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1. SeeTable1 for the completionof the truth table. The spacesthat areblank aren’t requiredthanksto ‘short-
circuiting’. The logical expressions� � p � � q � and � p � q arelogically equivalentbecausethe corresponding

p q p � q p � � q � � p � � q � � p q � p � q

F F F F T T T
F T F F T T T
T F T T T F F F F
T T T F F T F T T

Table1: Truth tablefor � � p � � q � and � p � q

columnsin thetruth tableareidentical.

2. By thedefinitions,

x � � A � B ���	��
 � � x � A � B ���

 � � x � A � x � B ���

 � � x � A � � � x � B �����
By theabove logical equivalence,

� � x � A � � � x � B ����
 � � x � A ��� � x � B ��
 x � A � � x � B 
 x � � A ��� B �
Sinceanarbitraryelementx of X is in

�
A � B � � � if andonly if it is in A � � B, thetwo setsmustbeequal.

3. Thestatementq is “m2 is a multiple of 2” andthestatementr is “m is a multiple of 2”. Thecontrapositive of
p in symbolsis � r � � q, which in wordsis “if m is not a multiple of 2 thenm2 is not a multiple of 2”. The
contrapositiveof p canalsobewritten “if m is oddthenm2 is odd”. In thatform, it caneasilybeproveneither
by algebra(m � 2n � 1 impliesm2 � 4n2 � 4n � 1 which is odd),by modulararithmetic(m � 1 mod2 implies
m2 � 12 � 1 mod2), or by induction.Sincethecontrapositiveof p is true,thestatementp itself is truesincethe
two arelogically equivalent.

4. By thedistributive law (axiom9) appliedwith a � �
x � y � , b � x andc � y,

�
x � y � 2 � �

x � y ��� � x � y ��� ���
x � y ��� x ��� ���

x � y � � y ���
By thecommutative law for multiplication(axiom5) appliedtwice,

���
x � y ��� x ��� ���

x � y � � y �!� �
x � � x � y ����� ���

x � y ��� y ��� �
x � � x � y ����� �

y � � x � y ���"�
Applying thedistributive law (axiom9) again,twice,

�
x � � x � y ����� �

y � � x � y ����� ���
x � x ��� �

x � y ����� ���
y � x ��� �

y � y ���!� x � x � x � y � y � x � y � y

wherethebracketscanbeendroppedin thelastexpressionbecauseof orderof operationsandtheassociativity
of addition(axiom4). Applying thecommutativelaw for multiplication(axiom5) appliedto thethird term,and
thentheexistenceandpropertiesof 1 (axiom7),

x � x � x � y � y � x � y � y � x2 � xy � xy � y2 � x2 � �
xy � 1 � �

xy � 1 � y2 �



The � symbolhasbeendroppedabove for conciseness.Now applyingthe distributive law (axiom9) andthe
commutative law for multiplication(axiom5) onelasttime,

x2 � �
xy � 1 � �

xy � 1 � y2 � x2 � �
xy � � 1 � 1��� y2 � x2 � �

1 � 1� xy � y2 � x2 � 2xy � y2

where2 is definedto be1 � 1 andthebracket aroundxy canbedroppedby theassociativity of multiplication
(axiom6). Skippinga few stepshereandthereis OK aslongasI canstill find 5 marksworth.

5. ConsiderthestatementP
�
n � � “32n # 1 � 1 is a multiple of 4”. Show thatP

�
n � is truefor all n �%$ by following

thestepsbelow.

(a) Thebasecaseis P
�
1�
� “32 & 1'(# 1 � 1 is amultipleof 4”. Thebasecaseis truebecause33 � 1 � 28 � 4 � 7

is indeeda multiple of 4.

(b) The inductionhypothesisis “for somek, 32k # 1 � 1 is a multiple of 4”. It might be betterto write the
inductionhypothesisin theform of anequation:“for somek, 32k # 1 � 1 � 4m.”

