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Pleasetry to solve asmany of the following problemsasyou canwith your group. At the end,handin onesetof
answersfor everyonein thegroup.Make surethateveryonein your groupputstheir nameon theanswerpages.The
problemswill bemarked,andeveryonein thegroupwill getthesamegrade.Youproblablywon’t havetimedo doall
theproblems,soselecttheonesyou cando best.

1. Examplesof infinite sets. For eachof the following setsS, show thatS is infinite by constructinga bijection
from S to

�
.

(a) S ��� n � � : n � 23�
(b) S ��� n � � : n is a multipleof 5 �
(c) S ��� n � � : n endsin thedigits00�
(d) S ��� n � � : n is a perfectsquare�

2. Countablesets.A setS is calledcountable if thereis a bijection f : S � � . Show that

(a)
�

is countable.

(b) Any subsetof
�

is countableor finite.

(c) Theintersectionof two countablesetsis countableor finite.

(d) Theunionof two countablesetsis countable.

3. Functionson finite and infinite sets.

(a) SupposeS is aninfinite set.Show thatthereis aninjection f : S � S which is not a surjection.

(b) SupposeS is aninfinite set.Show thatthereis a surjectiong : S � S which is not aninjection.

(c) SupposeS is a finite set.Show thatany injection f : S � S mustbea bijection.

(d) SupposeS is a finite set.Show thatany surjectiong : S � S mustbeabijection.

4. Primes.

(a) Explain,in yourown words,Euclid’sproof thatthesetof primesis infinite. (Seep.52of thetextbook.)

(b) An upperprimeis aprimeof theform 4n � 3 wheren is anaturalnumber. For example,3, 7, and11areall
upperprimes,while 2, 5, and13 arenot upperprimes.AdaptEuclid’s proof to show that thesetof upper
primesis infinite.

(c) Show thatthereareinfinitely many primesof theform 6n � 5.

(d) A lower prime is a prime of the form 4n � 1 wheren is a naturalnumber. For example,5, 13, and17
arelower primes. Explainwhy Euclid’s proof cannotbe adaptedto show that the setof lower primesis
infinite.



5. The infinite hotel.

(a) Supposewe wantto accommodateonemoreguestin analready-fullinfinite hotel. Giveanexactformula
which describesto eachguestto which roomheor sheshouldmove.

(b) Supposewewantto accommodateonehundredmoreguestsin analready-fullinfinite hotel.Giveanexact
formulawhichdescribesto eachguestto which roomheor sheshouldmove.

(c) Supposewe want to accommodateall the guestsfrom one infinite hotel in anotheralready-full infinite
hotel.Giveanexactformulawhich describesto eachguestto which roomheor sheshouldmove.

(d) Supposewewantto accommodateall theguestsfrom aninfinite chainof infinite hotelsinto anotherempty
infinite hotel.Giveanexactformulawhich describesto eachguestto which roomheor sheshouldmove.
(You canbaseyour formulaon thesystemI describedin thelecture,or you candevisea new system.It’s
OK if you don’t useall therooms.)

(e) Supposewe have an infinite numberof cities, eachwith an infinite chainof infinite hotels. We want to
accommodateall theguestsfrom everyhotelfrom everychainfrom everycity in a single(empty)infinite
hotel. Give anexact formulawhich tells every individual in any of thoseroomsto which roomheor she
shouldmovein theemptyinfinite hotelsothatnotwo individualsgetthesameroom.(Hint: usetheanswer
to thepreviousquestion.)

2


