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1. 100 — 23 = 77; 77 — 23 = 54; 54 — 23 = 31; 31 — 23 = §; and 8 is less than 23 so we are finished.
Putting those equations back together we see that 100 =23+ 77 =23 +23+54 =23+23+23+31 =
23 4+ 23 + 23 + 23 + 8 = 23 x 4 + 8 which gives the required representation of 100, i.e., 100 = 23q + r
where ¢ = 4 and r = 8.

2. By the standard long division algorithm (or by using a calculator in the way I showed you during the
lectures),

28)1001
84

161
140

21

which gives ¢ = 35 and r = 21. You should check that the g and r you have obtained actually does
satisfy the requirements 1001 = 28 x 35+ 21 and 0 < 21 < 28.

3. We first find the representation of 2005 in base 16 by repeated division of remainders by 16:

125 R b 7 R 13 OR7
16)2005 16) 125 16)7
16 112
40 13
32
85
80
5

50 2005 = 7 x 162 + 13 x 16 + 5 x 16°. (You should check that by performing the arithmetic.) The
conventional representation for that in base 16 notation is (7D5)16, where the D is a single digit which
stands for 13. (If you wrote (7 13 5)14, preferably with some space or some other delimiter between
the 7 and 1 and between the 3 and 5, that is acceptable too for now.)

The base 2 representation can be found by the same method. However, there is a shortcut that can
be used to convert base 16 to base 2: (7)1 = (0111), (D)1 = (1101)s, and (5)15 = 01015, so just
concatenating those results,

(7D5)16 = (0111,1101, 0101),



Note that this short cut only works for a few pairs of bases and won’t help you convert from one base
to another in general.

. Repeatedly dividing,

5 R 924 7 R 462 2RO
6930) 35574 924)6930 462)924
34650 924
924 462 0

so ged(6930,35574) = 462.
. First we use the Euclidean algorithm to find the gcd of 1001 and 288:

3 R 137 2R 14 9R 11 1R3 3R2 1R1
288)1001 137)288 14)137 11)14 311 2)3
864 274 126 11 9 2
137 14 11 3 2 1

so gcd(288,1001) = 1. But using the “division equation” we can also write

1=3x1-2x1
2=11x1-3x%x3
3=14x1-11x1
11=137x1-14x9
14 =288x1—-137x2
137 = 1001 x 1 — 288 x 3.
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Substituting equation 2 into equation 1,
1=3x1—-(11x1-3x3)
=3x14+3x3—-11x1
=3x4-11x1

Now substituting equation 3 into the above,

1=(14x1-11x1)x4-11x1
=14x4-11x4-11x1
=14x4—-11 x 5.

Substituting equation 4 into the above,

1=14x4—-(137x1-14x9) x5
=14x4—-137x5+14 x 45
=14 x49 - 137 x 5.

Substituting equation 5 into the above,

1=(288x1—-137%x2) x49—-137 x5
=288 x49—-137x98 -137 x5
= 288 x 49 — 137 x 103.



Finally, substituting equation 6 into the above,

1 =288 x 49 — (1001 x 1 — 288 x 3) x 103
= 288 x 49 — 1001 x 103 + 288 x 309
= 288 x 358 — 1001 x 103,

which gives an answer to the question: m = —103 and n = 358. (You should check that those values
of m and n actually do work.)

6. According to the factor tree:

1995840
/ \
199584 10
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the answer is 1995840 = 26 x 3* x 5! x 7! x 111. (There are many ways of building the factor tree, but
there is only one prime factorization.)

7. You could use the unique factorization theorem to answer this question, which is the way most people
would do it. Below, I have written two other possible ways you could answer this question. In both
cases, it will help you understand if you pick a few different values of a, b, and m and follow along
with the arguments. The second method is a quite unusual, but it may be more understandable, and
it works.

(a) Let D = ged(ma, mb). Since D is a common divisor of ma and mb we can write ma = rD and
mb = sD. Also, by the Euclidean algorithm, D can be written D = pma + ¢gmb = m(pa + gb) for
some p and ¢, which shows that D is divisible by m, and means that we can write D = mD; for
some integer D;. Then ma = rmD; and mb = smD;. Dividing through by m gives a = rD; and
b = sD1, which shows that D; is a common divisor of @ and b. Then the largest possible value for
D; is ged(a, b), so the largest possible value for D is m ged(a,bd). On the other hand, m ged(a, b)
really is a common divisor of ma and mb.

To summarize, m ged(a,b) is a common divisor of ma and mb, and no larger integer can be a
common divisor of ma and mb, which means that m ged(a, b) = ged(ma, mb).

(b) Analysis: Let’s pick some values of a, b, and m and apply the Euclidean algorithm to find
ged(a, b) and apply the Euclidean algorithm to find ged(ma, mb). For example, let a = 9, b = 15,
and m = 2. (You should pick your own a, b, and m and follow along.)

1R 6 1R 12
9)15 18)30

9 18

6 12
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6)9 12)18
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3 6
2RO 2RO
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Notice that the two runs of the Euclidean algorithm are closely related. One is a sort of “distorted
mirror” of the other. Every number in the calculation of gcd(18,30) is twice every number in the
calculation of gcd(9,15), with the exception of the quotients, which are the same. Try this on a
few more examples, and you’ll see that in every case, the run of the algorithm for ma and mb can
be obtained from the run of the algorithm for a and b by multiplying every number by m except
for the quotients. That observation is good enough for full marks for now, but in order to turn it
into a real, valid, mathematical proof, see the following.

