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Time: 50 minutes Name:
Instructor: Student#:

Dr. EdwardDoolittle Section:

You have 50 minutesto do eachof thefollowing questions.Thetestis worth a total of 50 marks;
you shouldtry to earnonemark per minute. Pleasejustify your conclusionswith a proof or an
example.No aidsarepermitted.Usethebacksof thepagesfor roughwork.

Thelasttwo problemsareharderthantheothers.Youshouldattemptthemonly afteryouhave
tried theothers.If hardlyanyonegetsthelast two problems,thetestwill betakenout of 40 or 45
insteadof outof 50.

1. (a) (5 marks)Show that if I select56 distinctnumbersfrom theset
�
1� 2��������� 100� I must

have two numberswhich differ by 11.

(b) (5 marks)Show that if I select55 distinctnumbersfrom theset
�
1� 2��������� 100� thenI

do notnecessarilyhave two numberswhichdiffer by 11.
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2. (6 marks)Recallthatweprovedtheformulas

n

∑
r � 1

r 	 1
2

n 
 n � 1�
n

∑
r � 1

r2 	 1
6

n 
 n � 1�

 2n � 1�

Usethoseformulasto find asimilar formulafor

n

∑
r � 1


 3r2 � 7r �

Youdo notneedto provethatyour formulais correct!
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3. (6 marks)Usemathematicalinductionto provethat

n

∑
r � 1


 3r2 � 5r ��	 n 
 n � 1�

 n � 3�

for n 	 1� 2� 3������� .

4. (6 marks)RecallthattheFibonaccinumbersaredefinedby f1 	 f2 	 1 and fn � 2 	 fn � 1 � fn

for n 	 1� 2������� . Prove that
f 2
1 � f 2

2 ��������� f 2
n 	 fn fn � 1

for all n � .
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5. (6 marks)Show that2n � 2n � 1 for n 	 3� 4� 5������� . (Recallthat2n is definedinductively by
21 	 2 and2n � 1 	 2 � 2n.)

6. (6 marks)Show that theset
�
n 
 n � 1��
 n � 3� : n � ��	 �

8� 30� 72��������� is countable.(Hint:
youmayfind question3 useful.)
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7. (5 marks)I pick threedistinct numbersfrom the set
�
1� 2��������� 10� andadd themup. For

example,I couldpick 3, 7, and8 andget theresult18. SupposeI repeatthatprocedure23
times.Show thatI musthavesomeresulttwice.

8. (5 marks)Show thatthesetof primesof theform 3n � 2 is infinite.


