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(a) The system may be written Ax =b

3 2 -1
SRR
Normally we would solve such a system
using row reduction, but we now have a
new tool available: matrix inversion by

Cramer’s rule. Applying Cramer’s rule,
we have det A =3-4—-2-7= -2 and

:%2[—4; _3]2[7_/3 —3/;
sox = A"l Ax = A7'b, ie.,
= )| 5=t

You should check that that value of x sat-
isfies the system.

(b) In this case

A—l

sodet A=3-—-8—(-4)-7=4,

and

| a1 5]-[ei]

Again, you should check that that value
of x satisfies the system.

(¢) The determinant of Ais detA=8-—5—
5-—7=-55s0

|

= op ) [0 )=| )

As usual, check the answer!
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2.

(a) Perform row reduction on the augmented
matrix
5 1011 0
4 710 1 |°
Adding —1 times row 2 to row 1 gives
1 3|1 -1
4 7(0 1 |°
Adding —4 times row 1 to row 2 gives

(1 3| 1 —1]
0 5|4 5]

Multiplying row 1 by 5 gives

(5 15| 5 -5 ]
0 —5|—4 5|

Adding 3 times row 2 to row 1 gives
5 0]-7 10
0 =5|—-4 5|

Multiplying row 1 by 1/5 and row 2 by
—1/5 gives

EHE A

Therefore the inverse of the given matrix
is
=7/5 2
4/5 -1 |°

You should check the answer by multi-
plying it against the given matrix; you
should of course obtain the identity ma-
trix as the result.

(b) The augmented matrix of interest is

1 -2 111 0 O
4 -7 3]0 1 0{.
—-410 0 1

-2 6



Adding —4 times row 1 to row 2 and 2
times row 1 to row 3 gives

1 -2 1 1 00
0 1 -1|1-4 1 0
0 2 -2 2 01

Adding —2 times row 2 to row 3 gives

1 -2 1 1 00
0 1 -1|-4 1 0
0 0 0] 10 -2 1

Since the given matrix A cannot be row
equivalent to the identity matrix I (be-
cause we see from the above that A has
only two pivot columns, for example,
while I has three pivot columns), we can
conclude that A is not invertible.

The augmented matrix of interest is
10 0|1 0 O
12 0{0 1 0
1 2 3|0 01

Adding —1 times row 1 to row 2 and —1
times row 1 to row 3 gives

1 00 1 00
020 -110
02 3|-1 01

Adding —1 times row 2 to row 3 gives

1.0 0] 1 0 0
0 2 0|-1 10
00 3 0 -11

Multiplying row 2 by 1/2 and row 3 by
1/3 gives

100 1 0 0
01 0[-1/2 1/2 0
00 3 0 —-1/3 1/3

You should check that the matrix on the
right of the vertical bar is the inverse
of the given matrix (multiplying the two
matrices should yield the identity ma-
trix).

The given matrix is not invertible be-
cause its columns are not linearly inde-
pendent (Theorem 8(e)). (Why can we
tell immediately that the columns are not
linearly dependent? If you don’t know,
ask me.)
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(b)

It’s not immediately obvious whether the
matrix is invertible or not, so we start
performing row reduction. Adding 3
times row 1 to row 3 we obtain

1 -5 -4
0 3 4
0 -9 -12

Adding 3 times row 2 to row 3 we obtain

1 -5 —4
0 3 4
0 0 0

There are only two pivot positions in the
above matrix, so there are only two pivot
positions in the given matrix, so the given
matrix is not invertible by Theorem 8(c).

There are four pivot positions in the
given matrix, so it is invertible by Theo-
rem 8(c). To find the inverse, we perform
row operations on the augmented matrix

1 3 7 4/1 0 00
059 6/0100
00 2 80010
000 10/0 0 01

Multiplying rows 1, 2, and 3 by 5 we ob-
tain

5 15 35 20(5 0 0 O
0 25 45 30|0 5 0 O
0 0 10 40|0 0 5 O
0 0 0 100 0 0 1

Adding —2 times row 4 to row 1, —3
times row 4 to row 2, and —4 times row
4 to row 3 we obtain

5 15 35 05 0 0 -2

0 256 45 0|0 5 0 -3

0O 0 10 0|0 0O 5 —4

0 0 0 10|00 0 0 1
Multiplying row 1 and row 2 by 2 we ob-
tain

10 30 70 0|10 0 O -4
0 50 90 0| 0 10 0 -6

0 0 10 0O 0 O 5 —4
0 0 0 100 OO0 1

Adding —7 times row 3 to row 1 and —9
times row 3 to row 2 we obtain

10 30 0 0|10 0 =35 24
0 50 0 0 0 10 —45 30
0 010 0] 0 O 5 —4
0 0 0 10| 0 O 0 1



Multiplying row 2 by 1/5 we obtain

10 30 0 0|10 0 =35 24
010 0 0] 02 -9 6
0 0 10 0] 0 O 5 —4
0 0 0 10| 0 O 0 1

Adding —3 times row 2 to row 3 we ob-
tain

10 0 0O 0|10 -6 -8 6
010 0 O0]0 2 -9 6
0 010 OO0 O 5 —4
0 0 o010 0 0 1

(You should be able to check your an-
swer at this point if you compare with an
example I did in the lectures.) Finally,
multiplying each row by 1/10 gives

100 0(10 —-06 -08 0.6
0100 0O 02 =09 06
0 01 0] O 0 05 —04
0 00 1] O 0 0 01

You must check the answer to have any
confidence that the result is correct.

