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1. (a) Show that p � q is logically equivalentto q ��� p.

(b) Usetheaboveresultandthelogical identities ����� r �	� r and ��� s � t �
����� s ��
���� t � to find anexpression
usingonly thelogical operators� and 
 which is logically equivalentto ��� p � q � .

(c) Usetheaboveresultto write out thenegationin wordsof thestatement“If it rains,it pours”withoutusing
thewords‘if ’, ‘then’, or ‘implies’.

2. For eachof thefollowing setsof naturalnumbers,find its leastmember.

(a) � n ��� : n2 � 38�
(b) � n ��� : n2 � 40n �
(c) � n ��� : n2 � 3 � 4n �
(d) � n ��� : n � 5x � 12y for somex � y �����

3. Useweakinductionto provethat1 � 2 � 22 ��������� 2n � 2n  1 ! 1 for all n ��� .

4. Provethat33n ! 1 is amultiple of 13 for all n ��� by induction.(Hint: show that33n is of theform 13m � 1.)

5. Provethat33n ! 1 is amultiple of 13 for all n ��� usingmodulararithmetic.(Hint: show that33n � 1 mod13.

6. Show that n2 � 3n � 2 for all integersn � 4 by induction. (Hint: seethe first exampleon page33 of the
textbook.)

7. Find theleastnaturalnumbern0 for which n! � 3n. Provethattheinequalityis truefor all n � n0 by induction.

8. Proveby inductionthat1 is theleastmemberof � .

9. Let thenumbersan bedefinedrecursively by a1 � 1, a2 � 2, a3 � 3, and

an  3 � an  2
� an  1

� an

for n � 1 � 2 � 3 ��"�"�" . Usestronginductionto provethatan # 2n $ 1 for n ��� .

10. The method of infinite descent.Show that if therearenaturalnumbersx andy suchthatx2 � 2y2, thenit is
alsotruethatw2 � 2z2 wherew � 2y ! x andz � x ! y arenaturalnumbers.

Now let S �%� x �&� : x2 � 2y2 for somey ����� . ProvethatS hasno leastelementandthereforemustbeempty.
(This shows that thereareno naturalnumbersx andy thatsatisfyx2 � 2y2; theargumentmayberelatedto the
geometricalreasoningthatthePythagoreansoriginally usedto provethat ' 2 is irrational.)
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