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You have 3 hoursto do eachof the following questions.The test is worth a total of 100 marks.
Pleasejustify your conclusionsandshow all your work. No aidsarepermitted.Usethebacksof(marks)
thepagesfor roughwork.

1. (a) Find d � GCD
�
7205� 1705� .(10)

(b) Find integersx andy suchthatd � 7205x � 1705y.

2. Proveor disprove:(10) �
A � B � c � ���

A � C �	� � B � C �
� c

for all setsA, B, C. (Hint: draw a Venndiagramandtheneitherprovide a counter-example
or useanappropriatetruth table.)

3. Considerthe two setsS ��� 13 � 23 � 33 �





�� and T ��� 


�
��
� 4�
� 2� 0� 2� 4�

�


�� . Constructa(10)
bijection f : S � T by findingbijectionsg : � T andh � 1 : � S.

4. Show thatn2 � 24n � 25 is not primefor all n � . (Hint: inductionis thewrongway to do(10)
this problem.)

5. Show that(10)
1�
1
� 1�

2
���
�
��� 1�

n
� �

n

for all n � .

6. Considertherelation � on theplane 2 definedby(10)

�
x � y ��� �

z � w � if x � y � z � w

(a) Show that

�
3� 2��� �

1� 4� but
�
8�
� 1���� �

0� 9� .
(b) Prove that � is anequivalencerelation.

(c) Determinetheequivalenceclassof
�
2� 3� anddraw apictureof it in theplane 2.

(d) Provethateveryelement
�
x � y � of 2 is relatedby � to oneandonly oneelementof the

set � � a � 0� : a � � .
7. Find theinverseof 63 modulo128,anduseyour answerto find all solutionsto theequation(10)

63x � 119 mod128.

8. Let a � b berelatively primeintegers.(10)

(a) Prove thatGCD
�
a � b � a2 � b2� � 1 or 2.
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(b) Show thatbothof theabovecasescanactuallyoccur.

9. Wehave four setsA, B, C, andD which aresubsetsof auniversalsetU . Supposethat(10)

A � B � Cc

A � D � U

D �

Is it necessarilytruethat
�
C � D � c � U? (Hint: Considerthestatementsp � x � A, q � x � B,

r � x � C, s � x � D. Constructa truth tableandtry to seewhethertheconditionscanbe
truebut therequiredconclusioncanbefalse.)

10. (a) Show thatif x is any oddinteger, x2 � 1 mod8, andthatif x is any eveninteger, x2 � 0(10)
or 4 mod8.

(b) Usingtheabove fact,show thatx2 � y2 � 2006hasnosolutions.

(c) Usingtheabove fact,find all solutionsto x2 � y2 � 1000.