The standard matrix for T is

A= 53

-5 7
Since det A=6-7—(—=8)-(=5) =2 #0,
A is invertible, so T is also invertible. By

Cramer’s rule and the rule for inverting
linear transformations we have

1 I1 _ 7/2 4 I
T (|: ) :|) o [ 5/2 3 T2 ’
or, in the same form in which T is given,

_ 7 5
T 1(:171,.%'2) = (5371 + 4z, 55171 + 3.’L'2)

You should check that you really do have
an inverse for T'.

Here the standard matrix for T is
1 00
A=|1 -2 0
1 -2 3

Using Theorem 8 we can see that A is in-
vertible: e.g., because A7 is in row ech-
elon form and has a pivot in each row,
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AT is invertible by Theorem 8(c); it fol-
lows that A is invertible by Theorem 8(1).
From that it follows that T is invertible.
To find the inverse of T, we find the in-
verse of A by row reduction on the matrix

1 0 01 0 O
A=(1 -2 0|0 1 O
1 -2 3|0 0 1

Adding —1 times row 1 to rows 2 and 3
gives

1 00| 1 0O
A=(0 -2 0]-1 1 0

0 -2 3|-1 0 1
Adding —1 times row 2 to row 3 gives

1 00| 1 00
A=]10 -2 0]|-1 1 0

0 0 3 0 -1 1
Mulitplying row 2 by —1/2 and row 3 by
1/3 give

1 00| 1 0 0
A=|0 1 0[1/2 -1/2 0
00 1] 0 —1/3 1/3

Check by matrix multiplication that you
actually do have an inverse for A. Then
the inverse of 7T is given by T'(x) = A= 1x
where

1 0 o0
Al=1|1/2 -1/2 0
0 —-1/3 1/3

Find a formula for T—! in the same form
in which T is given.

The standard matrix for T is

1 2 1
A= -3 -1 2
0 5 3

There is no obvious way to decide
whether A is invertible or not, so we just
proceed with the row reduction. We will
perform row reduction on the augmented
matrix [ A | I ] so that our calculations
are more useful if A turns out to be in-
vertible. In detail, the augmented matrix
in question is
1 2 11 0 O
-3 -1 2|10 1 0
0 5 3(0 01



Adding 3 times row 1 to row 2 gives

1 2 1(1 0 O

0 55(3 10
05 3|0 01
Adding —1 times row 2 to row 3 gives
12 11 1 00
05 5| 3 10
00 —2|-3 -1 1

A has now been transformed to row ech-
elon form, from which we can see that A
is invertible. We continue, putting A into
reduced row echelon form, so we can find
A~1. Multiplying row 1 and row 2 by 2
gives

2 4 21 2 00
0 10 10 6 2 O
0 0 -2|-3 -1 1

Adding 5 times row 3 to row 2 and 1 times
row 3 to row 1 gives

2 4 0]-1 -1 1
0 10 0/-9 =3 5
0 0 -2|-3 -1 1

Multiplying row 1 by 5 gives

10 20 0|-5 =5 5
0 10 0|-9 -3 5
0 0 -2|-3 -1 1

Adding —2 times row 2 to row 1 gives
10 O 0| 13 1 -5
0 10 0|-9 -3 5
0 0 -2|-3 -1 1
Finally, multiplying rows 1 and 2 by 1/10
and row 3 by —1/2 gives

1 00 1.3 01 -0.,5
01 0|-09 -03 0.5
0 01 1.5 05 -=0.5

We conclude from the above that

1.3 01 -05
A= -09 —-03 05
1.5 0.5 =05

(check by matrix multiplication with A)
and T-1(x) = A~ !x.
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5. There are many ways to use Theorem 8 to
solve each of these problems. Below, I have
given what I feel to be the most straightfor-
ward ways. The arguments get more sophis-
ticated the further down the list, with the fi-
nal argument by contradiction. Ask me if you
don’t understand the following arguments.

(a)
(b)

No, by Theorem 8(h).

No. By Theorem 8(g), C is invertible.
Then by Theorem 8(f) we know that
x — (Cx is one-to-one, so the equation
Cx = b can only have one solution.

No. If Gx = y has more than one solu-
tion, then the linear transformation de-
fined by T(x) = Gx is not one-to-one.
By Theorem 8(f), G is not invertible, so
you can then conclude by Theorem 8(h)
that the columns of G cannot span R”.

Yes. If Lx = 0 has only the trivial solu-
tion, L is invertible by Theorem 8(d). It
then follows that the columns of L span
R™ by Theorem 8(h).

If the columns of A are linearly indepen-
dent, A is invertible by Theorem 8(e).
Then by Theorem 8(j) there is a ma-
trix C such that CA = I. Tt follows
that A2 is also invertible because we have
C?A?2 =C(CA)A=CIA=CA=1. Fi-
nally, since A2 is invertible, the columns
of A? span R" by Theorem 8(h).

We argue by contradiction. Assume that
B is not invertible; then by Theorem
8(d), there is a non-trivial solution x =
Xo to the equation Bx = 0. Then
(AB)x¢g = A(Bxg) = A0 = 0, so x = xg
is also a non-trivial solution to the equa-
tion (AB)x = 0. By Theorem 8(d), AB
is not invertible. Since this contradicts
the given information that AB is invert-
ible, our assumption that B is not invert-
ible must be wrong, and we can conclude
that B is invertible.



