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Let the given matrix be A and the given
vector be v. Performing the matrix mul-
tiplication,

]

1 4 1
_[—2+2v2+1 ) _ [ -1+2V2
[ —1+V2+4 ] [ 3+V2 ]

It is not immediately obvious whether Av
is a scalar multiple of v. We could cal-
culate the angle between v and Av (the
angle must be 0 or 7 radians in order for
the vectors to be parallel), but that prob-
ably harder than necessary for the prob-
lem at hand. Instead, note that if Av is
a multiple of v, the eigenvalue must be
3+ /2 by comparing the second entry of
each vector. Multiplying the first entry
of v by3+\/§wehave

(3+V2)(-14+V2)
=-3+3V2-V2+2=-1+2V2

which is equal to the first entry of Av.
Therefore Av = Av with A = 3+ /2, i.e.,
v is an eigenvector of A with eigenvalue
3 4+ /2. You could check your answer by
finding the characteristic equation of A,
checking that )\ satisfies the characteris-
tic equation, and then checking that v is
in the null space of A — AI.

Let the matrix be A and the vector be v.
Performing the matrix multiplication,

3 6 7 1 -2
3 3 7 -2 | = 4
5 6 5 1 -2

If v is an eigenvector of A, then compar-
ing first entries of v and Av, we see that
the eigenvalue must be —2. Now com-
paring Av and —2v, we see that the two
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are equal so v is an eigenvector of A with
eigenvalue —2. You can check that A+2T7
is not invertible and that v is in the null
space of A + 21.

(c) Let the matrix be A and the vector be v.
Performing the matrix multiplication,

7 -2 02 12
-2 6 2 1{=| 6],
0 25 2 12

so v is an eigenvector of A with eigen-
value 6. You can check that A — 61 is not
invertible and that v is in the null space
of A—6I.

In all three cases the given vector was an eigen-
vector of the given matrix. However, if you
pick a matrix and vector at random, the vec-
tor will almost surely not be an eigenvector of
the matrix. Try it!

. In each case we determine whether A — AT is

not invertible, and if it is not, we find one vec-
tor in the null space. It is usually most effi-
cient to use row reduction for this problem,
although you could use determinants if you
wanted.

(a) We perform row reduction on the system

9 3|0
3 1|0
Multiplying row 1 by 1/9 and then
adding —3 times row 1 to row 2 gives
1 1/31]0
0 00
Since the row reduced coefficient matrix
has a row of zeros, the original coefficient

matrix is not invertible, and —2 is an
eigenvalue of the given matrix. To find



an eigenvector, we find any solution to
the above system. For example,

v = -1

h 3
works. (I prefer integer answers where
possible, so I took s = 3.) You should
double check that the above vector is

an eigenvector of the given matrix with
eigenvalue —2.

We perform row reduction on the system
-2 2 210
3 -5 110
0 1 —-2]0

Adding 1 times row 2 to row 1 gives

(1 -3 3]0
3 -5 10
[0 1 -2]o0

Adding —3 times row 1 to row 2 gives

1 -3 3]0
0 4 -8|0
[0 1 2|0

Multiplying row 2 by 1/4 and then
adding —1 times row 2 to row 3 gives

1 -3 3|0
0 1 =20
0 0 010

The matrix is in row echelon form, and
we can see that it has only two pivot
columns, so the original coefficient ma-
trix is not invertible. It follows that 3
is an eigenvalue of the given matrix. To
find a corresponding eigenvector, we put
the system in reduced row echelon form.
Adding 3 times row 2 to row 1 gives

1 0 =-3|0
01 =210
00 010

Choosing an appropriate value for the
free variable gives us the eigenvector

3
v=| 2
1

You should check that v really is an
eigenvector of the given matrix with the
appropriate eigenvalue.
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(¢) We perform row reduction on the system
0 2 310
-1 -3 =30
2 4 60

Adding 2 times row 2 to row 3, then mul-
tiplying row 2 by —1 and swapping rows
1 and 2 gives

1 3 3|0
0 2 30
0 -2 010

Adding 1 times row 3 to row 2 and swap-
ping rows 2 and 3 gives

1 3 3|0
0 -2 010
0 0 3]0

The matrix is now in row echelon form,
from which we can see that the coefficient
matrix has a pivot in each column, so is
invertible. Therefore 4 is not an eigen-
value of the given matrix. You could
check by finding the characteristic poly-
nomial of the matrix and verifying that 4
is not a root of the characteristic polyno-
mial.

3. We solve this problem just as we solved the
previous problem.

(a) We need to find a basis for the null space
of
6 -9
4 -6 |’
i.e., we need to find a basis for the solu-
tion space of

6 —910

4 —6(0 |’
Multiplying row 1 by 1/3 and row 2 by
1/2 gives

2 =-31|0

2 =30 |

Adding —1 times row 1 to row 2 and then
multiplying row 1 by 1/2 gives

o b



Writing s = 2s’ to ensure that we are
working with integers and not fractions,
the solution set is

z1 = 3s'

29 = 28

or in parametric form,

e[

So a basis for the eigenspace associated
with the eigenvalue 4 is

3
9 |-
You can check that the above vector re-

ally is an eigenvector for the given ma-
trix.

