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EdwardDoolittle
Due: Monday October23

. Using Axioms 1-9andary theoremswve have alreadyproven,show that,for any naturalnumbersa andb,
(@) (a+b)? =a?+2ab+b?
(b) (2a+b)?=4a(a+b)+b?

(By convention,a? meansa x a, ab meansa x b, andmultiplicationis performecdbeforeaddition.) Stateclearly
ateachstepwhich axiomor theoremyou areusing.

. Pickanaturalnumber Multiply it by 2. Add 5. Multiply by 50. If you have hadyour birthdayalreadythis year,
add1756;0therwiseadd1755. Subtractheyearin which youwereborn.

(a) Whatis thesignificanceof thelasttwo digits of theresultingnumber?

(b) Whatis the significanceof theremainingdigits?

(c) How doesthetrick work?

(d) Underwhatconditionswill theabove trick notwork?
. The arithmetic-geometric meaninequality. Using Axioms 1-10andary theoremswe have alreadyproven,

shaw that, for ary naturalnumbersm andn, 4mn < (m+n)2. (Hint: Axiom 10saysm < norm=norm> n;
considereachcasekeepingin mindthedefinitionof a < b. Youmayfind theresultof thefirst problemhelpful.)

. Using Axioms 1-11andary theoremave have alreadyproven,show that,for any naturalnumbem,

(@) n(n+1) is amultiple of 2
(b) n(n+1)(n+ 2) is amultiple of 6

. Shav thatn(n+ 1)(n+5) is amultiple of 6 for ary naturalnumbern. (Hint: you may find the resultsof the
previousproblemuseful.) Theresnoneedto gointo somuchdetailasin thepreviousproblemsyoucanassume
all the (correct)rulesof algebrathatyou need.

. Prove by mathematicainductionthat

=}

2= %n(n+ 1)(2n+1)

for ary naturalnumbem.

. Let fj betheith Fibonaccinumber:f; = f; = 1 and fi;» = fj + fj;1. Prove by mathematicainductionthat

n
fi=fho-1
2,

for all naturalnumbers.

. Again, let f, bethe nt" Fibonaccinumber Usesstronginductionto prove that 32 x 2" x f, > 22 x 3" for all
neN.



9. The method of infinite descent.Supposéghattherearenaturalnumbersp; andq; suchthathE = qf. Show
that,in thatcase,

(&) p1<ay;

(b) qf mustbeeven(i.e.,amultiple of 2);

(c) soqg; mustbeeven;

(d) sog@? mustbedivisible by 4;

(e) sotherearenumbersp; = ¢1/2 andgp = p; suchthat2p3 = g3 but p2 < p; andge < gs.

Now let Sbethe setof numbersp suchthat2p? = g°. UseTheoremd.7 andthe above resultsto shaw thatSis
theemptyset,i.e., thereis no solutionin naturalnumberso the equation2p? = ¢f.

10. We saythata setS of naturalnumbersis bounded above by k € N if ¥n € S: k > n. We saythata setS of
naturalnumberss bounded above if it is boundedabove by k for somek € N. Prove that,if a setof natural
numberds boundedabore, it hasagreateselementj.e.,anelements € Ssuchthatvne S: n<s.



