

OO =
O = O
O DN Ot
O OO

which is in reduced row echelon form.
The variable z3 is free, and the solution
is

1 = s
Ty = —28
T3 = 8,

which in parametric form may be written

5
x=| -2 |s.
1

The solutions to Ax = b are the solu-
tions to the system corresponding to the
augmented matrix

1 3 5| 4
1 4 8| 7
-3 -7 9|6

Adding —1 times row 1 to row 2 and 3
times row 1 to row 3,

1 3 5|4
01 =33
0 2 —616

Adding —2 times row 2 to row 3,

1 3 5|4
01 =33
00 010



Adding —3 times row 2 to row 1, which may be written in parametric form as
1 0 4|-5 0 3 _5
01 =313 x=|0|+|1]|s+| 0]t
00 o0 O 0 0 1
The solution to the corresponding system
is Similarly, the solution set to the second equa-
tion may be written in parametric form as
r1 =—5—4s
xzo = —3+3s 4 3 =5
T3 =8 x=|0]|4+]1]|s+ 0 | ¢
0 0 1
which may be written
-5 _4 The solution set to the first equation is a plane
x=| -3 |+ 3 |s. through the origin and the points (3,1, 0) and
0 1 (—5,0,1). The solution set to the second equa-
tion is a plane parallel to the the plane of the
5. The system is already in reduced row echelon solution set to the first equation, but passing
form. The variables z2 and z3 are free so we through the point (4, 0, 0) instead of the origin.
can write the general solution as
xr1 =3s— 5t
Xo = S8
r3 = t

4 0f 4



