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Pleasetry to solve asmary of the following problemsasyou canwith your group. At the end, handin one setof
answerdor everyonein the group. Make surethateveryonein your group putstheir nameon the answerpages.The
problemswill be marked,andeveryonein thegroupwill getthe samegrade.You problablywon’t havetime dodoall
theproblems soselecttheonesyou cando best.

1. Examplesof infinite sets. For eachof the following setsS, shav that Sis infinite by constructinga bijection
from Sto N.
(@) S={neN:n>23}
(b) S={ne N:nisamultiple of 5}
(c) S={ne N: nendsin thedigits 00}
(d) S={ne N:nisaperfectsquare

2. Countable sets.A setSis calledcountable if thereis abijection f : S— N. Shaow that

(a) Nis countable.

(b) Any subsebdf N is countableor finite.

(c) Theintersectiorof two countablesetsis countableor finite.
(d) Theunionof two countablesetsis countable.

3. Functionson finite and infinite sets.

(a) Supposesis aninfinite set. Shav thatthereis aninjection f : S— Swhichis nota surjection.
(b) Supposeis aninfinite set. Show thatthereis a surjectiong : S— Swhichis notaninjection.
(c) SuppossSis afinite set.Show thatary injection f : S— Smustbea bijection.

(d) Supposesis afinite set. Shav thatary surjectiong : S— Smustbeabijection.

4. Primes.

(a) Explain,in yourown words,Euclid’s proof thatthe setof primesis infinite. (Seep.52of thetextbook.)

(b) An upperprimeis aprimeof theform 4n+ 3wherenis anaturalnumber For example,3, 7,and11 areall
upperprimes,while 2, 5, and13 arenot upperprimes. Adapt Euclid’s proofto shav thatthe setof upper
primesis infinite.

(c) Show thatthereareinfinitely mary primesof theform 6n+ 5.

(d) A lower primeis a prime of the form 4n+ 1 wheren is a naturalnumber For example,5, 13, and17
arelower primes. Explainwhy Euclid’s proof cannotbe adaptedo shav thatthe setof lower primesis
infinite.



5. The infinite hotel.

(a) Supposeave wantto accommodatenemoreguestin analready-fullinfinite hotel. Give anexactformula
which describego eachguestto which roomhe or sheshouldmove.

(b) Supposeve wantto accommodatenehundredmoreguestsn analready-fullinfinite hotel. Give anexact
formulawhich describego eachguestto which roomhe or sheshouldmove.

(c) Supposewe wantto accommodatell the guestsfrom oneinfinite hotel in anotheralready-fullinfinite
hotel. Give anexactformulawhich describedo eachguestto which roomhe or sheshouldmove.

(d) Supposevewantto accommodatall theguestfrom aninfinite chainof infinite hotelsinto anotherempty
infinite hotel. Give anexactformulawhich describeso eachguestto which roomhe or sheshouldmove.
(You canbaseyour formulaon the systeml describedn thelecture,or you candevisea new system.t's
OK if youdon't useall therooms.)

(e) Supposene have aninfinite numberof cities, eachwith an infinite chain of infinite hotels. We wantto
accommodatell theguestsrom every hotelfrom every chainfrom every city in a single (empty)infinite
hotel. Give anexactformulawhich tells every individual in any of thoseroomsto which roomhe or she
shouldmovein theemptyinfinite hotelsothatnotwo individualsgetthesameroom. (Hint: usetheanswer
to thepreviousquestion.)



