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1. This question essentially amounts to determin-

ing whether u is in span{vy, vy, v3}, which is
the same thing as asking whether the system
T1Vy +T2Vva +x3vs = u has a solution. To an-
swer that question, we perform row reduction
on the augmented matrix

1 4 5| -4
-2 -7 =8| 10
4 9 6|7
3 7 5|5

Adding 2 times row 1 to row 2, —4 times row
1 to row 3, and —3 times row 1 to row 4 gives

1 4 5| —4
0 1 2| 2
0 -7 —-14| 9
0 -5 —-10| 7

Adding 7 times row 2 to row 3 and 5 times row
2 to row 4 gives

1 4 5|4
01 2 2
0 0 0] 23
0 0 0] 17
Multiplying row 3 by 1/23 gives
1 4 5|4
01 2 2
0 0 0 1
0 0 0] 17

Adding —17 times row 3 to row 4 gives

1 4 5|4
01 2| 2
0 00 1
0 0 0] O

The matrix is in row echelon form. The third
row is of the form [ 0 0 0 | O ], so the sys-
tem is inconsistent, so u is not a linear combi-
nation of vy, vy, V3, S0 u is not in the subspace
generated by vi,Vva, V3.
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2.

(a) We find the null space by solving the sys-
tem Ax = 0. The augmented matrix for
the system is

-3 9 -2 -7]0
2 6 4 8]0
3 -9 -2 =210

Multiplying row 2 by 1/2 gives
-3 9 -2 7|0

1 -3 2 410

3 -9 -2 =210

Swapping row 1 and row 2 gives

1 -3 2 410
-3 9 -2 -7]0
3 -9 -2 =210

Adding 3 times row 1 to row 2 and —3
times row 1 to row 3 gives

1 -3 2 40
0 0 4 510
0 0 -8 —-14|0

Adding 2 times row 2 to row 3 gives

1 -3 2 4|0
0 04 510
0 00 440

The system is now in row echelon form,
from which we can see that there is one
free variable. Continuing to put the sys-
tem into reduced row echelon form, we
multiply row 3 by —1/4 to get

1 -3 2 4|0
0 0 4 5|0
0 0 0 10



Adding —5 times row 3 to row 2 and —4
times row 3 to row 1 gives

- 9 -
1 00
0 1|0

Adding —2 times row 2 to row 1 gives

1 -3 0 0|0
0 01 010
0 00 10

The system is in reduced row echelon
form, and the solution to the system is

T = 3s
o =S
55'3:0
x4 =0,

or, in parametric form,

3
1
0
0

Therefore a basis for the null space of A,
Nul A4, is

SO =W

To find a basis for the column space of
A, Col A, we look at the pivot columns in
the original matrix A. The pivot columns
in the reduced row echelon form of A are
columns 1, 3, and 4; therefore the pivot
columns in A are the same, columns 1,
3, and 4. It is possible to show that
the pivot columns of A are linearly in-
dependent (you should be able to con-
struct a proof if you are an A student),
and the non-pivot columns of A can be
expressed as a linear combination of the
pivot columns (in fact, the column 2 is
—3 times column 1, as you can see from
the reduced row echelon form of A). So
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a basis for the column space of A is given
by the pivot columns of A, namely

-3
2
3

?

—2
4
—2

-7
, 8
-2

Note that the column space is a subspace
of R® and the null space is a subspace of

R:.

This problem is exactly the same deal as
the previous. We solve the system

3
-2
-9
-2

-1 7
2 -2
9 3
6 6

W W w
~N & Ut O
[evi e B e R en}

by row reduction. Adding row 2 to row 1

gives

1
-2
)
-2

SO N =

W N Ot

W w 3o

—
I

~ o
cococo

Adding 2 times row 1 to row 2, 5 times
row 1 to row 3, and 2 times row 1 to row

4 gives
1 1 5 10
0 4 8 27
0 14 28 53
0 8 16 23

14
33
74

0
0
0
350

Adding —3 times row 2 to row 3 and —2
times row 2 to row 4 gives

SO O
ON =

Swapping rows 2 and 3 gives

)
8
4
0

10
27
—28
=31

14
33
-25
=31

OO oo

14
-25
33
=31

(v e B an I an)

Adding —2 times row 2 to row 3 gives

SO O
SO NN

)
4
0
0

10
—28
83
=31

14
-25
83
=31

(v en B e B en)



Multiplying row 3 by 1/83 and row 4 by
1/31 gives

11 5 10 1410
0 2 4 -28 -25]|0
0 0O 1 110
| 000 -1 —1]0 |
Adding 1 times row 3 to row 4 gives

(115 10 14
0 2 4 —28 -25
000 1 1
o000 o o]0

The system is now in row echelon form,
from which we can see that there are two
free variables in the solution set. Con-
tinuing to find the reduced row echelon
form, add 28 times row 3 to row 2 and
—10 times row 3 to row 1 to give

115 0 4]0

O OO

02 40 3|0
000 11]0
0 00 00O0]O0
Multiply row 1 by 2 to give
2 2 10 0 8]0
02 40 3|0
00 01 1]0
00 0O0O0]O0

Add —1 times row 2 to row 2 to give

2 06 0 5|0

0 240 3|0
0 0 01 1|0
0 0 00 0f0
Multiply row 1 and row 2 by 1/2 to give
10 3 0 5/2|0
R_|0 120 320
“10 0 01 110

00 0O 00

In the above system, variables z3 and z5
are free; call them s and t respectively.
Then the solution set of the above sys-
tem is

b)
m1=—3s—§t

3
m2=—25—§t
Ir3 =8
5134:—t
$5:t,
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or in parametric form,

-3 —5/2

-2 —3/2

X=Ss 1|+t 0
0 -1

0 1

A basis for the null space is given by the
two vectors that appear above, namely

-3 —5/2
-2 —3/2
1|, 0
0 -1
0 1

To find the column space, we identify the
pivot columns in A. The pivot columns of
A occupy the same position as the pivot
columns in the row reduced version of A,
i.e., the coefficient matrix of R above. In
the coefficient matrix of R, it is clear that
the pivot columns are columns 1, 2, and
4, so the pivot columns of A are in posi-
tions 1, 2, and 4, and are

LW W w

The above three columns form a basis
for the column space of A. (You should
double check that those vectors are lin-
early independent and that the other two
columns of A can be expressed as linear
combinations of the three vectors above.
You should be able to read linear re-
lationships among the columns directly
from the null space calculations above.)

