MATH 221-001 200530

Problem Set 1
Edward Doolittle

Due: Friday, September 23, 2005

Please answer the following questions.  Each is worth 1 mark out of 10.  The last few problems are more difficult, and are intended to distinguish A and B level work from C level work.

1. Use the division algorithm discussed in the lectures to find integers q and r that satisfy the two conditions

a. 100 = 23q + r

b. 0 ≤ r < 23

2. Use another division algorithm to find q and r which satisfy the two conditions
a. 1001 = 28q + r

b. 0 ≤ r < 28

(The division algorithm we learned in the lectures may be too slow, show you should use another algorithm.)  Be sure to check that the conditions really do hold.

3. Find the representations of the number 2005 in base 2 and base 16.

4. Use the Euclidean Algorithm to find the greatest common divisor of 6930 and 35574.

5. Find integers m and n such that 1001m + 288n = 1.

6. Find the prime factorization of  1995840.

7. Prove that, for any integers a, b, and m, gcd(ma,mb) = m gcd(a,b).

8. Give a definition of the gcd of n numbers a1, a2, …, an.  Use your definition to prove that there are n integers x1, x2, …, xn such that gcd(a1, a2, …, an) = x1a1 + x2a2 + … + xnan.

9. The Fibonacci numbers are defined by the relations 
a. f1 = 1

b. f2 = 1

c. fn = fn-1 + fn-2
i.e., the Fibonacci number fn is the sum of the two previous Fibonacci numbers for n > 2.  The first few Fibonacci numbers are 1, 1, 2, 3, 5, 8, 13, … .  Find two consecutive Fibonacci numbers greater than 100, and apply the Euclidean algorithm to that pair of numbers.  How many divisions are required?  Can you find a general formula for the number of divisions required in the Euclidean algorithm in order to find the greatest common divisor of fn and fn+1?

10. Prove that the greatest common divisor of two Fibonacci numbers is another Fibonacci number.  (If you get stuck, there is a hint in section 8.7 of the textbook.)

