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1. The equation corresponds to the augmented
matrix

0 =5 =7|h
-4 2 -T7|b
-8 14 0]bs

Swapping row 1 and row 2

[ -4 2 —T|b
0 =6 =7T|h
-8 14 0]bs

Adding —2 times row 1 to row 3,
-4 2 —T7|b
0 =5 =7|b
0 10 14| —2by+ b3

Adding 2 times row 2 to row 3,

-4 2 -T7|b
0 =5 =7|b
0 0 0|2b;—2by+0b3

The system is now in row echelon form. It
does not have a solution if and only if it has
arow of the form [ 0 0 0| O ]. That can
be arranged, for example, by setting by = 1,
bs = 0, and b3 = 0. The set of all b for which
the system does have a solution is character-
ized by the equation 2b; — 2bs + b3 = 0.

2. The system is described by the augmented ma-
trix
-1 -3 -1 1
5 12 -1 -11
4 9 —-2]-10

Adding 5 times row 1 to row 2, and 4 times
row 1 to row 3,

-1 -3 -1 1
0 -3 —6| -6
0 -3 —6| -6
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Adding —1 times row 2 to row 3,

1 3 1] -1
0 -3 —-6|—6
0 0 0 O

The system is now in row echelon form. To
put it into reduced row echelon form, multiply
row 2 by —1/3 to obtain

1 3 1|1
01 2 2
0 00 0

Now add —3 times row 2 to row 1 to obtain

1 0 -5| -7
01 2| -2
00 0 0

The variable z3 is free and the solution is de-
scribed by

Ty =—7+5s
.'E2=—2—28
I3 = S,

or in parametric form,

-7 5
XxX=|-2|+] -2 |s.
0 1

. Conservation of H gives the equation

T, + T3 = 2x4.
Conservation of I gives
1 + 229 = T35,
conservation of O gives
3z, = ws,
conservation of Fe gives

T2 = T4,



and conservation of Cl gives

The equations are captured by the augmented

matrix

OO W = =

— o N O

0

T3 = 3T4 + T5.

o OO

Adding —1 times row 1 to row 2 and —3 times

row 1 to row 3,

10 1 0 0 -210
0 2 -1 0 -1 210
0 0 -3 0 0 510
01 0 -1 0 00
1 0 0 1 -3 -1 0]0 |
Swapping row 2 and row 4 gives
[1 0 1 0 0 —=2]0]
01 0 -1 0 00
0 0 -3 0 0 510
0 2 -1 0 -1 210
1 0 0 1 -3 -1 0]0 |
Adding —2 times row 2 to row 4 gives
[1. 0 1 0 0 —=2]0]
01 0 -1 0 00
0 0 -3 0 0 510
0 0 -1 2 -1 210
1 0 0 1 -3 -1 0]0 |
Swapping row 3 and row 5 gives
[1 0 1 0 0 —2]0]
01 0 -1 0 00
0 0 1 -3 -1 00
0 0 -1 2 -1 210
0 0 -3 0 0 510

Adding 1 times row 3 to row 4 and 3 times row

3 to row 5 gives

1 01 0 0 =210
01 0 -1 0 00
001 -3 -1 00
000 -1 -2 210
000 -9 -3 510
Adding —9 times row 4 to row 5 gives
1 01 0 0 -210
01 0 -1 0 00
001 -3 -1 00
000 -1 =2 210
0 0O 0 15 -13|0

0
0
0
-1
-3

0
-1
0
0
-1

-2
0
-1
0
010

o O OO
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The system is in row echelon form. To put it
into reduced row echelon form, multiply row 4
by —1 and row 5 by 1/15 to obtain

101 0 O =210
010 -1 0 010
001 -3 -1 010
000 1 2 -210
000 O 1 -13/15|0

Add —2 times row 5 to row 4 and 1 times row
5 to row 3 to obtain

101 00 —210
010 -1 0 00
001 -3 0 —13/15|0
000 10 =-4/15]0
000 01 —13/15|0

Add 3 times row 4 to row 3, and 1 times row
4 to row 2 to obtain

10100 210
01000 —4/15/0
00100 —25/15/|0
00010 —4/15|0
0000 1 —13/15|0

Finally, add —1 times row 3 to row 1 to obtain

10000 =5/15|0
01000 —4/15|0
00100 —25/15|0
00010 -4/15|0
0000 1 —13/15|0

The solution to the system is

1
32'1—35
_ 4
(E2—1—58
IL'—§S
73
_ 4
(E4—1—58
13
IL'5—158
g = S.

The smallest positive value of s which gives
an all integer solution is s = 15 which gives
1 =5,29=4,x3=25,24 =4, x5 =13, and
z¢ = 15. You should check that those values
balance the reaction.