(c) The inductionstepis to show that P
�
k �)� P

�
k � 1� for any k. So, supposeP

�
k � , i.e., the inductionhy-

pothesisin thepreviousanswer. ThenP
�
k � 1� is true if 32 & k # 1'*# 1 � 1 is a multiple of 4, but 32k # 3 � 1 �

32k # 1 � 9 � 1. By the inductionhypothesis,32k # 1 � 4m + 1 sowe have 32k # 1 � 9 � 1 � 9
�
4m + 1��� 1 �

36m + 9 � 1 � 36m + 8 � 4
�
9m + 2� is alsoamultipleof 4, whichprovestheinductionstep.It followsthat

P
�
n � is truefor all n �%$ .

6. Thebasecaseoccurswhenn � 1. In that casethe left handsideis ∑1
i , 1 i

�
i � 2�)� 1

�
1 � 2�-� 3 andthe right

handsideis 1
�
1 � 1� � 2 � 1��� 7��. 6 � 2

�
9��. 6 � 18. 6 � 3. Thetwo sidesareequalwhich provesthebasecase.

To provetheinductionstep,assumethat
k

∑
i , 1

i
�
i � 2�
� k

�
k � 1� � 2k � 7�

6
is truefor somek. Then

k # 1

∑
i , 1

i
�
i � 2�
�

k

∑
i , 1

i
�
i � 2��� �

k � 1� � k � 3�/� k
�
k � 1� � 2k � 7�

6
� �

k � 1� � k � 3�

by theinductionhypothesis.Thenfactoringout a commonfactorof k � 1 andaddingthetwo termsgives

k # 1

∑
i , 1

i
�
i � 2��� �

k � 1� 2k2 � 7k � 6k � 18
6

� �
k � 1�

�
k � 2� � 2k � 9�

6
�
�
k � 1� ��� k � 1��� 1� � 2 � k � 1��� 7�

6

whichprovestheinductionstep.Thetheoremfollowsby induction.

7. Weonly needweakinduction,notstronginduction,to provethis result.Let P
�
n � bethestatement“ f3n is even”.

ThenP
�
1� is truebecausef3 & 1' � f3 � 2 is indeedeven.Furthermore,

f3 & n # 1' � f3n # 3 � f3n # 2 � f3n # 1 � f3n # 1 � f3n � f3n # 1 � f3n � 2 f3n # 1 �
By theinductionhypothesis,f3n is even,andclearly2 f3n # 1 is even,so f3 & n # 1' is evenandtheresultfollowsby
induction.

On theotherhand,you canusestronginductionto prove theresultif you strengthenthe inductionhypothesis
(theinventor’sparadox).Let Q

�
n � bethestatement“ fn is evenif n � 0 mod3; otherwisefn is odd”. Notethat

thisstatementis strongerthanwhatweneedto prove. For thebasecase,youshouldcheckthatQ
�
1� , Q

�
2� , and

Q
�
3� aretrue. As theinductionhypothesis,assumethatQ

�
m � is truefor all m 0 k. Thenfor theinductionstep

we mustusetheinductionhypothesisto proveQ
�
k � 1� . Therearetwo possiblecases.If k � 1 � 0 mod3 then

neitherk nor k + 1 arecongruentto 0 mod3 soour inductionhypothesissaysthatboth fk and fk 1 1 areodd;but
then fk # 1 � fk � fk 1 1 is thesumof two oddnumbers,so is even,soQ

�
k � 1� is truein this case.On theother

hand,if k � 1 2� 0 mod3 thenoneof k andk + 1 is congruentto 0 mod3 andtheotherisn’t, soby theinduction
hypothesisoneof fk and fk 1 1 is oddandtheotheris even,so fk # 1 � fk � fk 1 1 is odd,soQ

�
k � 1� is truein this

caseaswell. In all cases,Q
�
k � 1� is true,sothe inductionstepis true,soby stronginductionQ

�
n � is truefor

all n �%$ .
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