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1. SeeTable 1 for the completionof the truth table. The spaceghat are blank arent requiredthanksto ‘short-
circuiting’. Thelogical expressions-(pA —q) and—pV q arelogically equivalentbecausehe corresponding

lplallp]-a]pA-q]-(pA-q) [[-p|]a]-pVq]
FIF|F F T T T
EITIE = T T T
TIENT [T T F F|F| F
TITIT|F = T E T T

Tablel: Truthtablefor -(pA —q) and—-pVvq

columnsin thetruth tableareidentical.
2. By thedefinitions,
x€ (ANB) & ~(xe ANB) & ~(xe AAXE B) & ~(x e AA—(X € B)).
By theabove logical equivalence,
—(x€ AA-(Xx€B)) & ~(xeA)V(xeB) & xe AvxeBs xe (AUB)
Sinceanarbitraryelementx of X isin (ANB') if andonly if it is in A’ UB, thetwo setsmustbeequal.

3. Thestatementy is “n? is amultiple of 2” andthe statement is “mis a multiple of 2”. The contrapositie of
p in symbolsis —r = —q, which in wordsis “if mis not a multiple of 2 thenn? is not a multiple of 2”. The
contrapositie of p canalsobewritten “if mis oddthenn? is odd”. In thatform, it caneasilybe proveneither
by algebra(m= 2n+ 1 impliesnm? = 4n? + 4n+ 1 whichis odd), by modulararithmetic(m= 1 mod2 implies
n? = 12 = 1 mod?2), or by induction. Sincethe contrapositie of p is true, the statemenp itself is true sincethe
two arelogically equivalent.

4. By thedistributive law (axiom9) appliedwith a= (x+Y), b= xandc =y,
(X+Y)? = (x+Y) X (x+Y) = ((x+¥) x %)+ ((X+Y) x ).
By the commutatve law for multiplication (axiom5) appliedtwice,
(X+Y) xX) + ((x+y) xy) = (xx (X+Y)) + (X+Y) X y) = (xx (X+Y)) + (y X (X+)).
Applying thedistributive law (axiom9) again,twice,
(XX (X4Y)) + (yx (x+¥)) = (X xX) + (xx¥)) + ((y X X) + (Y X Y)) = XXX+ XXY+YXX+Y XY

wherethe bracletscanbeendroppedin the lastexpressiorbecaus®f orderof operationsandthe associatiity
of addition(axiom4). Applying thecommutatve law for multiplication (axiom5) appliedto thethird term,and
thenthe existenceandpropertiesof 1 (axiom7),

XX XHXXY+FYXX+Y XY= X +Xy+Xy+ Y =X + (xy) 1+ (xy) 1+ Y2



The x symbolhasbeendroppedabove for concisenessNow applyingthe distributive law (axiom 9) andthe
commutatve law for multiplication (axiom5) onelasttime,

X+ )1+ () 1+ =X+ (9 (1+ 1) + Y =2+ (L+ Dy + Y = + 2y +Y°

where2 is definedto be 1+ 1 andthe bracket aroundxy canbe droppedby the associatiity of multiplication
(axiom®6). Skippingafew stepshereandthereis OK aslongasl canstill find 5 marksworth.

. Considerthe statemenP(n) = “32™1 4 1 is amultiple of 4”. Shaw thatP(n) is truefor all n € N by following
the stepsbelow.

(a) Thebasecasds P(1) = “321+1 1 1isamultiple of 4”. Thebasecaseis truebecaus@®+1=28=4x7
is indeeda multiple of 4.

(b) The induction hypothesiss “for somek, 3%+1 + 1 is a multiple of 4”. It might be betterto write the
inductionhypothesisn the form of anequation:for somek, 3%*1 4+ 1 =4m”

(c) Theinductionstepis to shav that P(k) = P(k+ 1) for ary k. So, supposeP(k), i.e., theinductionhy-
pothesisin the previousanswer ThenP(k+ 1) is trueif 32k+D+1 1 1 is amultiple of 4, but 3%+3 4+ 1 =
3%+1 x 94 1. By theinductionhypothesis3*+1 = 4m— 1 sowe have 3%+1 x 9+ 1=9(4m—1) + 1=
36m—9+ 1= 36m— 8= 4(9m-— 2) is alsoamultiple of 4, which provestheinductionstep.It followsthat
P(n) istrueforallne N.

. The basecaseoccurswhenn = 1. In thatcasethe left handsideis S ;i(i +2) = 1(1+ 2) = 3 andtheright
handsideis 1(1+1)(2(1) +7)/6 = 2(9)/6 = 18/6 = 3. Thetwo sidesareequalwhich provesthebasecase.

k
To provetheinductionstep,assumehatZi(i +2)= w is truefor somek. Then
i=
kel k k(k+1)(2k+7)
le(l +2)= ZI(I +2)+(k+1)(k+3)= T+(k+ 1(k+3)
i= i=

by theinductionhypothesisThenfactoringouta commonfactorof k+ 1 andaddingthetwo termsgives

I-(ii(i +2)= (ke D) 2|<2+7|<:Sr Ok+18 _ . (k 2)((52k+ 9) _ (k+1)((k+1) -%1)(2(k+ 1)+7)

which provestheinductionstep. Thetheorenmfollows by induction.

. We only needweakinduction,notstronginduction,to provethisresult.Let P(n) bethestatement f3; is even”.
ThenP(1) is truebecauses ;) = f3 = 2 is indeedeven. Furthermore,

fane1) = fanes = fanra+ fanra = fanpa+ fan+ fanpa = fan + 2fanya

By theinductionhypothesisfsn is even,andclearly 2fsn.1 is even,so 3, 1) is evenandtheresultfollows by
induction.

On the otherhand,you canusestronginductionto prove theresultif you strengtherthe inductionhypothesis
(theinventor's paradox).Let Q(n) bethestatement f, is evenif n = 0 mod 3; otherwisef, is odd”. Notethat
this statemenis strongetthanwhatwe needto prove. For the basecase you shouldcheckthatQ(1), Q(2), and
Q(3) aretrue. As theinductionhypothesisassumehat Q(m) is truefor all m < k. Thenfor theinductionstep
we mustusethe inductionhypothesido prove Q(k+ 1). Therearetwo possiblecases!f k+ 1= 0 mod3 then
neitherk nork — 1 arecongruento 0 mod3 soour inductionhypothesisaysthatboth f, and fy_1 areodd; but
then fy, 1 = fx + fk—1 is the sumof two odd numberssois even,soQ(k + 1) is truein this case.Onthe other
hand,if k4 1 # 0 mod3 thenoneof k andk — 1 is congruento 0 mod 3 andthe otherisn’t, soby theinduction
hypothesi®neof fy and fx_1 is oddandtheotheris even,so fy, 1 = fx + fk—1 is 0dd,soQ(k+ 1) is truein this
caseaswell. In all casesQ(k+ 1) is true,sotheinductionstepis true, soby stronginductionQ(n) is true for
allne N.



