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EdwardDoolittle

Due: Monday, October23

1. UsingAxioms1–9andany theoremswehavealreadyproven,show that,for any naturalnumbersa andb,

(a)
�
a � b � 2 � a2 � 2ab � b2

(b)
�
2a � b � 2 � 4a

�
a � b ��� b2

(By convention,a2 meansa � a, ab meansa � b, andmultiplicationis performedbeforeaddition.)Stateclearly
ateachstepwhichaxiomor theoremyou areusing.

2. Pickanaturalnumber. Multiply it by 2. Add 5. Multiply by 50. If youhavehadyourbirthdayalreadythisyear,
add1756;otherwiseadd1755.Subtracttheyearin which youwereborn.

(a) Whatis thesignificanceof thelasttwo digitsof theresultingnumber?

(b) Whatis thesignificanceof theremainingdigits?

(c) How doesthetrick work?

(d) Underwhatconditionswill theabovetrick not work?

3. The arithmetic-geometric mean inequality. UsingAxioms 1–10andany theoremswe have alreadyproven,
show that,for any naturalnumbersm andn, 4mn � � m � n � 2. (Hint: Axiom 10 saysm � n or m � n or m � n;
considereachcase,keepingin mindthedefinitionof a � b. Youmayfind theresultof thefirst problemhelpful.)

4. UsingAxioms1–11andany theoremswe havealreadyproven,show that,for any naturalnumbern,

(a) n
�
n � 1 � is amultiple of 2

(b) n
�
n � 1 � � n � 2 � is amultiple of 6

5. Show that n
�
n � 1 � � n � 5 � is a multiple of 6 for any naturalnumbern. (Hint: you may find the resultsof the

previousproblemuseful.)There’snoneedto gointo somuchdetailasin thepreviousproblems;youcanassume
all the(correct)rulesof algebrathatyou need.

6. Proveby mathematicalinductionthat

n

∑
i	 1

i2 � 1
6

n
�
n � 1 � � 2n � 1 �

for any naturalnumbern.

7. Let fi betheith Fibonaccinumber: f1 � f2 � 1 and fi
 2
� fi � fi
 1. Proveby mathematicalinductionthat

n

∑
i	 1

fi
� fn
 2 � 1

for all naturalnumbersn.

8. Again, let fn be the nth Fibonaccinumber. Usestronginductionto prove that 32 � 2n � fn � 22 � 3n for all
n 
�� .



9. The method of infinite descent.Supposethat therearenaturalnumbersp1 andq1 suchthat2p2
1
� q2

1. Show
that,in thatcase,

(a) p1 � q1;

(b) q2
1 mustbeeven(i.e.,a multiple of 2);

(c) soq1 mustbeeven;

(d) soq2
1 mustbedivisibleby 4;

(e) sotherearenumbersp2
� q1 � 2 andq2

� p1 suchthat2p2
2
� q2

2 but p2 � p1 andq2 � q1.

Now let S bethesetof numbersp suchthat2p2 � q2. UseTheorem4.7andtheaboveresultsto show thatS is
theemptyset,i.e., thereis nosolutionin naturalnumbersto theequation2p2 � q2.

10. We saythat a setS of naturalnumbersis bounded above by k 
�� if � n 
 S : k � n. We saythat a setS of
naturalnumbersis bounded above if it is boundedabove by k for somek 
�� . Prove that, if a setof natural
numbersis boundedabove,it hasagreatestelement,i.e.,anelements 
 S suchthat � n 
 S : n � s.
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