We need to solve
3 0 -1]0
1 -1 00
4 —-13 310

Adding —3 times row 2 to row 1, —4
times row 2 to row 3, and then swapping
rows 1 and 2 gives

1 -1 00
0 3 -1]0
0 -9 3|0

Adding 3 times row 2 to row 3 and then
multiplying row 2 by 1/3 gives

1 -1 00
0 1 -1/3|0
0 0 00

Adding 1 times row 2 to row 1 gives

1 0 —1/3]0
01 —-1/3|0
0 0 00

Letting s = 3s’ so we have an integer so-
lution,

ry =S
Tq =235
z3 = 3s'
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or in parametric form

1
x=s511
3

So a basis for the eigenspace in question

1S
1

1

3
You should check that the above vector
really is an eigenvector of the given ma-
trix with the appropriate eigenvalue.

We need to solve the system

-1 0 2 010
1 -1 1 0]0
0 1 -3 0|0
0 0 0 010

Adding 1 times row 1 to row 2 and then
multiplying row 1 by —1 gives

1 0 -2 0|0
0 -1 3 00
0 1 -3 00
0 0 0 010

Adding 1 times row 2 to row 3 and then
multiplying row 1 by —1 gives

1 0 -2 00
01 -3 0|0
00 000
00 000

The system is now in reduced row ech-
elon form. There are two free variables,
z3 = s and z4 = t, and the general solu-
tion is

r1 =28
To = 38
Ir3 =S
T4 =1,

or in parametric form,

2 0
3 0
X=35 1 +1t 0
0 1

Therefore a basis for the eigenspace asso-
ciated with the eigenvalue 4 is

2 0
3 0
11’0
0 1



You should check that both of the above
vectors are eigenvectors for the given ma-
trix with eigenvalue 4, and that both of
the above vectors are linearly indepen-
dent.

The characteristic polynomial of the ma-

902
|

p(A) =det(A— NI

:det[ 3)\ 53)\
=(5-2)*-9
=22 - 10\ +16
=A-2)(A-38).

Therefore the eigenvalues are 2 and 8. As
a check you can try to find corresponding
eigenvectors as in the previous two prob-
lems.

The characteristic polynomial is

=22 — 11 + 40.

3-Xx -4
4 8§—A

The characteristic polynomial can’t be
factored in an obvious way so we try the
quadratic formula:

11+ /(=11)2 — 4(1)(40)
a 2(1)

_ 11+4/-39
===

A

Since the discriminant b2 — 4ac is neg-
ative, the characteristic polynomial has
no real roots, so the matrix has no (real)
eigenvalues.

The characteristic polynomial is

‘ T—A =2

— )2 _
) 3_/\‘_,\ 10 + 25.

Then either by factoring in integers,
or by completing the square, or by
the quadratic formula, the characteristic
polynomial factors as

M — 10X+ 25 = (A — 5)°.

The characteristic polynomial has double
root A = 5,5, so 5 is the only eigenvalue

40f 6

of the given matrix, with (algebraic) mul-
tiplicity 2. You should check the result by
finding an associated eigenvector.

5. As in the previous problem, the characteris-
tic polynomial is det(A — AI), which is now a
3 x 3 determinant and a degree 3 (cubic) poly-
nomial. In general it is a very hard problem
to factor cubic polynomials, but where possi-
ble I will do so, because it facilitates checking;
if you can find the eigenvalues explicitly, you
can try to find eigenvectors, which provides a
check that you are correct.

(a) Expanding in the first row, the charac-
teristic polynomial is

p(A) = det(A — \I)

-2 3 1
=/ 3 X 2

1 2 =)

-2 2 3 2
= 3l ]
=-AA2—4)-3(=32=2)+1(6+ 1))
=A%+ 14\ +12.

We have no obvious way of factoring the
characteristic polynomial, unfortunately.
The only check we have is to do the calcu-
lation over again, perhaps picking a dif-
ferent row or column in which to expand
the determinant.

(b) Expanding in the third row, the charac-
teristic polynomial is

—1-A 0 1
p(A) = -3 4-Xx 1
0 0 2—-A

= (2=N)(=1=Nd-N.

We were lucky to get the characteristic
polynomial in factored form. You can
see that the eigenvalues of the matrix are
A = 2,—-1,4. You can check that those
really are eigenvalues by finding a corre-
sponding eigenvector for each eigenvalue.

(c) Expanding in the second row, the char-
acteristic polynomial is

3
1

-2

2



5—2A 3
6 —2-A

=(1-=X(\-31-28)
=1 -NA=7(A+4).

