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1. Verify thatthefollowing expressionsaretautologies.

(a) � � p � � q ��� � � p � q � (b) p � � � q � � r ��� p � � q

2. Provethefollowing statementsaboutsetsby convertingto logical identities.

(a)
�
A 	 Bc � c 
 Ac � B (b) A 	 � B � Cc � c � A 	 Bc

ThenotationAc meansthecomplementof thesetA, i.e., theset 
 x � U : x �� A � whereU is theuniversalsetfor
thegivencontext. I.e.,assumingthatx � U for all x underconsideration,we canwrite x � Ac ��� � x � A � .

3. Provethefollowing identity for sets:���
A � B ��	 C ��	 ��� B � C ��	 A � � C 	 A

Hint: thesetrelation � correspondsto thelogical relation � .

4. Determinewhethereachof thefollowing functionsis aninjection,asurjection,and/ora bijection.

(a) f : ����� definedby

f
�
n � 


�
n � 10� n odd

n � 1 � n even

(b) (Correction)g : ����� definedby

g
�
n � 
�� !

 "
1 � n 
 1

g
�
n � 1�$# 2 � n % 1, g

�
n � 1� even

5g
�
n � 1�&� 1 � n % 1, g

�
n � 1� odd

5. Show thatif a function f : S � S hasthepropertythat

for all x � S, f 6 � x � 
 x

then f must be a bijection. (Here f 6 � x � meansf
�
f
�
f
�
f
�
f
�
f
�
x �$���$����� , i.e., f composedwith itself six times

altogether;similarly for f n � x � for any naturalnumbern.)

6. Show thatif thefunction f : S � S hasthepropertythat

for all x � S, f 2 � x � 
 x or f 3 � x � 
 x

then f mustbea bijection. (Hint: usethepreviousproblem.)

7. Show thatif thefunction f : S � S hasthepropertythat

for all x � S, f 2 � x � 
 x and f 3 � x � 
 x

then f mustbetheidentity function.(Recallthattheidentity functionid : S � S is thefunctionwith theproperty
id
�
x � 
 x for all x � S.)



8. Show thatif thefunction f : S � S hasthepropertythat

for all x � S, f 3 � x � 
 x and f 5 � x � 
 x

then f mustbetheidentity function.

9. What is thenumberthat,multiplied by 3, thenincreasedby threefourthsof theresult,thendividedby 7, then
diminishedby onethird of theresult,thenmultipliedby itself, thendiminishedby 52,thenthesquareroottaken,
thenincreasedby 8, thendividedby 10,givestheanswer2?

10. (TheMonkey andtheCoconuts.)After a planecrash,5 menfoundthemselvesstrandedon a desertisland.The
only food sourceon the islandwascoconuts,which wereplentiful, andtheonly otherinhabitantof the island
wasa monkey. Themenspenttheir first daygatheringcoconuts,which they put into a largepile. They wereso
tiredaftergatheringcoconuts,they decidedto leavetheproblemof dividing themuntil thenext day. However, in
themiddleof thenight,oneof themenwokeupanddecidedto takehisshare.Hefoundthatthepile of coconuts
dividedevenlyinto fivewith onecoconutleft over. Hestashedhisfifth, gavetheleftovercoconutto themonkey,
left the restof thecoconutsin a pile for theothers,andwentbackto sleep.However, a secondmanwoke up
afterwards,andalsodecidedto do thesamething. Coincidentally, whenhedividedtheremainingpile into five,
therewasagainoneleft over for themonkey. Hestashedhisfifth. Eachof theotherthreemenwentthroughthe
sameprocessatsometimeduringthenight,eachtimewith oneleftovercoconutfor themonkey. In themorning
whenthey woke up, noneof themadmittedto takinga portionalready, sothey dividedtheremainingpile into
fifths, this time with noneleft over for themonkey. How many coconutsdid they originally gather?

(Bonus:find all solutions.)
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