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MATH221-001200530ProblemSet5

EdwardDoolittle
Due: Friday, November4, 2005

(a) Shaw thatp = qis logically equivalentto gV —p.

(b) Usetheaboveresultandthelogical identities—(—r) =r and—(sVt) = (=s) A (-it) to find an expression
usingonly thelogical operators- andA whichis logically equivalentto —(p = q).

(c) Usetheaboveresultto write outthe negationin wordsof the statementlf it rains,it pours”withoutusing
thewords'if ’, ‘then’, or ‘implies’.

. For eachof thefollowing setsof naturalnumbersfind its leastmember

(@ {neN:n?>38}

(b) {ne€N:n?>40n}

(c) {neN:n?+3>4n}

(d) {ne N:n=>5x+12yfor somex,y € N}

. Useweakinductionto provethatl +24 224 .-+ 2" =21 _1forallne N.
. Provethat3®" — 1 is amultiple of 13for all n € N by induction. (Hint: shav that3%" is of theform 13m+1.)
. Provethat3®" — 1 is amultiple of 13for all n € N usingmodulararithmetic.(Hint: shawv that3*" = 1 mod13.

. Show that n? > 3n+ 2 for all integersn > 4 by induction. (Hint: seethe first example on page33 of the

textbook.)

. Findtheleastnaturalnumbemg for whichn! > 3". Prove thattheinequalityis truefor all n > ng by induction.
. Prove by inductionthat1 is the leastmemberof N.

. Letthenumbersa, bedefinedrecursvelybya; = 1,a, = 2,az = 3,and

ant+3 = an+2tant1+8an
forn=1,2,3,.... Usestronginductionto provethata, < 2! forn € N.
The method of infinite descent. Show thatif therearenaturalnumbersx andy suchthatx? = 2y?, thenit is

alsotruethatw? = 272 wherew = 2y — x andz = x— y arenaturalnumbers.

Now let S= {x € N : x> = 2y? for somey € N}. Prove thatS hasno leastelementandthereforemustbe empty
(This shavs thatthereareno naturalnumbersx andy thatsatisfyx? = 2y?; the agumentmay berelatedto the
geometricateasoninghatthe Pythagoreaneriginally usedto prove thaty/2 is irrational.)