Because of the form of the determinant
in this case, one factor of the characteris-
tic polynomial pops out immediately, af-
ter which the remaining quadratic can be
factored by standard methods. So, fortu-
nately, in this case we can check our work
by finding eigenspaces corresponding to
the eigenvalues A = 1,7, —4.

—(1-2

The characteristic polynomial and eigen-
values are easy to find for an upper tri-
angular matrix. In this case the charac-
teristic polynomial is

PAA) = (-1=XE - A)(-1-X)

which implies that the matrix has eigen-
values A = —1,—1,4. (The eigenvalue
—1 has (algebraic) multiplicity 2.) Let’s
find a basis for the eigenspace associated
with A = 4. We need to find a basis for
the solution set of the system

-5 =2 210
0 0 3|0
0 0 =510

Multiplying row 2 by 1/3 and then
adding appropriate multiples of row 2 to
the other rows we have

-5 =2 0|0

0 0 110

0 0 0f0

Multiplying row 1 by —1/5 gives

1 2/5 0]0
0 0 1]0
0 000

So the general solution is
2

rp = —=S
5

ro =S

1’3:0

Letting s = 5s' so we don’t have to deal
with fractions, the solution set can be ex-
pressed in parametric form as
-2
x=¢ 5
0
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Therefore a basis for the eigenspace cor-
responding to the eigenvalue 4 is

-2
5
0

You should check that the above vector
really is an eigenvector for the matrix
with eigenvalue 4.

It remains to find the eigenspace corre-
sponding to eigenvalue —1. We must
solve the system

0 -2 2|0
0 5 3|0
0 0 0|0
Adding 2 times row 1 to row 2 gives

0 -2 210
0 1 710
0 0 010

Adding 2 times row 2 to row 1 and swap-
ping rows 1 and 2 gives

o O O
OO =
—
e EEN |
OO O

Multiplying row 2 by 1/16 and adding
the appropriate multiple of row 2 to row
1 gives

01 00
00 10
00 00

The system is in reduced row echelon
form. The variable z; is free, and x5 =
x3 = 0. In parametric form the solution
set is

1
x=s| 0 |,
0

so a basis for the eigenspace associated
with the eigenvalue —1 is

1
0
0



You should check that the above really is
an eigenvector for the matrix with eigen-
value —1. (Note that the eigenspace asso-
ciated with the eigenvalue —1 has dimen-
sion 1; another way of expressing that
fact is by saying that the geometric mul-
tiplicity of the eigenvalue —1is 1. So here
we have an example of the case where the
geometric multiplicity of an eigenvalue is
less than its algebraic multiplicity. In
the last lecture we saw an example of a
matrix for which the geometric multiplic-
ity and algebraic multiplicity of an eigen-
value were both 2. Do you think there is
any relationship between the geometric
and algebraic multiplicities of a multiple
eigenvalue?)

The characteristic polynomial is

w=e-»|°7) 7

=(2-A)\-8X+27)

The characteristic polynomial cannot be
factored any further (over the real num-
bers), so the only (real) eigenvalue of the
matrix is A = 2. A basis for the corre-
sponding eigenspace can be found from
the solution to

3 =3 010
-4 1 0|0
0 0 0f0

Multiplying row 1 by 1/3 gives
1 -1 00
—4 1 00
0 0 0|0

Adding 4 times row 1 to row 2 gives

1 -1 0|0
0 -3 0|0
0 0 0|0

Multiplying row 2 by —1/3 and then
adding the appropriate multiple of row
2 to row 1 gives

1.0 0]0
0100
0 0 00
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It follows that a basis for the eigenspace
is

0

0

1

You should check that the above vector is
an eigenvector for the matrix with eigen-
value 2.

The characteristic polynomial is
T—A =2 0
pA) =] -2 6-2A 2

0 2 5-2A

Elementary row and column operations
do not help (try some to see what hap-
pens), so we just evaluate the determi-
nant by expansion in a row or column
with the most zeros. The first row will
do fine:

A 2

- -2
2 5-—2A

=] ° +2|

=T=N6-NE-X-4)+2(-2)5-1)

= (7= = 11X +26) +4X — 20
= —X\3 4+ 18)\% — 99\ + 162.

At first glance factoring the cubic seems
hopeless. However, if we can find one
root of the polynomial, we can factor it to
reduce the degree and then apply famil-
iar techniques for factoring the remain-
ing quadratic. Following the hint, take a
look at problem 1(c). There it was deter-
mined that 6 is an eigenvalue for the ma-
trix, so A —6 should divide the character-
istic polynomial. (Ironically, expanding
the determinant in the second row or col-
umn might have made that clear sooner.)
In detail,

p(A) = —(A = 6)(A\% — 12X +27)
=—A=6)A=-3)(A—-9)
so the eigenvalues are A = 3,6,9. From

this point on it is the usual. The basis
vectors I get are

1 2 -2
20,11, 2
—2 2 1

Check!

5—2A