Proof: Suppose a < b. When finding ged(a,b), we divide b by a to obtain b = ga + r where
0 <r < a. Then mb = gma + mr where 0 < mr < ma, which is the first required operation in
finding ged(ma, mb) by the Euclidean algorithm.

The next step, when finding ged(a, b), is to divide a by r to obtain a = ¢17 + 71 where 0 <71y < r.
Again multiplying through by m we obtain ma = ¢ymr + mry; where 0 < mry < mr, which is the
second required operation in finding ged(ma, mb) by the Euclidean algorithm.

We continue in this way until we obtain a remainder of 0 in the sequence of divisions for finding
ged(a, b); say, r,_1 = qry17k + rre1 where 0 = ri 1. Then ged(a,b) = rg. On the other hand,
the corresponding equation for gcd(ma, mb) is mry_1 = qgrimry + mrgy1, which shows that
ged(ma, mb) = mr = mged(a, b).

8. The best definition of gcd(ai, as, ... ,a,) is that it is the largest element of the set of common divisors
of a, ...an. A second definition (which you should actually prove as a theorem if you are going to use
the first definition) is

ged(ay,as, ... an—1,a,) = ged(ged(ag,az, .-, an-1),an), (7
in other words, to find the greatest common divisor of n numbers, find the greatest common divisor of
the first n — 1 numbers, and then find the greatest common divisor of that result and a,.

Using that second characterization of the greatest common divisor of n, we can prove the theorem.
Let’s start by proving it for n = 3. By the theorem from the lectures, gcd(a1, a2) = pa; + gas for some
integers p and ¢q. Then

gcd(al, az, a3) = gcd(gcd(al, ag), a3)
= ged(par + qaz, as3)
= r(pa1 + qaz) + sas

= rpai + rqaz + sas,

so ged(ay, a9,a3) = x1a1 + X202 + x3a3 holds for 1 = rp, 3 = rq, and x3 = s.

The process can be repeated in an obvious way for n = 4, n = 5, and so on, which proves the required
theorem. (Actually, to really complete this, we need to invoke mathematical induction, but we will
talk about that some other time.)



9. Let’s calculate Fibonacci numbers until we find two larger than 100: fi =1, fa =1, fs =2, fy = 3,
f5 = 5, fe = 8, f7 = 13, fg = 21, fg = 34, f10 = 55, f11 = 89, f12 = 144, f13 = 233, e Applying
the Euclidean algorithm, gcd(144,233) = ged(144,89) = ged(55,89) = --- = ged(3,2) = ged(1,2) =
ged(1,1). After a little experimenting you should see that ged(fi, fr+1) can be calculated in k divisions
(or kK —1 or k — 2 divisions depending on what shortcuts you use in the last few steps). It is enough
to observe that the problem for ged(fx, fr+1) can be reduced to the problem for ged(fx, fr—1) in one
step, but to really finish this off, you could use an induction argument, which we will talk about later.

10.

This is a very challenging problem. There are a number of different ways of attacking it depending
on the tools we have at our disposal. Below I have sketched two possible approaches to solving the
problem. I'm sure there are many others.

(a)

One way involves using modular arithmetic modulo 2, modulo 22, modulo 22, and so on to see
which powers of 2 might divide which Fibonacci numbers. For example, working modulo 2 you
should see a pattern odd, odd, even, odd, odd, even, etc. Working modulo 4 you should see that
every sixth Fibonacci number is divisible by 4. Look again at the sequence modulo 3, modulo 32,
and so on, and then for any prime power modulus p*. You should be able to figure out patterns
which will help you determine the factorizations of Fibonacci numbers, and the result will follow
after a little more work.

Another way of solving the problem uses the idea in solution 7b. If we can show that ged(fim, fn) =
gcd(fm—n, fn) for any m > n then we can run two parallel Euclidean algorithms, one to find
gcd(fm, fn) and the other to find ged(m,n), and obtain a mapping from one run of the algorithm
to the other. So you should begin by exploring how f,r can be expressed in terms of f,+1 and
fn by successively writing fr+r = frtr—1 + fntrk—2 and expanding each of those in turn until you
arrive at an expression involving just f,41 and f,. First try for ¥ = 1 (nothing to do), k = 2,
k = 3, and so on. You should start to see other Fibonacci numbers appearing. The result you
should eventually obtain is fp+r = frkfnt1 + fk—1fn. The proper way to prove this formula is
through mathematical induction, but I am not requiring induction arguments from you at this
stage.

Now let’s look at ged(frtk, fn)- According to the above formula,

ged(frtk, fr) = 8ed(fefnt1 + fr—1fn; fn)- (8)
Subtracting f,, from the first number fj_; times, we obtain
ged(fefrt1 + fe—1fn, fn) = 8ed(fr frt1, fn)- 9)
However, by an earlier problem in the textbook, f,+1 and f, have no common factor, so
ged(frfrtr, fn) = ged(fe, fn)- (10)

Putting it all together and letting k = m — n we see that gcd(fp, fn) = gcd{(fim—_n, fn)- Now we
can run parallel Euclidean algorithms in the style of solution 7b.



