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You have 50 minutesto do thefollowing test. The testis worth 50 marks;you shouldtry to earn
onemarkperminute.No aids(calculatorsnotes etc.) arepermitted.You canusethebacksof the
pagedor roughwork.

Thelasttwo problemsareharderthantheothers.You shouldattemptthemonly afteryou have

finishedthe otherproblems.

1. (5 marks)Shaw that

]

(4r +3) =2n?+5n

r=1

foralln € N.

2. (a) (5 marks)Supposéd have asetof 20 consecutie numbersfor example,the setmight
be{14,15,16,...,33}. Show that,if | choosell numberdrom suchaset,| musthave
two numberghatdiffer by 1.

(b) (5marks)Shaow thatl canchoosel0numberdrom suchasetandnothavetwo numbers
which differ by 1.

3. (5 marks)Recallthatwe provedtheformulas

n
22 r=n(n+1)
r=1

Bilr(r +1)=n(n+1)(n+2)

n
Usethoseformulasto find a formulafor Z r. (Do not prove your formulaby induction!)
r=1

4. (5 marks)Definethenumbersx, recursvely by x; = 1, X2 = 7, andxni2 = 7Xnr1 — 12X, for
n=1,2,.... Usestronginductionto prove that

Xn:4n_3n
foralln € N.

5. (5 marks)Shaw thatthe setof triangularnumbers{n(n+1)/2: n € N} is countable.
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6. (5 marks)Therearen € N peoplein aroom. Givenary two people eitherthey areacquain-
tancesor they arenotacquaintancesShaw thattherearetwo peoplein theroomwho have
thesamenumberof acquaintancem theroom.

7. Let X beasubsenf {1,2,...,2n}, andletY bethe setof odd numbers{1,3,...,2n— 1}.
Definethe function f : X — Y by f(x) = the greatestmemberof Y thatexactly dividesx.
For example,if n=5then

fL)=f(2)=f4)=f@8)=1 f(3)=1(6)=3 f(5)=f(10=5 f(7)=7 §(9)=9

(@) (5 marks)Shaw thatif |X| > n+ 1thenf cannotbeaninjection.
(b) (5marks)Shaw thatif |X| > n+ 1 thentheremustbetwo numbers¢, X, € X suchthat
X1 dividesxo.

8. (5 marks)Shaw thatif p; andq; arenaturalnumberssatisfyingp? = 292, thenit is alsotrue
that p, = 201 — p1 andgz = p1 — gp aresolutionsto p? = 2g%. Now letS= {pc N: p? =
29%}. Shaw thatS mustbeempty
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