We need to express x as a linear combi-
nation of b; and bs. In other words, we
need to solve the system

1 -3|-7
-3 5| 5[

To do so, we use row reduction, as usual.
Adding 3 times row 1 to row 2 give

1 -3 -7
0 —4|-16 |-



Multiplying row 2 by —1/4 gives

1 -3|-7
0 1| 4]
Adding 3 times row 2 to row 1 gives
1 0|5
0 14|

This tells us that 5b; +4bs = x. (Check!)
So we can say that the B-coordinate vec-

tor of x is
5
[X]B:[4]'

As a bonus, we see that there are two
pivot columns in the row echelon form of
the coefficient matrix [ by b, | which
gives a double check that the given set B
really is a basis; furthermore, the system
is consistent so x really is in the subspace
spanned by B.

The idea is the same in this case. We
must solve the system

-3 7|11 ]
1 51 0
-4 -6\ 7

Swapping row 1 and row 2 gives

1 5] 0
-3 7|11
| -4 6| 7

Adding 3 times row 1 to row 2 and 4 times
row 1 to row 3 gives

1 5|0
0 22|11
0 14| 7

Multiplying row 2 by 1/22 gives

1 5 0
0 1|1/2
0 14 7
Adding —5 times row 2 to row 1 and —14

times row 2 to row 3 gives
1 0|-=5/2
0 1 1/2
0 0 0
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We can conclude that

5

1
—2b, + by = x.
gP1 T gb2=x

(Check!)  Therefore the B-coordinate
vector of x is
Wo=| 0 | =[732
B . 12 |

B

Note that x is a vector in R® but its
B-coordinate vector is in R?2. Also note
that the row reduction process allows us
to double check that B is linearly inde-
pendent and that x is in the subspace
spanned by B.

4. A basis for the subspace spanned by the given

vectors is exactly the same thing as a basis
for the column space of the matrix formed by
juxtaposing the vectors, namely

1 2 0 -1 3
-1 -3 2 4 -8
-2 -1 -6 -7 9

5 6 8 7 =5

To find the pivot columns of the matrix we
perform row reduction. Adding 1 times row 1
to row 2, 2 times row 1 to row 3, and —5 times
row 1 to row 4 we obtain

1 2 0 -1 3
0 -1 2 3 =5
0 3 -6 -9 15
0 4 8 12 -20

Multiplying row 3 by 1/3 and row 4 by 1/4 we
obtain

1 2 0 -1 3
0 -1 2 3 =5
0 1 -2 -3 5
0 -1 2 3 =5

Adding 1 times row 2 to row 3 and —1 times
row 2 to row 4 we obtain

1 2 0 -1 3
0 -1 2 3 =5
0o 00 0 O
0o 00 0 O

The matrix is now in row echelon form. We
see that columns 1 and 2 are pivot columns in
the above, so columns 1 and 2 must have been



5.

pivot columns in the original matrix. So a ba-
sis for the column space of the original matrix
is

1 2
-1 -3
-2 17 -1

5 6

You should check that the above vectors are
linearly independent and that the other given
vectors are linear combinations of those two.
The linear relationships may be found easily
from a basis for the null space. (How?) The
dimension of the column space is just the num-
ber of vectors in a basis; in this case, the di-
mension is 2.

(a) The rank theorem tells us that the rank
of the matrix plus the nullity of the ma-
trix is equal to the number of columns of
the matrix. The nullity is 3, the num-
ber of columns is 5, so the rank must be
5—3=2.

(b) Let the five vectors be vy, ...,
the matrix

v5. Form

A:[Vl Vo V3 V4 Vj ]

The column space of A has dimension 4
which means that there there are 4 pivot
columns in A. (Equivalently, we could
say that the column space has four of the
v;s as basis vectors; or we could say that
the rank of A is4.) Since there are 4 pivot
columns, there must be one non-pivot
column, so the system Ax = 0 has one
free variable. (Equivalently we could say
that the dimension of the null space of A
is one; or we could say that a basis of the
null space contains exactly one vector; or
we could say that the nullity of A is one.)
Setting that free variable to some non-
zero value, say s = 1, gives a non-trivial
solution x to the equation Ax = 0. In
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other words, we have a non-trivial linear
combination x1vy+xave+---+x5vs = 0,
so the v;s are linearly dependent.

Try cooking up an example of five vectors
v; in R? which span a subspace of dimen-
sion 4, and checking that the five vectors
are linearly independent.

We need to construct a 4 x 3 matrix with
one pivot column. The simplest example
is

1 00
000
000
000

Another example is

SO O =
OO O Ww
SO O ot

because there is still only one pivot ele-
ment and therefore only one pivot column
in the matrix. Another example is

0 0 0
2 6 -10
1 3 =5
-3 -9 15

because row operations applied to a
rank 1 matrix give another rank 1 ma-
trix. Many other examples could be con-
structed in a similar manner. Try con-
structing a few examples starting with
the rank 1 reduced row echelon form ma-
trix

017
000
000
000

What are all possible forms of rank 1 re-
duced row echelon matrices?



